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?HINTF.O IN TH* UHltFD STATES OF A 


tCA 


PARADOX 


Not truth, nor certainty. These I forswore 
In my novitiate, as young men called 
To holy orders must abjure the world. 

“If . . ., then . . this only I assert; 

And my successes are but pretty chains 
Linking twin doubts, for it is vain to ask 
If what I postulate be justified, 

Or what I prove possess the stamp of fact. 

Yet bridges stand, and men no longer crawl 
In two dimensions. And such triumphs stem 
In no small measure from the power this game, 
Played with the thrice-attenuated shades 
Of things, has over their originals. 

How frail the wand, but how profound the spell! 


Clarence R. Wylie, Jr. 





PREFACE 


A need has long existed for a treatise on the axiomatic method. 
Such a book is needed to serve as a text in a course in the subject 
designed to free mathematics students from the attitude that mathe¬ 
matics is primarily pencil-pushing and to introduce them to the ideas 
and methods pervading modern mathematical research. Moreover, a 
reference source has been lacking for workers in those sciences which are 
employing to an increasing degree the results and techniques of abstract 
mathematics. 

Accordingly, this work has been produced in the hope that students 
may be aided in bridging the gap between classical and modem ap¬ 
proaches, and that the terminologies and points of view which the axio¬ 
matic method entails may become more readily accessible to those who 
suddenly find themselves in need of becoming familiar with them. 

No attempt is made to glamorize or oversimplify the subject in order 
to attract as many readers as possible. In view of the diffidence of the 
layman when confronted with the word mathematics, it is expected that 
this book vill prove of greatest service to teachers or prospective teachers 
of mathematics or science in the high schools and colleges and to science 
majors and graduate students. However it is hoped that at least a few 
so-called laymen will take advantage of the opportunity, here provided, 
to leam what modem mathematics is like, ^^^thout being expected to 
bring an elaborate technical education to lay upon the altar. The only 
prerequisites for reading this book are the desire to start and the per¬ 
severance to finish. The reader does not even need to know the sum of 
7 and 5; incidentally, if he does not know this sum, he ^vill not learn it 
from this book. 

The axiomatic method is presented primarily by example, because of 
our strong conviction that no conception whatever of the nature of 
mathematics or of rigorous deductive reasoning can be created by de¬ 
scriptive talk; and that only by close contact and hard work can a reader 
gain a thorough understanding and appreciation of the subject. 

T\TLile undoubtedly much inspiration for this work has been provided 
at the subconscious level by various colleagues, teachers and mathe¬ 
matical experiences, the existence of Landau^s Grundlagen der Analysis 
probably exerted the greatest single influence. In fact, the spirit of the 
Grundlagen approximates that of the present work more closely than 
does that of any other work known to us. The chief difference between 





PREFACE 


¥hforder in which our names appear is purely alphabetical; neither 
of us clltos to have contributed more than the other. Imtially the 

vlrk on the set-theoretic matters, inductive definition, the ° 

choice was due to Wilcox, while the treatments of the rational and read 
number systems and the one-dimensional continuum are fundamen y 

^'rhe poem Paradox, by Clarence R. Wylie, Jr., appeared in the July, 
1948 issue of Scierdific Monthly, and is used with the permission of the 

‘^*'*Muc'l^i^ight fnto pedagogical aspects of the subject hi^ been gained 
through the opportunity which one of us has twice had to present the 
material in a course for third and fourth year college students. 

We are most indebted to Mrs. L. R. Wilcox, who typed most of the 
manuscript and who offered many invaluable criticisms concerning its 


content. 


R. B. K. 
L. R. W. 
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Chapter 1 
INTRODUCTION 

1.1. Objective. Almost from its beginnings mathematics has played a 
triple role. At the very earliest it was, apparently, closely allied to re¬ 
ligion and hence, like primitive religions, was compounded equally of 
down-to-earth pragmatism and far-flung mysticism. Early Egyptian 
mathematics was indispensable to the surveyor and the astrologer alike. 
The tliird aspect of mathematics was added in the sixth or fifth cen¬ 
tury B.C., when it was discovered that mathematical results are amenable 
to logical analysis and demonstration. Then mathematics became, for 
many of its practitioners, a pure mental discipline, \\ith its significances, 
both practical and occult, considered as by-products. 

With the mystic significance of mathematics we shall not be concerned 
here. We remark only that the astrologers and numerologists are legion, 
and there seems, unfortunately, little hope that the mystic aspects of 
mathematics will suffer from a lack of publicity. 

The practical use of mathematics has an importance which it would 
be foolish to deny. Without mathematics such amenities of modem 
civilization as elevators, automatic cigarette vending machines and 
atomic bombs could not have been developed. In short, mathematics 
is an indispensable ingredient of modern science and technology, and 
so, for good or ill, it has marked our lives. But this aspect of mathe¬ 
matics is too obviously important to need further accolade here. And 
there has been, in recent years, a positive spate of books dedicated to 
the glorification of mathematics considered as the handmaiden of the 
sciences. 

And so this book will be concerned mth the third role of mathematics, 
the mental discipline. The study of mathematics as the prototype of 
logical thought does enjoy a current vogue among the professional 
practitioners, but no more than a hint of this fact has distilled over into 
the classrooms. 

Tme, a certain lip service is paid to the ‘‘axiomatic method” in many 
high school courses in euclidean geometry, but the standards of rigor 
are out-of-date by well over twenty centuries! Actually the small 
gesture toward the recognition of the value of careful thought, repre¬ 
sented by the usual high school geometry course, almost certainly does 
more harm than good. The critical student is inclined to feel that 

3 
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a “logic’' which includes the parroting of such abracadabra as, “The 
whole is equal to the sum of its parts," or “A point is that which is 
without length, breadth or thickness” {exasperation qualifies aptly) is 
not for him. The trouble is simply that eucUdean geometry is one of 
the more difficult branches of mathematics to treat axiomatically; 

for example, it is too difficult to include in this book. 

In subsequent mathematics courses, in high school and college, the 
major emphasis is quite frankly placed on the tool aspect of mathe¬ 
matics. The criterion of achievement is problem-solving ability. The 
most successful texts are those with the most numerous and varied 

problems. ^ , 

One cannot quarrel with this utilitarian view as long as it is apphed 

to the education of engineers, physicists, chemists, and others who ^vill 
need the ability to use mathematical methods of problem-solving. But 
one may seriously question how a physician, lawyer, advertising man 
or business executive is benefited by having, or by having once had, 
the ability to find out how old Ann is, from a collection of unlikely data. 

On the other hand, a lawyer, business executive or anyone else would 
be aided by an ability to distinguish between the specious and the 
specific, between wishful and careful thinking. And the physicist or 
engineer who wants to use the tool of mathematics without cutting 
himself would be particularly aided by learning a little of the “why,” 
along with the necessary vast amount of “how.” 

Now it must be admitted that an understanding of abstract reasoning, 
as exemplified by modern standards of rigor in mathematics, does not 
automatically make for clear and careful thinking on all subjects. It 
is even admitted, reluctantly, that there may be mathematicians with a 
considerable aptitude in exacting fields of thought, who are as opinion¬ 
ated politically, bigoted ecclesiastically, and intolerant generally, as 
anyone you are likely to find. In addition to an understanding of the 
nature of a proof, there are needed also the desire to transfer that under¬ 
standing into other fields, and the open-mindedness to permit the trans¬ 
fer to be made. But certain it is that the transfer is impossible if there 
is nothing to transfer. With a firm conviction that logic can be of great 
value to any open-minded man, this book will be devoted to an exempli¬ 
fication of modem standards of logical thought, as applied to the simplest 
branches of mathematics. 

In the succeeding chapters we shall attempt to describe the ultimate 
and intimate logical structure—in short, the anatomy—of mathematics. 
Chapters 2 and 3 mil consist of necessary preparations, the sharpening 
and sterilization of the scalpel and the general measurement of the 
corpus. Chapters 4 and 5 mil cover bone and tissue chemistry, the 
analysis of the materials of which our subject is composed. Chapters 6 
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and 7 describe the skeleton or framework which underlies any mathe¬ 
matical subject. Finally specific body forms begin to appear in Chapter 
7 and the remainder of the book. 

1.2, Format. A few words about the format of the book are in order. 
Each chapter is divided into a number of sections. Items, such as 
statements, figures, and the like, to which importance is attached are 
displayed in conjunction with a reference mark usually placed at the 
left margin. In almost all cases the reference mark consists of three 
numbers separated by periods in the following manner: 

(1.2.1) Statement. 

The three separate numbers indicate the chapter, the section, and 
the individual number of the displayed item. For example, (11.4.15) 
would be in Chapter 11, Section 4, and would be the 15th numbered 
item in that section. Complete sections will be referred to by a pair of 
numbers of which the first is the chapter number, so that (11.4) means 
Chapter 11, Section 4. 

Statements in the body of a mathematical theory, which form a por¬ 
tion of the theory and require proof, are called theorems. The terms 
corollary and lemma also occur. A corollary is a theorem which is an 
immediate or easy consequence of a preceding theorem or definition. A 
lemma is a theorem which is proved mainly as an aid in establishing a 
subsequent theorem. 

Sections and sometimes whole chapters dealing with specific mathe¬ 
matical subject matter are so designated by a display of the appropriate 
information in square brackets immediately following the heading. 

The underl)dng hypotheses of a branch of mathematics will ahvays be 
referred to as axioms^ rather than postulates. This w^ord choice is 
entirely arbitrary and is not intended to have any significance. 

It be discovered that a typical mathematical theory builds a 
rather elaborate superstructure on a compact foundation. Therefore, 
in the development of a theory, it is necessary to make frequent use of 
definitions and assertions stated earher. For this reason the pages of the 
book are rather liberally sprinkled \vith phrases such as “by (15.3.7), it 
is seen that . . or “it follows from (14.1.7) and (14.1.8), in view of 
(10.2.2.b), that. ...” A back reference is given whenever a reasonable 
possibility exists that the reader may not recall the pertinent assertions 
or definitions. If the reader can follow the demonstration or argument 
presented without turning back to ascertain w'hat (14.1.7) or (10.2.2.b) 
states, he should by all means read on. If he finds that it is usually 
necessary to track down the back references before the argument be¬ 
comes clear, then he might be aided by preparing a cumulative list of 
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items to which frequent reference is made, in order to mimnuze the 

time spent in leafing through the book. * .u ^ r 

Beginning in Chapter 4 a number of projects appear at the ends of 

sections These projects are designed to enable the reader to gauge 
his absorption of the textual material and to help him increase his mas¬ 
tery of the subject by applying and extending the methods and theories 
presented. An appendix containing solutions or hints pertaining to 
the projects is included. Of course, the projects will be of greatest value 
to the reader if he uses the appendix as sparingly as possible, preferably 
only for verification of his o\\ti solutions. In tliis connection, it is worth 
observing that a solution to a project may differ radically from that in 


the appendix and still be quite correct. 


Chapter 2 
LANGUAGE 

2.1. Confusion from Language. It is a rather imfortunate fact that 
ideas can be conveyed from one person to another only through the 
medium of language. The recognition of this fact, and of the difficulties 
implied by it, is a prerequisite to a careful presentation of a precise 
subject. Thus we are led immediately to a discussion of language, be¬ 
cause the degree of lucidity that we achieve may depend on what atti¬ 
tude we adopt toward language, and on the tenacity with which we 
adhere to the program dictated by our attitude. In order to bring the 
problem into focus, let us consider a few examples of human communica¬ 
tion. 

According to principles of etiquette, when we leave a dinner party we 
should say, “Thank you so much; good night.” Our hostess might then 
reply, “It was nice to see you again,” or “I'm so glad you could come.” 
Here is a case of almost the least meaningful use of language. Any of 
hundreds of similar phrases would serve the purpose equally well, the 
exact words selected being quite immaterial. The reason for such lati¬ 
tude is, of course, that what is said has little or no relation to what is 
meant, if indeed anything at all is meant beyond a desire to conform 
with the “rules.” Uses of language such as this are referred to as “pre- 
symbolic,” because of obvious similarity to the meaningless utterances 
of early man. In presymbolism one meets few language problems indeed! 

Political speeches, the writings of music critics, and so on, illus¬ 
trate slightly less presymbolic uses of language. When a politician cries, 
“The present administration has destroyed human liberty and must not 
be returned to power,” he certainly does not mean what he says; often 
he does not even believe it himself or expect his listeners to do so. He 
might mean simply that he dislikes, or hates, the present administration, 
and that he ho'pes for its defeat. A music critic might write, “The tones 
were projected on the screen of consciousness to form there a dynamic 
pattern of such depth of perspective that one could not help feeling the 
presence of a third dimension.” Interpreted “literally” this is sheer 
nonsense. Of course, the critic is merely trying to create a mood, to 
share with his readers some sort of emotional experience. In these cir¬ 
cumlocutions again, the exact choice of words within obvious limitations 
is relatively unimportant, so far as communication of ideas is concerned. 

7 
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Everyday discourse exemplifies a use of language in which the degree 
of precision retiuired lies somewhere between the utter lack of it m pre- 
s^bolism and the high degree demanded by science or mathematics. 
Despite our exaggerations, understatements and slight ambiguities, 

most of us manage to get along reasonably well. 

A further stage of specialization in the use of language is that illus¬ 
trated by insurance policies, legal documents, government forms, and 
the like. Here the ideas to be conveyed are not exceptionally difficult, 
but the importance of lack of ambiguity is greater than in everyday 
discourse. Correspondingly, elaborate phraseology is introduced to 
guard against misinterpretations that might otherwise be possible. 

The reader could easily supply further examples of more or less special¬ 
ized forms of communication. And it would become apparent that the 
more specific tiie concepts arc in a field of discussion, the more serious is 
the confusion due to the unciualified use of everyday language. It is not 
surprising, then, that in mathematics we shall find that language troubles 
arc as perplexing as they can be anywhere. e must therefore make a 
powerful attack on them and render them as harmless as possible. 

In preparation for an analysis of language difficulties, it is convenient 
to distinguish between two ways in which communication can fail, 
according as the end result is iticomprehension or 7 nisundcrstandittg. In¬ 
comprehension results when no idea is communicated, misunderstanding 
when an unintended idea is communicated. Incomprehension arises 
from a number of sources, among which may be mentioned unfiuniliarity 
of the words used, elaborate phrascoIog>' and, occasionally, inherent 
complexity of the idea it is desired to convey. Misunderstanding arises 
most commonly from the familiarity, and consequent multiplicity' of 
meanings, of the words used. 

Of the two ways in which verbal communication can fail, incompre¬ 
hension leads to far less dangerous results. Often no actual harm comes 
from a complete failure to be undoi'stood. For incomprehension is 
generally recognized at the receiving end to be a communication failure; 
therefore a lack of underetanding simply pi'escrves the status quo. 
Misunderstanding, however, is dangerous because the recipient of the 
communicated idea proceeds with the calm but erroneous conviction 
that he knows what was intended. 

The two extremes of ambiguity and unintelligibility are the Soylla 

and Charybdis of verbal presentation. In order to avoid the possibility 

of misinterpretation, one may be forced to use unfamiliar phraseolog>' 

and thus reduce the clarity. Again, the exmnples of legal documents 

and government forms indicate to what extent lucidity may be decreased 

by the elaborations of language required to insure that statements are 
unequivocal. 


Sec. 2] LANGUAGE 9 

In the next section, we begin our analysis of the language problem. 
The aim is to reach some understandings with the reader, which will 
enable us to avoid, as well as may be, both equivoque and obscurity. 

2.2. Definitions. It should now quite naturally occur to the reader 
that in any use of language other than presymbolism, misunderstandings 
might be minimized by effecting agreement on definitions of dubious 
terms. The need for agreement is generally admitted; who, indeed, has 
not heard the demand, “Define your terms!” in an intelligent discussion? 
Yet reaching agreement on meanings is not a simple task, as we shall see. 

It is easy enough to decide that you must define dubious terms. But 
what do you mean by a definition? If by a definition you mean the 
sort of thing that is found in dictionaries, then defining your terms is 
very little help at all. 

Consider the statement, “ She was fair.” Suppose there is some doubt 
in your mind as to what the term fair means. You look in the dictionary 
and find something like this: 

fair (adj.) [AS. faeger, beautiful] 1, pleasing to the sight; handsome; beauti¬ 
ful; 2, not dark in color or complexion; blond; 3, without blemish; spotless; 
clean; 4, favorable; giving promise; 5, moderately satisfactory; pretty good; 
6, impartial; just; 7, according to regulations; 8, allowing lawful pursuit; 
9, distinct; unobstructed. 

This leaves you in considerable doubt as to whether she was beautiful, 
clean, impartial and otherwise wholly admirable; just moderately satis¬ 
factory; or simply an unobstructed blonde not above allowing pursuit, 
provided it is according to regulations. 

In a discussion in which it is important to be understood independently 
of context^ such a multiplicity of possible meanings is intolerable. Thus 
we are led to one quality our definitions must have if they are to be 
helpful: They must he unambiguous. A word which is defined must be 
given a single meaning which invariably applies. 

But multiplicity of meanings is really only one of our worries. If a 
definition—even an unambiguous one—is to be helpful, it must give 
the meaning of the new word in terms of words which are previously 
agreed upon as understood. Most readers are probably not familiar 
with the special heraldic meaning of fret, but it is to be doubted that they 
are enlightened by the dictionary definition: 

fret {Her .): Two bendlets in saltire interlaced with a mascle 

Let the dubious words in this definition be investigated. 

bendlet: A diminutive of the bend one half its width; 
in saltire: In the manner of a saltire; 

saltire: An ordinary consisting of a bend de.xter and a bend sinister crossing; 
mascle: A lozenge voided. 
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The reader may be pardoned a feeling that he is not getting anyT\"here. 
Of course, there is still hope that patience would be rewarded and that 
one would eventually reach recognizable terms by continuing to look 
up the unknown words. 

Still there is not always hope. Suppose you ^\^sh to learn the value 
of the Austrian coin, the krone. A dictionary gives; 

krone: The former monetary unit of Austria-Hungary (1892-1925); also 
the corresponding coin, equivalent to 100 heller. 

heller: In Austria, up to 1925, a small copper coin equivalent to Hoo hrone. 

Here you have come to a dead end. Or better, here you are driving 
madly around an unrecognizable circle \vith no side turnings. Clearly, 
then, a helpful definition should give the unknowm word in terms of 
known words. You cannot learn Russian from a Russian dictionary, be 
you ever so clever. 

Now we have arrived at the heart of the trouble. The inescapable 
fact is that the dictionary must willy-nilly lead you into a mad circle: 

A krone is 100 hellers; a heller is krone; 

or, as Gertrude Stein more beautifully e.xpressed the same “thought,” 
a rose is a rose is a rose. The circle may, and usually does, contain far 
more words; nevertheless, if you chase the definitions through, sooner or 
later you find the same old words whirling by again and again. Tliis 
must happen simply because the dictionary is trying to do the impossible. 
It is trying to define all words. 

The fact that it is impossible to define all words can be seen quite 

easily. We have already mentioned that a helpful definition must give 

the defined word in terms of previously known words. From this it 

follows that a truly defined word does not actually have to be used. 

In any discussion, the defined word could be avoided by using its defining 

phrase instead. In other words, since a defining phrase has the same 

meaning as the word it defines, the phrase can replace the word. Hence 

a defined word is an unnecessary word. Now we see the difficulty clearly. 

If all words were defined, no words would be needed. The impossibility 

of this conclusion suggests that there must be some words that are not to 
be defined. 

Before commenting on a solution to our fiendish problem, we pause 

briefly to see how mad the process of defining words in terms of them¬ 
selves really can be. 

2.3. The Evils of Cyclic Definition. Thus far we have seen that the 
use of circular or cyclic definitions is futile if all the words in the circle 
arc unknown. We shall see presently that riding the merry-go-round 
IS not only a silly pastime, but that serious dizzy spells can result. Tlie 
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definition of words in terms of themselves is responsible for some of the 
familiar logical paradoxes. 

Let us consider first the well-knovn barber paradox, in which the 
Barber of Seville is defined by this statement: 

He shaves all those men of Seville and only those men of Seville who do not 
shave themselves. 

It is assumed, of course, that the terms appearing in the definition are all 
understood. We ask now, “Who shaves the Barber of Seville?” Since 
every man whom he shaves, according to the definition, does not shave 
himself, it is impossible that the Barber shave himself. But if he does 
not shave himself, then according to the definition, he is one of those 
men whom he shaves. The consequence of these considerations may be 
stated thus: 

If the Barber shaves liimsclf, then he does not shave himself; if he does not, 
then he does. 

Another form would be this: 

It is neither true nor false that the Barber shaves himself. 

The problem posed by the barber paradox caused quite understandable 
concern when it was first noted, because the definition of the Barber 
seemed quite parallel to the sort of definitions used in mathematics. 
Actually, the source of the difficulty is easy to locate. (The reason why 
the paradox occurs is another matter, which vAW not be discussed.) The 
definition of the Barber involves the men of Seville. If the Barber is 
to be considered as one of the men of Seville, then the definition is cyclic. 
That is, the Barber is defined, in part, in terms of himself, and trouble 
may be expected. As we shall see later, cyclic definitions will be dealt 
with by ostracizing them; hence the definition of the Barber wall be 
regarded as inadmissible, or as no definition at all. Of course, if the 
Barber is regarded, not as a man of Seville, but as some completely new 
creature introduced by his definition, the paradox disappears, and the 
definition is admissible. In this case, he may shave himself or not as he 
chooses, since the definition specifies his actions only with respect to the 
men of Seville, of whom he is then not one. 

Another famous paradox, introduced by Bertrand Russell, is based 
on the same general idea. Let us call an adjective self-descriptive if it 
describes itself; otherwise it is called non-self-descnptive. A self-descrip¬ 
tive adjective is thus one which, if inserted into each of the blanks, 
makes a true statement of the following: 


is a(n) 


word. 
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The adjectives polysyllabic and English arc among the few good ex¬ 
amples available. Another example is mispellcd. Most adjectives make 
the required statement obviously false (long, German), or nonsensical 

(hairless, thankful). 

Now let us consider tlie adjective non-sdf-dcscriptive and raise the 
question as to whether or not it is self-descriptive. If we assume it to be 
self-descriptive, then a true statement results when we insert it into the 
blanks. Thus it is non-self-descriptive by the statement itself. On 
the other hand, if we assume it to be non-self-descriptive, the assumption 
coincides with the statement with the blanks replaced by non-self- 
descriptive. Therefore it is self-descriptive by definition. To sum up, 

if non-self-descriptivc is self-descriptive, then it is non-sclf-<-lcscripti\e, if 
it is non-self-descriptive, then it is self-descriptive. 

Again, the paradox arises since the term non-sclf~dcscriptu'c is defined 
in terms of all adjectives and is at the same time considered an adjective 
itself. The definition is admissible if non-sclf-dcscriptive is considered as 
some variety of word not covered by the term adjective', otherwise it is 
inadmissible. 

When we arc in a position to do so ''’e shall again comment on 

these paradoxes and show tlieir relation to mathematical definitions 
and conceptions. For the present we shall not neeil them further, since 
they have served our purpose of emphasizing the need for a complete 
elimination of cyclic definitions, ^^*e proceed to show how this elimina¬ 
tion can be accomplished. 

2.4. The Language Basis. In (2.1) we discussed the confusion result¬ 
ing from a lack of clear, unambiguous definitions. Then, in (2.2), we saw 
how the standard source of definitions, the dictionary, even if we could 
imagine it devoid of ambiguities, necessarily leads to circularity; and 
we saw in (2.3) that dependence on cjT’lic definitions not only gets us 
nowhere, but introduces deep-seated logical difficulties. Perhaps all 
this seems chaotic and destined to remain so. 

But a hint that a solution exists lies in the fact that the dictionary is 
often of value to us. True, if we look up a word, and are leil through a 
chain of unfamiliar synonyms back to the original word, the dictionary 
has not helped. But if just one of the synonyms is known, then auto¬ 
matically they all become known. Definitions can be helpful, then, if 
they always give meanings ultimately in terms of a list of known words. 

We have already indicated that not all words can be defined. There 
should then be a basic list of words that wo forego defining; these 
words are learned by the elaborate means by which one learns to speak 
in childhood. Once the basic list has been decided upon and agreement 
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on the meanings of these words has been reached, all remaining (delfined) 
words become meaningful by virtue of the elaborate network of paths 
connecting them with the basic words. 

It is now seen that if we were to construct a language systematically, 
we should introduce first a language basis, consisting of words and 
phrases, upon which all agree, and about which there is no argument. 
The remainder of the language would then be built by definitions intro¬ 
duced in some specific order, and having the property that new words 
would be defined always in terms only of words of the basis or previously 
defined words. 

The need to recognize the existence of an undefined basis cannot be 
overemphasized. The discussions to which we have referred, in which 
someone has cried, “Define your terms!” probably suffered less from 
lack of definitions than from lack of agreement on the undefined basis 
or even realization that a basis was necessary. The authors cannot 
recall having heard a discussion in which some bewildered participant 
has made the really pertinent and prerequisite demand, “State your 
undefined terms.” 

Indeed, the need for a language basis is so little recognized that, so 
far as we are aware, no one has attempted the task of choosing one. It 
naight be mentioned, however, that a so-called “Basic English” exists, 
and, although its construction was motivated by entirely different con¬ 
siderations, it probably is an approximation to a language basis. Basic 
English is intended to be a minimum vocabulary ^\’ith which one can 
convey ideas. Accordingly, it consists largely of those words whose 
use one cannot avoid, and thus of words that one would probably place 
in the language basis. However, Basic English is almost certainly not a 
complete language basis for English. 

Though we shall not attempt here to carry out the prodigious task 
of constructing explicitly a language basis, all that we do throughout 
the book will be influenced by the existence of a basis and its general 
nature rather than by its precise content. We turn, then, to a brief 
and necessarily superficial examination of a language basis. 

First, it should be observed that the undefined words which lie in a 
basis ought naturally to be the most primitive ones in the language. 
These words would probably be “hardest to define” in the popular 
sense, and hence would reasonably be included in the basis, which is to 
consist of words admittedly undefinable. Thus, probably the best 
answer to the question of Pontius Pilate, “What is Truth?” is the state¬ 
ment, “Truth is a word lying in the language basis; hence it is not to be 
defined.” 

It is, of course, important not to confuse “undefined” with “meaning¬ 
less.” On the contraiy, the undefined basic words are verbal symbols 
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for primitive meaningful concepts; defined words have meaning o^y 
secoml hand, as it were, being shorthand for phrases of words from the 
undefined basis. ^Vhat, then, is the source of the meamng of the 
undefined basic words? This question is indeed deep-lying and perhaps 
not completely answerable. An example might, however, help to throw 

some light on the matter. , • . i,* u u 

At some time during a child’s life, a moving object, which has four 

legs and makes a clattering noise, comes down the street Simult^^ 
ously Mother, who is standing near him, uses the word horse, ihe 
coincidence of the new object and the new word impresses him and he 
assumes the word to refer to the object which he saw and heard. Some 
time later another object passes. This one is different: the first was 
white while this one is brown; the first one was running while this one is 
walking. Yet Mother again uses the word horse, and reasonably so, 

since the two objects do resemble each other. 

After this situation has arisen a number of times, the child feels that 
he knows what qualities are allowed to be different and what must be 
the same, in order that the word horse be applicable. Then comes the 
happy day when an object comes down the street, and, although he has 
never seen this particular object before—this one is gray he points 
triumphantly at it and says, '*Horsic!” Mother agrees and beams. At 
this point horse, or its variant horsie, is a meaningful word to the child. 

Yet no one would argue that horse means the same to the child and 
his mother. A visit to the zoo might prove otherwise: the child might 
use the word in reference to striped animals which his mother calls 
zebras and not horses. Yet, gradually, as his experience broadens, the 
child will find fewer and fewer conflicts between his terminology and 
that of his mother. Eventually one might say that the cliild and his 
mother have “essentially” the same meaning of horse. 

The process of acquiring a meaning for even such a concrete word as 
horse is elaborate and does not lead to quite the same understanding on 
the part of all people. Clearly the meaning to any one penson depends 
on the totality of his particular experiences. With abstract terms like 
truth, beauty, and so on, the situation is the same, except that meanings 
differ much more from one individual to another. There is certainly no 
general agreement on the applicability of the term beauty in any particu¬ 
lar instance. Indeed, agreement here is so poor that the term is unusable 
in logical discussions. 

Our conception of a language basis has now been clarified to this ex¬ 


tent, that, although the words in it are not defined, each of us has ac¬ 
quired his own meaning for them by an elaborate psychological process 
of noticing and “integrating” correlations. Our indi\ddual meanings 
differ since they depend on the particular correlations we happen to 
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have noticed, our particular experiences ^dth the words, our varying 
abilities in effecting the necessary integrations, and probably a host of 
other things. Meanings of some (usually concrete) terms agree so closely 
that no serious disagreements result; other (usually abstract) terms can 
boast of virtually no agreement in meaning. These extremes correspond 
to what are commonly referred to as “objective” and “subjective” 
meanings, respectively. Of course, many words, for example, truth, lie 
between the extremes. 

We might now elaborate the answer to the question of Pontius Pilate 
thus: 


Truth is a word in the undefined language basis. It is a word for which 
you must already have acquired a meaning. You acquired this meaning 
by hearing the word used many times, noticing the situations to which it 
applied, and extrapolating to further situations to which it would pre¬ 
sumably apply. Your meaning would probably differ somewhat from mine, 
since we have had different experiences. However, if you have no meaning 
of your own, there is nothing that I can do to help you, since any attempt 
to define the word would require the use of terms less clear, less intuitive, 
less likely to be understood, less basic than the word truth. 

It is important to observe that in our discussion the words horse, 
beauty, truth, appear to belong to the basis, but that they were placed 
there only for the purpose of illustration. Perhaps more primitive 
terms could be found, in which case these latter would be regarded as 
basic instead. Indeed, there might be considerable choice as to which 
words are considered most basic or most likely to be known. 

Let us now assume that a basis has been found, and that a logical 
language has been constructed, at least as far as ordinary discourse is 
concerned. Our omission of the details wall necessitate that we, the 
authors, exercise considerable care in our exposition. We must limit our 
use of basic words as much as possible to those near the “objective” 
extreme. And we must be certain that the words which are not basic 
are not too far removed from the basis and that their defimtions in terms 
of basic words are well known. That this sort of care should be exer¬ 
cised in any precise discussion is, of course, quite evident. 

Our scrutiny of language closes with specific comments on logic and 
the terms connected with it, and on techmcal mathematical terms. 

2.6. How Logic and Mathematics Relate to the Language Basis. 
Presumably, if we are to do what we promised in Chapter 1, we shall 
become entangled with logic, logical processes, logical reasoning and a 
few logical ideas. As might be expected, the word logic ^vilI be regarded 
as belonging to the language basis. That there is good reason for this 
appears when one attempts to formulate a definition. For example: 
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Logic is a specific mental process causing one to assert with conviction 
that a certain collection of circumstances necessarUy entail a P^t'^laJ 
conseuuence under any imaginable concomitant conditions. It is based on 
the ability to recognize an analogy (agreement of essential factors) between 
the given circumstances and other circumstances where the outcome is 

known from experience. 


Such a definition docs, we admit, say some things about logic wluch we 
accept, but we object to its vagueness and particularly to its incomplete¬ 
ness. The words analogy, menial process, conviction, and so on, are just 
as difficult to understand, just as basic, as is logic. Moreover, exactly 
what specific mental process is involved is far from clear. False analogy, 
for example, could be described by the definition; yet we do not admit 

false analogy as logic. _ . . , ■ j • 

If logic is to be a member of the basis, its meaning is to be acquirca in, 

a manner similar to that describeil in (2.4) in connection with horse. 
One comes to understand logic by observing that which is considered to 
be logical. Unfortunately, the term logic is not concrete—what must 
be observed is more difficult to observe than horses; and logic cannot be 
said to lie very close to the objective end of the basis. The general 
semanticists would no doubt insist that logic is meaningless unless 
unambiguously qualified, as, for example, "logic as undei'stood by 
James Smythe, IV, on January 14, 104G, 3:00 r.M. EST." This seems 
extreme to us, but we do feel the need to qualify thus: "logic as under¬ 
stood by tlic majority of living mathematicians.” Instead of attempt¬ 
ing to explain further what logic means to mathematicians, or in par¬ 
ticular to us, we shall say merely that logic is like ivhat wc do in this book. 
We sincerely hope that we shall provitle a reasonably complete illustra¬ 
tion of the sort of reasoning that is considered logical by modern 
standards. 

In our qualification, the adjective living suggests what is actually the 
case, that logic is by no means static. In fact, logic has undergone 
almost unbelievable changes since the time of Euclid; it has experienced 
a long and thorough purification by fire. What remains has established 
its validity by leading to correct (usable) results for many centuries 
without a misstep. Certainly mathematicians have given it a hal'd 
workout and have had the greatest opportunity to catch it in malfea¬ 
sance. Incidentally, should the reader (piestion the relation betn'een 
logic and usefulness, let us remind him that scientific progi'css during 
the Golden Age of Greece resulted from the application of logic to tlio 
investigation of natural phenomena; that during the dark ages, scientific 
progress went into revei*sc because of the substitution of belief in author¬ 
ity for logic; and that the current scientific age, starting with the Ren¬ 
aissance and continuing to the present, followed upon the re-establisli- 
ment of logic as a basic tool of scientific investigation. 
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In all fairness, we must admit that not all mathematicians are content 
to consider logic as basic. Considerable effort has been expended, 
particularly in this century, in analyzing the principles of logic and 
formulating a number of them in teims of something considered to be 
more primitive or elementary. Of course, in any such analysis, some 
portion of the concept of logic must be assumed to lie in the language 
basis. Like most fields that have attracted any considerable amount of 
attention, the subject of analysis of logic has growm to such proportions, 
both in quantity of material and in intricacy of details, that its study is a 
task in itself, quite independent of, and comparable in magnitude to, 
our aims. For this reason and others it has been considered more suit¬ 
able to accept the whole of logic, rather than some fraction of it, as a 
fundamental imdefined notion. “ Logic is logic. That’s all I say.’' 

In connection vdth logical processes we shall meet certain terms, such 
as there exists, implies, and others like them. These belong to the logical 
basis and are best discussed when they are first employed [(4.9)]. Other 
terms, like set, function, are to be referred to as mathematical terms; 
these will be discussed fully in Chapters 4 and 5. Still other mathe¬ 
matical terms, such as number, point, line, plus, times, may also occur. 
Since these will not belong to the language basis, it is important to em¬ 
phasize a few matters concerning them. 

Whenever nonbasic mathematical words are introduced, they will, of 
course, be explicitly defined. Whenever technical use is made of these 
words, the reader must carefully eliminate any preconceptions concern¬ 
ing their meaning and think only of their definitions. This will be diffi¬ 
cult, but it is absolutely necessary. Unless all suggestions conveyed by 
these words from past association are persistently ignored, a multiplicity 
of meanings may arise. 

Our mathematical definitions vill be unambiguous and complete. 
It will be apparent that on any technical occurrence of a mathematical 
term that has been defined, that term can be erased and its defining 
phrase substituted, without affecting the meaning of the sentence 
involved. Our attitude is similar to that expressed by Humpty-Dumpty: 

Humpty-Dumpty: When I use a word, it means just what I choose it to 
mean—neither more nor less. 

Alice: The question is whether you can make words mean so many dif¬ 
ferent things. 

Humpty-Dumpty: The question is which is to be master—that’s all. 

Of course, many mathematical wmrds have a variety of nonmathe- 
matical meanings which are assumed knowm and with which we shall not 
interfere. Thus we might say, 

at this “point” we wish to “add” a “number” of arguments along the same 
general “line.” 
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But any use of these terms as mathematical words will be resejwed until 
fhey have been explicitly introduced by defimtions. And whenever a 
tecLcal word is used in a popular or intuitive sense, the fact that a 
nontechnical meaning is intended will be indicated by enclosing the word 
in quotation marks; at least, this will be done when any doubt could 

exist as to what usage is intended. . 

It is regrettable that mathematical words should have other meamngs 

as well, since a nonmathematical meaning tends to mfluence under¬ 
standing of the mathematical meaning. Thus, set, function, relation 
and operation have mathematical meanings that are entirely, or almost 
entirely, divorced from their everyday meamngs. The i eader should o 
expect real numbers to be any more real, or any less maginary, than 
imaginary numbers. There is nothing even remotely irrational about 
irrational numbers. These are all equally straightforward mathematical 
entities which happen to be unfortunately named. For the rather gra¬ 
tuitous confusion introduced by this adoption of new meanings for old 
words we apologize, although the fault is not ours; in fact, it is not even 

of our generation. 


Chapter 3 

THE DEVELOPMENT OF MATHEMATICS 


3.1. Introduction. In the preceding chapter it was mentioned that 
many words in common usage have meanings which are, at best, dubious, 
and that many words wdll be used in this book in a somewhat unusual 
sense. One of the words of which both these remarks are true is the 
word mathematics itself. This word and its foreign equivalents have 
been applied through the centuries to a vast variety of facts and fictions. 
At the present time, the word mathematics means quite different things 
to the layman, the scientist, and the professional mathematician. The 
layman is apt to confuse mathematics with arithmetic, or at least ad¬ 
vanced arithmetic. The scientist considers mathematics as one of the 
sister sciences, while many professional mathematicians are inclined to 
regard it as more closely allied to the fine arts. This is explained by the 
fact that during the course of its development, mathematics has been 
all these things, and, to some extent, it still is all these things. 

3.2. The Science of Number. Although the primary object of this 
book is to discuss the question where mathematics has got to and not 
the problem of how it got there, a brief, somewhat fanciful discussion 
of the development of mathematics will serve to provide perspective. 
One of the most common descriptions of mathematics is as the science 
of number.’^ While this description of mathematics is far from being 
valid at the present time, it has excellent historical justification, since 
there is indeed a science of number, and since it was to this science that 
the name mathematics was first applied. 

Let us envisage a tribal chieftain surrounded by his warriors. Like 
most rulers, he is unhappy, and his life can be made tolerable only by 
conquering the rulers of several neighboring tribes. Unfortunately, his 
fellow sovereigns also have many warriors. If the gentleman we are 
imagining lived sufficiently early in history, the word many meant to 
him “more than two,” that is, a chieftain might have one warrior, two 
warriors, or “many” warriors. Ail chieftains with “many” warriors 
were presumably on an equal footing until an actual conflict decided the 
question of superiority. This was the stage of pre-scientific experiment. 

Some might say that this was the stage of empirical science, since 
empirical science is often thought of as simply trying things. Actually 
this is an unfair description. It would be almost better to think of 
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• ■ 1 cnionpp ns a scheme for minimizing the necessity of trying 

tSug^Vlius the object of any empirical science is to orgamze the 
eintial phenomena of its subject matter, so tha the results of a 
LrexperLents permit the prediction of the results of many other 

'"To"mturn to our chieftain whom we left contemplating territorial 
expansion, it is clear that he would be greatly benefited by an empincd 
sdenco which would enable him to decide the result of a conflict with 
one of his neighboring rulere, without the risk involved m an actual 
attempt. Thus there was a necessity for distinguishing, if possible, 
between his “many” warriors and the “many" warriors of his rivals. 
Experience in battle showed that these “manys” were not equivalent. 
In fact, when two armies met and the warriors paired off m hand-to- 
hand combat, one of the kings was likely to have some warriors remaining 
without individual opponents. These extra fighters were able to dash 
around unopposed and work all manner of unmentionable havoc on the 
exposed backs of their occupied ad\'ersarics. It was soon obser\^ed that 
the king who had these extra warrioi-s was generally victorious. This 
was (or could have been) the origin of the notion “more” and the ques^ 
tion “how many?” It will be seen later [see, for example, Chapter 10] 
that the most precise modern definition of the word more is based on 
exactly this origin, so that collection -I has “more than collection^ if 
each of the things in B can be matched with one of the things in *4 

without exhausting A. 

Deep reflection on the concept “more” might have suggested to the 
chieftain a method for predicting a probable result of conflict without 
staking his existence on the outcome. He and his rival might, in the 
manner of more modern nations, hoUl a peace conference, and, at some 
stage in the festivities, each of his warrioi*s might embrace a prospective 
opponent to swear undying friendship. If the chieftain obsen'cd that 
some of his warriors had no embracees, he might contemplate \\’ith con¬ 
fidence provoking an appropriate incident. If, however, all his warriors 
were busily occupied in oaths of fealty, then he could only hope that lus 
neighboring monarch was an honorable man and would not bi'eak his 


vows. 

The system described above for deciding the question of more, while 
reasonably effective, was certainly cumboi'some. and some substitute 
was earnestly sought. It was soon discovered that it was perfectly 
accurate and very convenient to introduce intermediate comparing 
devices. Thus a chief could compare his army with the spears of an 
opposing force rather than with its membei*s. Better still, a spy could 
hide by the trail and break off a small t wig to repix'sent each member of 
the enemy’s forces as they filed by. This method must have been pn.\c- 
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ticed for countless centuries, one twig being broken as each man filed 

past, and the breaking of each twig being accompanied by a little grunt 

of satisfaction. In due course of time, these grunts became formalized 
into a chant, 

uh, ooh, eeh, • • •, 

or, as we should say, 

one, two, three, • * *. 

Finally, some genius observed that the twigs were unnecessary since 
the grunts themselves would serve the purpose adequately. 

Thus we evolved the means of answering the question “how many?’' 
The final grunt achieved in performing the counting process described 
above came to be a-symbol for the “how many-ness” of any collection 
of objects. It is these symbols of “many-ness” which came to be called 
numbers. By a number then, until further notice, we shall mean one of a 
particular collection of grunts (differing with the language) associated 
with the ritual of counting. 

After counting was well established, certain interconnections began 
to be noticed. Thus a man might observe, 

(3.2.1) I placed three stones on a pile of seven stones. The resulting 

pile had ten stones. 

This statement is a very simple observation of fact and has no connection 
with science or mathematics. Repetition of the experiment described 
quickly leads one to a generalization, namely, 

(3.2.2) if you place three stones on a pile containing seven stones, 

the resulting pile will contain ten stones. 

This statement is a scientific remark, that is, it predicts the results of an 
unperformed experiment. It shares with all results of science the quality 
of being unprovable. This remark may sound surprising but reflection 
should show that no one could possibly have a right to be absolutely 
certain of the results of an unperformed experiment. Thus a modem 
scientist says that if a kettle of water is placed on a fire, then it is over¬ 
whelmingly probable that the water will become warmer; he does not 
say certain except in undergraduate courses. Such absence of absolute 
certainty, which is a characterizing feature of all statements of science, 
in no way nullifies the value of the subject. In fact, overwhelming prob¬ 
ability is all that anyone has any right to expect ^\^th regard to knowl¬ 
edge of the future in this world, and is a great deal more than one usually 
gets. 

The next stage in the process of abstraction or generalization beyond 
that expressed by (3.2.2) is made when it is observed that the statement 
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is clearly true rrot orrly of stones, but of sticks, people, or anything else. 
Thus one may say, 

(3.2,3) if three objects are placed on a pile of seven objects, the 

resulting pile contains ten objects. 

This shows that the essential fact expressed by the statement (3 2 2) con¬ 
cerns many-ness or number, and nothing else. A great rnany statements 
such as (3.2.3) were discovered experimentally early in the history of the 
counting process. The collection of such statements mght be caUed 
the science of number, or arithmetic, and it was to this science that 

the name maihemalics was first applied. 

There is an exceedingly important difference between the statements 

(3.2.2) and (3.2.3), which hints at the distinction which we regard as 
existing between mathematics and the natural sciences. The first 
statement, while not strictly provable, at least suggests an experiment 
which one could perform to partially verify its tnith. One is reasonably 
confident of his knowledge of the meaning of stones. The statement 

(3.2.3) is not quite so simple, in that the word object is somewhat vague. 
The way in which one understands the statement is as a sort of abbrevia¬ 
tion for a vast variety of concrete remarks of the nature of (3.2.2), 
which can be obtained by inserting various specific choices for the 
“object" mentioned in (3.2.3). 

A further stage in generalization is achieved as follows: Let us for the 
moment define a three as any collection containing three objects, and 
similarly for a seven and a ten. A three is thus what is commonly called 
a threesome. Then (3.2.3) can be abbreviated by the statement, 


(3.2.4) a three placed \vith a seven yields a ten. 

This statement illustrates the stage of generalization in wliich the 
essential features (in this case, the three-ness, seven-ness or ten-ness) 
are isolated, given names and discussed as if they were entities. 

Our four displayed statements illustrate the beginning of a process 
of generalization which is characteristic of the history of mathematics. 
At the stage of development represented by (3.2.2), there is no distinc¬ 
tion between science and mathematics, except possibly in the particular 
collection of experiments discussed. However, mathematics now intro¬ 
duces a new feature that distinguishes it from the sciences. It is with 
this distinguishing feature that this book will be largely concerned. 
This feature, briefly, is the elimination of the necessity for performing 
experiments at all, by the substitution of logic. 

We might indicate how a man can convince himself of the tnith of 
the last of our displayed statements (3.2.4) xWthout having recourse to 
any experiments Avhatsoever. (Actually, he wiW perform what might 
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be called “mental experiments”; it is largely these which constitute 
what we call logic.) First eight is, by definition, the next grunt after 
seven. Hence, if he has a pile of seven and places one more object, he 
will have a collection characterized by the next grunt, that is, he will 
have an eight. Mentally placing still another object on his collection, 
he has, on the one hand, two more than seven, and on the other hand, 
one more than eight, or (by definition) nine. One more object mentally 
added gives, on the one hand, three more than seven, and on the other, 
the successor of nine, which is ten. Thus, without any physical manipu¬ 
lation, and without even deciding w'hat objects are being considered, a 
man can convince himself that a three together with a seven 3 ields a ten. 

Incidentally, anyone w^ho is unable to appreciate the profound advance 
in human development required to inaugurate an abstract argument like 
the above, should be reminded that there still exist, in the present w^orld, 
primitive tribes who have not reached this level of sophistication. 

3.3. The Science of Measurement. Another popular description of 
mathematics is “mathematics is the science of measurement.” While 
this description, like “mathematics is the science of number,” is no 
longer valid, it too has an excellent historical justification. After the 
grunts called numbers w'ere invented to answ^er the question “how 
many?” the primitive equivalent of a mathematician turned his atten¬ 
tion to providing an answer to the more vexing questions “how long?” 
“how tall?” “how far?” The method adopted for answering these 
questions was by a device which is typical of the breed of mathematicians 
even to the present day. 

Some years ago, a little problem which was supposed to ferret out 
incipient mathematicians became rather popular. The victim w’as asked 
to imagine a kitchen containing a gas stove wdth one burner lit, and a 
kettle of water placed on the floor. He was then asked how he would 
proceed if he washed to heat the w^ater in the kettle. He usually answered 
quite reasonably that he w^ould place the kettle on the fire. Then he 
was asked to solve a second problem identical to the first, except that 
now the kettle was on a table. If he responded in an equally reasonable 
manner, he was supposed to have no chance of becoming a mathemati¬ 
cian. For a real mathematician would transfer the kettle to the floor, 
thus reducing the second problem to the first, which had already been 
solved. 

The primitive mathematician, faced with the problem of providing 
an answer to the question “how tall?” proved his right to the title 
mathematician by reducing the problem to one previously solved, 
namely, the question “how many?” A present-day housewife is sup¬ 
posed to have ordered wallpaper for a room two brooms high and five 
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brooms long. A modern farmer, when asked the question, “How tall is 
that horse?” might well respond, ‘‘Fifteen hands.” If he had said, 

“ Sixty inches,” or ‘‘Five feet,” the point would be no different. The 
question ‘‘how tall?” is still answered by telling how many somethings 
the height would contain. All that is required is that you and your 
auditor both be familiar with the something. The particular something 

used is called your unit of measurement. 

The answer provided was not perfect. For example, one might find 
that a certain horse was more than fifteen hands tall but not so much as 
sixteen hands. The most convenient measuring device was a stick, and 
special sticks called rules were invented early for the purpose of measur¬ 
ing. If sticks, rather than hands, were being used as measuring devices, 
and a certain height was more than fifteen sticks but not so much as 
sixteen sticks, a more precise measure could be obtained by breaking the 
stick into smaller pieces, and telling how many of these smaller parts 
were recpiired to bridge the gap. This letl to the introdviction of broken, 
that is, fractured, or fractional numbers. The Greek mathematicians 
discovered that not even these fractional numbers wore enough to ans^Ye^ 
the question, “how long?” precisely in all cases. This by no means 
obvious fact, and the still less obvious method taken to overcome this 
difficulty, will be discussed later in the book [in Chapters 17, 18], 

Of course, liaving invented fractional numbers, mathematicians 
could not rest until they had learned rules for manipulating them, similar 
to the “three and seven gives ten” rule for the counting numbers. Thus 
the arithmetic of fractions is a part of the science of measurement. 

3.4. The Science of Space. The description just given may indicate 
how mathematicians came to playing with straight sticks. They soon 
began to notice some ratlier remarkable facts about these sticks. For 
example, some unknown genius discovered that if three sticks, which 
were respectively three, four and five units long, were joined at the ends 
to form a triangle, then the two shorter sticks would be perpendicular. 
Observations of this type were the beginnings of another science to 
which the name geometry was given. 

The science of geometry was, in its early stages, ns unlike the science 
of number as possible, and it is somewhat mystifying how these totally 
different subjects came to be included under the common heading of 
mathematics. One answer seems to bo that it was the measurei's, that 
is, the mathematicians, who had available the leisui*e, the inclination 
and the straight sticks necessary to discover geometric facts. 

The process of abstraction described in connection \vit\\ numbers soon 
came to be applied to the geometric facts discovereil. Here again, the 
salient properties, this time the straightness and length, weiT abstracted 
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from the numerous objects wliich possessed them, and were embodied in 
a somewhat mysterious, intuitive object that possessed only straightness 
and length; this object was called a line segment. 

Again, as in the case of numbers, the mathematicians objected to the 
necessity of perfoiming experiments to verify a fact about line segments. 
In this case, the possibility of avoiding experiments, that is, of substitut- 
mg purely mental experiments, was not nearly so obvious. However, 
in the third century b.c., advanced thinkers began to show that many 
of the physical facts concerning line segments were purely logical con¬ 
sequences of a very few of them. 

Historically, the science of space, that is geometry, was the first 
field in which the use of logic as a substitute for experiment was pursued 
with anything like a systematic effort. But once convinced of the 
feasibihty of the scheme, the Greek geometers developed this approach 
with so much vigor that Euclid was able to give a presentation of the 
subject in which all major geometric facts were derived, in what was 
considered to be a purely logical manner, from a small number of initial 
premises, or axioms. 

It must be admitted that by modern standards there were, in Euclid’s 
geometry, a vast number of loose arguments, implicit appeals to intuition 
or picturization, and other misdeeds that are to be expected in a first 
attempt at a veiy diflficult task. Indeed, a presentation of euclidean 
geometry which satisfies modem standards of rigor was not achieved 
until quite recently (1904). However, the attempt of the Greek geom¬ 
eters was sufficiently impressive to be universally conceded as one of the 
great landmarks of intellectual progress. The euclidean treatment is 
still taught in high school, as a pattern of logical thought; and a Twen¬ 
tieth Century poet has proclaimed, “Euclid alone has looked on beauty 
bare.” Finally, the euclidean axiomatic method set the pattern for 
all modem developments of mathematics, although, as we hope to show 
in this book, present-day mathematicians have gone far beyond Euclid 
in the matter of careful analysis of their thought processes. 

3.6. The Science of Axiomatics. The great success of the axiomatic 
method as applied to geometry did not at once, or indeed for a long time, 
wm for it an absolute victory in the remaining development of mathe¬ 
matics. The traditional doctrines of algebra, trigonometry, analytic 
geometry and calculus were developed A\ath no attempt to reduce the 
fundamentals to a simple collection of axioms; a mixture of logic and 
mtuition was the accepted means of developing theorems. 

By the middle of the Nineteenth Centuiy, the appeals to intuition 
and the lack of a firmly established foundation for the traditional 
branches of mathematics had aroused considerable confusion, and even 
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distmst of the validity of the results. This attitude was particularly 
marked and particularly justified in the case of the calculus Because 
of this mistrust, a group of Nineteenth Century mathematicians in¬ 
augurated an attempt to establish a solid foundation, and to ehmmate 
intuition from the methods of proof in the calculus. The success of this 
attempt led to a new belief in the axiomatic approach as the only com¬ 
pletely satisfactory means of treating any branch of mathematics. The 
Twentieth Century has seen the almost complete triumph of the axio¬ 
matic method, with careful axiomatic bases established for all branches 
of mathematics. There has also been considerable study and refinement 
of the method itself. As we mentioned earlier, the euclidean presentation 
of Greek geometry is now considered as a remarkable but certainly far 
from precise attempt at axiomatics, rather than the model of care and 

perfection it is often represented to be. 

The major improvement in the modern viewpoint on axiomatics has 

been directed toward the elimination of intuition from proofs. It has 
been found that the only safe way to avoid intuition is to make its use 
impossible. This is accompli-shed by conscientiously refusing to know 
anything at all about the entities with which you are dealing, be they 
called numbers, points, lines or what you will, beyond what is stated 
explicitly about them in the axioms. Tlius the entities with which a 
branch of mathematics is concerned enter, in the fii'st instance, as com¬ 
pletely abstract, formless objects. Then a collection of axioms stating 
certain facts about these abstract objects is announced as the basis of 
the mathematical structure. These axioms arc to be considered not as 
hints or clues as to the nature of tlie abstract objects with which you are 
concerned, but rather as the complete statement of all you know about 
them. It will be shown later in the book that this open-minded attitude 
toward the basic entities of mathematics has other and perhaps greater 
virtues than that of preventing the use of intuition in proofs. It was 
in the hope of encouraging this open-minded attitude on the part of the 
reader that we entered a plea in (2.5) that he discard any preconceived 
notions about the meaning of mathematical terms. 

Should the reader feel that our discussion of axiomatics fails to convey 
clearly exactly what is meant, let us hasten to remind him that our 
method of thorough explanation of these basic matters is by examples, 
the subject matter of the later chapters. Understanding and apprecia¬ 
tion of axiomatics are not to be expected until the axiomatic procedure 
has been observed in action. The present discussion is part of tire pro¬ 
gram notes that may mean little until the music has been heard. 

The modern view, that mathematics deals with completely abstract 
entities, is simply the fulfillment of the process of abstraction illustrated 
by the successive statements (3.2.1), (3.2.2), (3.2.3), (3.2.4). An entity 
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which has only the properties essential to a subject (those stated by the 
axioms) is created mentally, given a name and discussed as if it were a 
concrete object. There is no departure from mathematical tradition in 
this modern view but only the culmination of a process of abstraction 
which has been characteristic of mathematics from its beginning. 

The emergence of the abstract viewpoint adopted in the Twentieth 
Century by a large number of mathematicians led finally to a feeling that 
the subject matter of mathematics was not the study of numbers or 
space or any elaborations thereon, but simply the determination of con¬ 
sequences of systems of axioms. From this standpoint any system of 
axioms whatsoever is fair material for investigation. Thus mathematics 
has come to be, at least in the eyes of many practitioners of the art, 
something which can be loosely described as the science of axiomatics. 



Chapter 4 

THE PRIMITIVE MATERIALS OF MATHEMATICS 

4.1. Introduction. It is time now to begin directing our general talk 
into more specific channels, to turn our attention to those matters which 
will have special significance for us in our main project. In our survey 
of the language basis, we mentioned, without attempt at distinction, 
two types of terms, mathematical and logical. These roughly corre¬ 
spond, respectively, to the subject matter of mathematics, and to what 
is said about the subject matter. 

Admittedly, any basic term is to be undefined, as we have seen. To 
achieve understanding of such terms, one must observe them in use. 
Yet, in order that the reader be us well prepared as possible for the 
observation process, that is, for the reading of subsequent chapters, 
we shall here take considerable pains to describe and illustrate what the 
mathematical terms have come to mean to mathematicians (or at least 
to the authors). The present chapter deals with the basic terms and a 
few closely associated with them; others are deferred until the next. 
Logical terms are briefly treated in (4.0). 

What we say in this chapter may seem pointless to many. The 
authors arc actually among these, in that to them the terms to be de¬ 
scribed are more fundamental, more basic, than the words used in the 
description. But this may not be the case with all readei*s. If a familiar 
note is struck now and then, some progress will have been acliieved for 
these readers toward making the terms meaningful. 

4.2. Elements. In the last chapter, it appeared that the discourse 
of mathematics concerns completely abstract and formless entities. 
In the statement, 

if three objects are placed on a pile, . . ., 

it is completely unessential to have any tlcfinite picture of the “objects” 
involved, or any knowledge of their jirccise nature. They could be, in 
particular, stones, pencils, statues, animals, or a host of other things. 
But in spite of the generality of the word, there ai'C many things that the 
ix'ader would probably not consitler to be included by “objects,” Thus 
man>' people would not regard mental attitudes, odors, thunderstorms, 
acts of kindness or the second line of “Carry Me Back to Old Virginny” 

2S 
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as “objects.” Moreover, a dozen marbles, a pair of shoes, a herd of 
cattle and the Marx Brothers might also not be included. 

For mathematical work, it is necessary that the entities of our dis¬ 
course possess such generality that aU the terms mentioned are sub¬ 
sumed, whether the items are concrete or abstract, whether they are 
singular or plural. Accordingly, the word element is introduced to re¬ 
place “ object,” “ entity ” or similar words, with the intention that element 
should be understood in the broadest possible sense. Probably the near¬ 
est nonmathematical synonym for element is “conceptual entity”; it 
should be emphasized, however, that any specializing restriction that 
the reader is inclined to place on the nature of a “conceptual entity” 
should not apply to element 

If there seems to be cause for discontent occasioned by the high degree 
of abstractness associated with elements^ there should be compensating 
cause for rejoicing that there is no need to fix concrete meanings early, 
but that such meanings may be decided upon at any time during or after 
the development of a theory. An element is a blank into which may be 
read or inserted any specific meaning. It may help the reader at first to 
think “object” when he sees the word element] but it must not distress 
him if some element should be specialized to mean, for example, “a pile 
of four objects.” 

4.3. Sets of Elements. In dealing with elements, it will be found 
unsatisfactory—perhaps the reader has already found it so—to allow 
them to wander through our imagination altogether unchaperoned. 
It is logically untidy and even chaotic to permit them too much leeway. 
True, they must not be subjected to qualitative restriction; but it is 
necessary to restrict them, in any discussion, in a quantitative way. 
Speaking of “all elements” would represent the extreme violation of the 
restriction we have in mind. Lesser violations exist, and all may lead 
to paradoxes such as those described in (2.3). 

To be specific, we propose to limit our discourse in any given discus¬ 
sion or theory to certain particular elements, which we imagine to be 
before us throughout the theory. These elements may lead us by defi¬ 
nitions to other elements, but no difficulties are to be feared from these 
occurrences, since talk about the entities introduced in this way can be 
interpreted as talk about the original elements. In any discussion, then, 
there are to be no stray elements, no orphans. All elements appearing 
are thought of as belonging to a family which is fixed and invariable 
throughout the theory. Such a family is called a set, and the elements 
comprising it are said to belong to, or to he members of, the set. Hence 
elements may be said to come only in sets. We never work with ele- 
naents, except when we have a set of them in which to work. 
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Since the presence of elements implies that of sets, and vice versa, the 
terms element and set need not be considered separately. They are 
always used together in the phrase set of elements. Still, within such a 
set of elements lie the individual elements, and this fact must be recog¬ 
nized and understood, since many of our dealings will be with the in¬ 
dividuals. It wiU be seen that there are sets, each of which consists of 
exactly one element; these sets could be used to effect a rather artificial 
elimination of the term element from the basis, so that only set would 
remain. It is unimportant whether or not this is done; we are interested 
only in achieving some understanding of the basic concept set of ele7nerUs. 

Now the word set is probably sufficiently familiar to the reader in such 
occurrences as “a set of chessmen, ’ “a set of dishes, and the like. 
The mathematical use of the word diffei-s from the ordinary use in that 
the elements of a mathematical set cannot be expected to resemble one 
another in any way (except in that they are elements). For elements 
have been shorn of all features by means of which comparisons might be 
made. Even when specific meanings are ascribed to the elements, re¬ 
semblances are not to be expectctl. Thus we shall feel free to consider 
a set consisting of the Eiffel Tower, the earth and a certain dog named 
Rover. 

We wish to make certain that the word set will be interpreted in the 


broadest possible sense, namely, in a sense suggested by any of the terms 
“class,” “aggregate,” “collection,” “conglomeration,” “flock,” “herd,” 
“school,” “family,” and the like. Thus one might speak of the set of 
all people who were president of the United States in 1930, a set con¬ 
sisting of but one clement (member). One might also speak of the set 
of all possible positions of an elevator in its shaft, a set so large that its 
elements could not conceivably be counted or listed. 

We hasten to mention that many mathematicians and logicians have 
not been satisfied to resign themselves to an acceptance of the concept 
of “arbitrary set of arbitrary elements.” Nevertheless, we feel dissittis- 
fied with all attempts to define this concept or to analyze it in terms of 
more fundamental notions. Moreover, it is (questionable whether such 
attempts, if successful, could have a serious effect on the bulk of mathe¬ 
matical theories constructed on a foundation whit'h accepts the concept 
intuitively. We propose, therefore, a wholehearted acceptance of “set 
of elements” as an undefined concept, but one about which we have 
sufficient intuition to enable us to act toward it in a manner which 
seems intelligent to us. 

It is necessary to make a few comments on the restriction that we have 
placed on elements, namely, that they must appear in any theory in 
exactly one fixed set. Upon reflection, one is led to the surmise that there 
should be no objection to allowing two or more fixed set^ to be before 
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US in a single theory. The surmise is justified; in fact, it is easy to see 
that this possibility is implicitly allowed in either of two ways. One 
may argue that since the elements of a given set are arbitrary, they may 
themselves be sets of (other) elements. Or one may say that, if several 
sets are before us, all the elements involved may be regarded as constitut¬ 
ing a further set, which may then be thought of as the basic, given set. 

An example would be this. Consider a set of speedometers. For each 
of these there is a set of all positions of its indicator. Let us refer to this 
set of positions as the “ rangeof the speedometer. We thus have under 
consideration a set of ranges, each range being a set of indicator positions. 
We could then regard the set of ranges as fundamental; the elements of 
this set would be sets of indicator positions. Or we could imagine the 
(much larger) set of all possible indicator positions of all the speedom¬ 
eters as the one fundamental set. 

Whatever point of view is adopted, this type of situation is regarded as 
admissible. Indeed, it will be the basis for discussion in some of the 
work that we shall do. Further elaboration of the idea leads to a “set 
of sets of sets” and so on. To Avorry about how far this process can be 
continued would be tampering with the language basis, and so is out of 
place here. It should be said, however, that the concept “set of all 
sets” leads to paradoxes as does the concept “set of all elements” and 
is definitely inadmissible. 

4.4. Notation. Let the reader imagine how difficult life would be, if 
objects, people, emotions, and other items of discourse had no names. 
Not only Avould such pleasures as neighborhood gossip be forced into 
nonexistence, but almost all forms of useful communication would cease. 

Since sets and their elements are (so far) exactly those entities about 
which we wish to talk, it should be clear that we shall be forced to intro¬ 
duce S5TnboIs or labels for these conceptual objects. For the most part, 
it will be convenient to use letters (Roman, German or Greek) for our 
labels, although other printers^ marks will occur occasionally. Thus we 
speak of “an element a” of a set, meaning an element to which for pur¬ 
poses of future reference (usually in the sentence or paragraph at hand) 
the name or label a has been given. Sets, which are also objects of our 
discourse, Avill receive the same treatment. Thus we speak of “a set A,” 
meaning that A is a symbol which is to stand for, or represent, the set. 

Of course, phrases such as “the element a” are not to be interpreted 
literally. For “ a ” is not really the element itself, but the symbol or label 
selected to represent the element in what is being said. The usage is 
parallel to that in “the man Caesar” or in other cases where, for con¬ 
venience in language, an object and its name are treated as though they 
were indistinguishable. 
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It is natural now to ask what can be said of elements and how 

they are interrelated. It there is but one set under discussion then 
dements that appear must belong to the set, and very httle else of 
significance can be said. But, if there are at lea^t two sets available for 
discourse, then the situation is different, li A, B are two such sets, 
then a given element « might belong to d, or it might not be ong to A 
(that is, it might belong to B, and would be compelled to belong to B 
if there were no further sets under consideration). The basic logical worf 
nol in the last sentence is to be so understood that exactly one of the 
two statements, “a belongs to d,” and “a does not belong to d, must 
be true. For the two possible statements we introduce notations. We 

write 


(4.4.1) 


ae A if a is a member of A , 

A ;f nr»f. n momher of A 


n £ 


The two statements in (4.4.1) are called negations of each ot.her. 

The statement a t A may be read, “a is an clement of A “a is in .4,” 
“a in A” “a be in and so on, accordiiiK to the grammatical needs of 
the sentence in which it occurs. Thus, “let a € “ would be read, let 

a be an element of ^*1. “ 

The notation oi, 02 i A is used to mean Oi € A and an A; Oi, aa, os e A 
means that all three elements oi, Oa and 03 are in A ; and so on. The 
subscripts 1, 2, 3 have no other significance than to aid in distinguishing 
the symbols for the elements mentioned. Their use will often help us 
to avoid tlie necessity for introducing many different letters. 

When a set consists of a few specific elements, abstract or identified 
partially or completely, the set is denoted by displaying the labels of 
all its elements within square brackets. Thus we write 

[a,l),c, d] 


for the set consisting of the elements a, 6, c, d. 

An example or two are now in order. If A is the set consisting of the 
Eiffel Tower, the earth and the dog Rover, then A is the set 

[^the Eiffel Tower, the earth, the dog Rover]. 

If B is the set of all indicator positions of a speedometer, then B does not 
lend itself to the bracket notation. If n is the dog Rover, and if b is tlte 
indicator position of the speedometer corresponding to a reading of axty 
miles per hour, then we have 

a (A, at'B, htB, be'.4. 

In fact, the same four statements would be tme if a were the Eiffel 
Tower, or if a were the earth, or if b were any other indicator position of 
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the range of the speedometer. Simple though these examples are, they 
should be thoroughly checked and rechecked by the reader, until he is 
convinced beyond a doubt that he understands them, and that he feels 
absolutely at home with the notations. 

4.5. Equality. The statement a e A says something about an element 
a and a set There is a type of statement which involves two elements 
or two sets, or for that matter, two conceptual entities of any conceivable 
kind to which we have given labels. The statement we have in mind is 
one that will occur so often that we shall soon be taking it for granted. 
Let a, h be elements of any kind. (They may, in particular, be sets.) 

We say that “a is equal to b,” and write “a = b” if a and b are the same 
element. Thus 

a = 6 means “a and b are two labels for the same object.” 

If it is false that a — b, then we write a 7 ^ b (read “a is different from 
6,” “a and b are distinct,” or “a is not equal to 6”). 

Thus, in the sense in which we use the word equal, all men are created 
unequal. The only situation in which mathematical equality can be 
used regarding men is that in which one man has two names, as in 

Mark Twain = Samuel Clemens. 

In mathematics, equals means the same as alias. 

From this discussion, it appears that such a statement as “equals 
may be substituted for equals” means, if anything at all, that changing 
the name of an object does not change the object. (“A rose by any 
other name would smell as sweet.”) We hope that the reader's meaning 
of “label” or “name” is such that the truth of this statement is too 
evident to require further comment. 

It might be wondered why it should be necessary to recognize the 
possibility of one element's having two different names. Would it not 
be possible to insist on using only one name for each element? The 
answer is that, in mathematics, one frequently ^\^shes to introduce a 
name for a specific element ^\athout having at hand sufficient information 
to decide whether or not this same element has been previously named. 
And the eventual discovery that an element a did actually occur earlier 
with a different label h (that is, a = b) may be of great importance; 
indeed, most mathematical results can be regarded as arising in this 
way. 

To illustrate that statements of equality may have content, consider 
the follomng example. Let A be the set of all presidents of the United 
States during the period of hostilities of World War I, and let B be 
the set consisting of Woodrow Wilson. Then A = .R is a true statement. 
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Moreover, this statement conveys the information that Woodrow 
Wilson served as president througliout the World ar I 

It should be noticed that in the example we defined B as the set 
consisting of Woodrow Wilson, rather than simply oodrow ilson. 
This is essential, since it is necessary to distinguish conceptually between 
an element and the set consisting of that element. Thus 

[a] ^ a. 

However, two single element sets are equal precisely when the elements 
are the same, that is, 

M = Cy precisely when a = h. 

In general, it follows from our concept of o(iuality that two sets are equal 
precisely when each consists of the same elements as the other. For 

ra. Ill = rb. ai. 


The mathematical use of the word equal differs from the common 
usage as found in “all men are created ctiual,” in that the common use 
really has the force of “equal in certain respects.” Thus, in common 
parlance one might speak of two “eiiual” stacks of coins, meaning not 
that they are really the same stack (mathematically equal), but that 
they are “eciual in number.” This last means that the “number of 
coins in the first stack is equal (the same as) the “number” in the 

second stack. 


It might be argued that abstract elements are so lacking in qualities 
that they are indistinguishable from one another, and therefore should 
be regarded as “eciual.” ^\c therefore emphasize that whatever prop¬ 
erties they lack, they do possess identity. There will be occasion later 
[in (15.2)] to introduce various ways in which elements may rcseynble 
one another, similar to the way in which men may be regartled as being 
“equal.” When this occurs, we shall use the term equivalent rather than 
equal. Elements will then be ecjuivalent in certain respects or for certain 
purposes. Further clarification of this idea is not possible at this point. 


4.6. Subsets. If it appears to the reader from the preceding sections 
that conversation about one given set aiul its abstract elements must 
bo bleak and uninteresting, we admit that we have so far given no indi¬ 
cations to the contrary. It has oven been mentioned that, if only one 
set A is before us, and if a is one of its elements, then all that can be said 
is a e i4. In the present section, we shall see that things are not really 
what they seem, and that under the apparent void lies untold wealth. 

Let us suppose that a set A is before us, where 

(4.6.1) A = [a, 6, c], 
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a, h, c being abstract elements such that a ^ b, h c, c 9 ^ a. A very 
little reflection will show that A is by no means the only set before us. 
In fact, once A has been admitted to our consideration, we are auto¬ 
matically forced to recognize that six other sets have also been admitted. 
These are 

(4.6.2) [a, 6], [6, c], [o, c], [a], [6], [c]. 

Each of these new sets is clearly obtained from A by ignoring, or dis¬ 
carding, a certain element or certain elements, and recognizing only 
what remains. 

The process of selecting sets, each one of which is a “part” of the given 
set, is generally applicable, that is, the process is not limited to sets 
which can be denoted by means of the brackets as in (4.6.1). Any set 
resulting from the process is called a subset of the original set. Thus, 
in the example, [6, c] is a subset of A. A description of subset can thus 
be formulated; 

(4.6.3) A set 5 is a subset of a set A whenever all the elements of 

B are elements of A. 

If B is a subset of A, we write B a A (read “5 is contained in A ”) or 
Az:> B (read “A contains B”). The three statements, 

A Z) B, 5 cz A, B is a subset of A, 

all mean the same thing. The negation of the statement A d B (B Z) A) 
is written A ct B (B 4) A). Thus A cj: B means that A is not a subset 
of By that is, that there exists an element of A which is not an element 
of B. 

If A is the set of all animals, and if B is the set of all dogs, then A 3 B. 
Another example is given by 

[]b, dy d \_(iy b, C) dj 

Still another is the following. Let A be the range of a speedometer 
[as in (4.3)]; let B consist of all elements of the range corresponding to all 
speeds of 30 miles per hour and under; and let C consist of the single 
indicator position corresponding to the reading 0. Then B d A and 
C d A; also C d B. This example serves to give some hint of the im¬ 
portance of subsets. Thus B might be intimately connected with the 
legal speeds of operation under certain conditions, and C would describe 
a state of no motion. That C d B means that a state of rest is a legal 

If A is any set, then it is convenient to say that A (Z A, that is, that A 
is a subset of itself. To do this is merely to effect agreement on an 
arbitrary convention, which turns out to be useful. If B is a subset of 
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A which is different from A {B 9 ^ A), it will be said that B is a proper 

subset of A. A notation for this isg H. 

It is essential to remark that, if for two sets A, ^ it should occur that 

A B and B d A, then A and B must be equal, that is, 

( 4 . 0 , 4 ) if A d B and B d A, then .1 = B. 

The reader shovild convince himself of the truth of this statement; a 

little reflection should show that it is inherent in the very meaning of 

equality of sets. 

A special convention which desor\’^es mention is the follo\\'ing. If A, 
Bj C are sets, the “continued statement” A d B d C means A d B aud 
B d C. Generally speaking, when two or more statements are elided in 
this way, tlie meaning will always be the conjunction of the several state¬ 
ments. Varied and frequent uses of this convention will occur throughout 
the book. Thus, if a, b, c are elements of a set -I, then a = b = c means 
a = b and b c. 

A specific subset of a set A may be determined by telling exactly 
what its elements are to be, or, in other words, by stating wliat properties 
they (and only they) should have, or what restrictions they (and only 
they) should satisfy'. [[Sec the examples above.] Wc shall use the 
notation 


(4.6.5) Co«-4; • • •] 

to represent the subset of A consisting of exactly those elements satis¬ 
fying the restriction to be inserted to the right of the semicolon. The 
brackets abbreviate “the set of all,” and the semicolon stands for “such 
that,” or “for which.” If A is the set of all books, then 

B = [n € .4 ; a is green] 


is the set including every element n in A stich that a is gi'cen (and 
including no otliers). More simply, B is the set of all green books. 
When it is clearly understood in what set a is considered to lie, then 
“€ A” is sometimes omitted from the notation. Then we write simply 
[«; * •]• 

An interesting possibility arises from the use of the bracket notation 
just described. In all innocence, we nright write a symbol [a < A ; • • *]? 
in which the restrictions are so stringent that they arc siitisfied by no 

elements of A. For example, if -I is again the set of all books, we might 
write 

[acA; a was written by Zane Grey and a was written in 
400 H.C.], 


particularly if wc did not know who Zane Grey was. One might be 
inclined to say that in such a case, [[a € .1; • • *] is not a set at all. 
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Since, however, much effort might have to be expended in ascertaining 
whether any element a exists satisfying the restriction, it is more con¬ 
venient to adopt the convention that the notation does represent a 
subset. Having no elements, this subset is said to be empty. The letter 
0 is always reserved for the empty subset of whatever set is under 
consideration. Thus S = G (read “5 is empty”) means that S has 
no elements, while S ^ G (read '‘S is non-empty”) means that there is 
at least one element in S. 

The recognition of the empty subset of any set under consideration 
implies that the list (4.6.2) of subsets of the set A in (4.6.1) is incomplete. 
The empty subset 0 is an additional subset which must be included. 
In conformity with the bracket notation used in (4.6.2), we might denote 
the empty set by [ ], with no elements displayed. However, the nota¬ 
tion 0 will be used in deference to custom. 

It is worth remarking that the empty set arises only as a rather acci¬ 
dental subset of some non-empty fundamental set. Every fundamental 
set in a discussion vdll always be understood to have at least one element. 
We hope that we are offending no one by insisting that, when we talk 
we should have something to talk about! 

4.7. The Algebra of Sets. The previous section has given a glimpse 
of what may be expected within a given set. Although we cannot offer 
in this book an exhaustive treatment of subsets of a set, we must investi¬ 
gate the theory a bit further so that portions of it may be used later. 

Let us assume that two sets A and B are simultaneously under dis¬ 
cussion, As has been suggested in (4.3), A and B may be regarded as 
subsets of a single set; whether or not this is done is quite immaterial. 
In either case, we may now conceive of ‘Tumping together” the elements 
of A with those of B to form a new set. The new set then consists of all 
elements which are either in A or in B. Our name for the set thus ob¬ 
tained is the seiriheoreiic sum of A and B, and our notation for it \rill be 
A + 5. If A and B are subsets of another set C, then A + 5 is also a 
subset of C. Of course, A and B are both subsets of A + 5 by the very 
definition of set-theoretic sum. We have 

(4.7.1) A B — set-theoretic sum of A and B 

= [all elements of A together with all elements of B]; 

and, if A cC,B cC, 

(4.7.2) A -f H = [c € C; c e A or c € 5]. 

(It is interesting to note that, even though A and are not initially 
thought of as subsets of another set, they are in reality always such, 

namely, they are subsets of A + B.) 
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For example, suppose A and B are given thus; 


(4.7.3) 

(4.7.4) 


A = [the planet Venus, the earth, the planet Mars, the dog 
Rover], 

B = [the Eiffel Tower, the earth, the dog Rover]. 


^ 5 = [Venus, the earth, Mars, the Eiffel Tower, Rover]. 

Similarly, if F is the set of all fathers, and if M is the set of all mothers, 

then F + M is the set of all parents. 

A few general comments remain to be made. First, since A involves 

no preferential position over B in the definition of A d- B, there is no 
reason why we should write A first. The two sets really entor on an 
equal footing; if we write R + d, we arrive at the same end result. It 
is therefore to be concluded that /1 + R = R + ^. A detailed discus¬ 
sion of the matter of preferential position or precedence is to be found 

in the next section. 

Suppose that A a B. If it is attempted to put the elements of A 
together with those of B, it should be seen that, since all the elements 
of A are already present in R, the set-theoretic sum should be R itself. 

, Thus, whenever A c= R, it follows that A + R = R. In particular, we 
have A cz A, so that A + A — A. 

We turn now to a second way in which two sets determine another. 
If A and R are before us, it may happen that they have elements (or 
possibly just one element) in common. For example, the sets in (4.7.3) 
and (4.7.4) have the earth and Rover in common. All common elements 
are then regarded as comprising a new set which is called the sct-thcorctic 
product of A and R. The notation for this new set is A • R (or R • A 
might be used for the same reasons adduced in connection with the dis¬ 
cussion of A + R). We have then 


(4.7.5) A • R = R • A = set-theoretic product of A and R 

= [all elements which are membei's of both 
A and R] 

= [a e A; a e R] = [a € R; a € A] 

= [a < A + R; a e A and a « R]. 

The reader should convince himself of the truth of all the equalities. 
If C C A and C C R, that is, if C is a subset of A tmd of R, then C <Z 

A • R. For every element of C must lie in A and in R (since C C A 

and C CZ R); hence every such element is a common element of A and R 
and therefore a member of A - R. 

It can happen, and often does, that two given sets A and B have no 
elements in common. The notation A • R is used in this case to mean 
what one would naturally expect, namely the empty set ©. Thus 
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A • R = 0 means that A and B have no common elements, while 
A * B ^ & means that A and B have at least one element in common. 
When A • B = 0, we say that A and B are disjoint. 

An immediate fact inherent in the description of A • B is that it is a 
subset of each of A and B (even if A • B =0). We leave it to the reader 
to convince himself that, if A cz B, then A. * B = A, and that, in particu¬ 
lar, A • A = A. 

A still further way in wliich a third set is obtained from two given sets 
is as follows. Again let A, B be the given sets. The third set is to be 
the subset of A consisting of all those elements of A which are not ele¬ 
ments of B. It is called the set-theoretic difference of A and B, and is 
denoted by A — B. Thus 

(4.7.6) A - B = [a c A ; a e' B]. 

In the example of (4.7.3) and (4.7.4), 

A — B — ^enus, Mars]. 

Similarly, in the same example, 

B — A = [the Eiffel Tower]. 

From this it may be inferred that A — B and B — A cannot be expected 
to be equal. Of course, if A = B, then A — B and B — A are both 
empty and hence equal; but the fact is that they cannot be equal in 
any other case, as is easily show. 

A few special cases deserve consideration. Suppose first that 
A • B = 0. Then every element in A is not in B, so that A — B = A; 
similarly, B — A = B. Next, suppose that A (= B. Then there is no 
element in A which is also not in B, that is, there is no element in A — B. 
Therefore A — B = 0. If A = 0, naturally A CZ B, so that again 
A - B = 0. It is left for the reader to verify that, in all cases, 

A - B = A - (A -B). 

In the last statement, parentheses are used in a way in which we shall 
often employ them. The right side of the statement of equality is the 
set A — C, where C = A • B; thus the parentheses serve to indicate 
that A • B is to be ‘Termed” first, and then that the result is to be used 

^th A in “forming” the set-theoretic difference. 

Suppose now that A 3 B. Then A — B has a special significance. 
In (4.6) it was stated that a subset B of A is obtained by ignoring or 
deleting certain elements of A, considering B to consist of what is left. 
The elements ignored certainly themselves constitute a subset of A, 
this subset is exactly A - B. In this case, A - B is called the comple¬ 
ment of B in A. Note that, if B = A, the statement that A - B 0 
means what is clear anyway, that in passing from A to B we delete no 
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elements. It is instnictive now to verify that, in all cases for which 

^ B + {A - B) = A, B- (.1 - B) = 0. 

It is important to realize that the set-theoretic complement is a special 
case of the set-theoretic difference. The difference — B is a general 
concept, applicable to any sets d, B; the complement d - B is identical 
to the difference, but the term complement applies only when B (Z A. 

The three processes discussed may now be summarized: 

the set-theoretic sum ..I -h B consists of all elements in A or 
in B; 

the set-theoretic product A • B consists of all elements in 
A and in B; 

the set-theoretic difference /I — B consists of all elements in 
A and not in B. 

The material in the present section is merely the beginning of a sub¬ 
ject known as the algebra of sets, a subject which is quite highly de¬ 
veloped. We have refrained from giving a really systematic exposition, 
since such would actually be an account of a complex mathematical 
theory for which we are not at this stage prepared. Only those items 
that are essential for our subsequent use have been included. Inasmuch 
as arbitrary sets of arbitrary elements are the things about which mathe¬ 
matics talks—the stuff that the dreams of mathematics are made of— 
the importance of the topics discussed cannot be overemphasized. A 
feeling of security with respect to all the concepts introduced must be 
attained, if one wishes to appreciate fully the subsequent development, 

(4.7.7) Project: If ,4, B are defined as in (4.7.3), (4.7.4), list the 
sets C which are such that C d A and C d B, and verify that, for every 
such set, C d A ' B. 

(4.7.8) Project: Let A, B be sets. Show that, 

(a) if A <Z B, then A * B = A; 

(b) if A • B = A, then A cz B; 

(c) if A + B = B, then A c B, 

Also show that if (7 is a set, then C - C = C. 

(4.7.9) Project: Let A, B be sets. Show that, if A ^ B, then 
A~ B 9^ B- A. 

(4.7.10) Project: Let A, B be sets. Show that A — B = A — 
(A • B). 

(4.7.11) Project: Let A, B be sets, A 3 B. Show that B + 
(A - B) = A, B • (A - B) = 0. 
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4.8. Ordered Pairs. A language basis should, without doubt, be as 
small as possible. But it is conceivable that, when certain words are 
defined instead of being placed in the basis, their definitions may become 
awkward, artificial and conceptually difficult. In fact, the definitions 
may be less satisfactory than the original intuitions connected with the 
use of the words. Such is the situation with wliich we are now con¬ 
fronted. It is possible at tliis point to describe all further mathematical 
words in terms of sets of elements only. Yet we reject such a program 
because of the certain confusion that would result; rather, we shall intro¬ 
duce one further mathematical concept that is to be regarded as basic. 
It \\ill then be relatively easy to define the other terms which are nearly 
basic in the next chapter. 

The term to be introduced is ordered pair. In describing it, we might 
begin with the notion of *‘pair.” In ordinary language the term “pair" 
IS usually thought of as referring to a set consisting of two elements, that 
is, a set of the form [a, 6], where a as for example, [father, son]. An 
ordered pair is more than this, however. It is a pair together with an 
“order” for the elements, that is, a specification as to wffiich element 
“comes first” and which “comes second.” It is clear that the set 
[fl, 6] has nothing whatever to do with the order of the elements, since 
[a, 6] = [6, a]. 

Now a simple ordering of tw'o elements should be familiar from experi¬ 
ence. For example, in the sentence, “How'ard Jones and Frank Jones 
are father and son, respectively,” it is evident that the order in which the 
W'ords “father” and “son” appear is essential to the meaning. The 
statement, “train leaves for Philadelphia and Baltimore,” might w^ell 
be interpreted differently from “train leaves for Baltimore and Phila¬ 
delphia.” Even the phrases, “husband and wife,” and “wife and 
husband,” convey different impressions. 

Let a and 6 be two elements of some set. Suppose that we specify an 
order for a and b by saying that a should come first and b second. The 
set consisting of a and 6, together with the specified order is called the 
ordered pair a, b; the notation for this is (a, b). As a matter of con¬ 
venience, we allow'^ the concept ordered pair to apply even if a = 6. In 
this case, of course, order plays no role, since (a, a) is unchanged if the 
two S3nnbols a and a are interchanged. Otherwise, the ordered pairs 

b) and (6, a) are different. 

If (a, 6) and (c, d) are ordered pairs, then it is clear from the general 

concept of equality that 

(a, b) = (c, d) only when a = c and & = d. 

Examples of ordered pairs are numerous indeed. We list a few that 
come to mind readily; 
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(4.8.1) 

(4.8.2) 

(4.8.3) 

(4.8.4) 

(4.8.5) 


(4.8.6) 


married couples, the male being named first, 

pairs of people who have played bridge as partners, naming 

the younger first; 

pairs of shoes, naming the left first; 
a knife and a fork, in that order; 

any partnership of two participants, naming the senior or 
dominant partner first (assuming such exists); 
the sets A, B in the expression A Ar B or A — B. 


In (4.8.1), monogamy is not implied, since it is (mathematically) 
immaterial in how many ordered pairs a specific element (person) ap¬ 
pears. In (4.8.2) or (4.8.5), it is possible that some clement (person) 
would appear as first entry in one ordered pair and as second entry in 
another. In (4.8.6), the order of A, B in .1 + i? is neutralized by the 
fact that A B = B A; but it is essential in A — B, as we have 


seen [(4.7)3- 

It is now necessary to perform a somewhat more difficult feat of 
imagination than any yet encountered. Let us suppose that a set .1 and 
a set B arc under consideration. If a « A and h t B, there is determined 
the ordered pair (a, h). This ordered pair is now to be considered as a 
single object. But we have already demandetl that objects, or elements, 
should be found only in sets. Hence we are led to envisage a set in 
which (a, h) lies, regardless of how we may have initially selected a € A 
and b € B. Such a set would then be the set of all ordered pairs whose 
first entry is an element of A and whose second entry is an element of B. 
The name of this august set is the cartesian product of A and B, and its 
notation is A X B. Thus 


(4.8.7) A X B — the cartesian product of A and B 

~ [(«. 5); a e A, b € 7i3- 

For example, if M is the set of all men who have ever lived, and if TF 
is the set of all women who have ever lived, then M X IT consists of all 
ordered pairs composed of a man and woman. The pair (Mark Antony, 
Joan of Arc) is one of the many elements of M X IF. Let P and Q be 
two abstract sets as follows: 


(4-8.8) P = [pi, P2, Pa], Q = ^2], 

where pi ^ p 2 , p 2 5 ^ pz, pz ^ pi, gi 9 ^ g-i. Then we have 

^ X Q = [(pi, 9i), (pi, (?•:), (p-:, 7i), {p-2,qAy (P3> (pa. 92)]- 

It should be observed that nothing has been said that would prevent 
the sets A and B in (4.8.7) from having elements in common, or even 
from being equal. Thus, if Q is the set in (4.8.8), then 

Q XQ = [((?!, 5 i), ( 71 , 52 ), ( 72 , 7 i), ( 72 , 72 )]. 
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(4.8.9) Project: If P, Q are the sets defined in (4.8.8), and if = 
[Pn P 2 , 3i], display the sets Q X R, P X R. 

4.9. Summary. Let us pause momentarily to take inventory of the 
materials so far encountered. Two basic terms have appeared, namely, 
set of eletneuts and ordered pair. But there have been introduced many 
more concepts, such as set-theoretic sum, product and difference, subset 
and cartesian product. AVhat sort of terms are these, and how were they 
introduced? It should be evident that these terms were defined, and 
that a good deal of “ordinary” language was used in effecting the 
definitions. Now if one were to strip away the unessentials, one would 
find that the auxiliary concepts are defined in terms of the basic ones, 
with the help of a few additional terms, the basic logical terms. 

The basic logical words or phrases met thus far are these: 

1. “is a member of” or “c,” as in (4.4) and (4.4.1) in particular; 

2. “not,” as symbolized by the prime in t, used often, in (4.4.1) in 
particular; also as symbolized by the diagonal in ; 

3. “all” or “every,” as in “the set of all • • •” in (4.6.5), or as in 
(4.6.3); 

4. “such that,” as in (4.6.5); 

5. “there exists” or “there is,” as in the third from the last para¬ 
graph of (4.6); 

fi* “if* • • then,” as in the discussion following (4.7.5); 

7. “or,” as.in (4.7.2); 

8 . “and,” as in (4.7.5). 

These phrases are all to be understood as in ordinary language and so 
■will require no further attention here. In Chapter 6 some of them will 
be examined and illustrated more fully. 

fn order to facilitate future reference, the concepts and symbols 
treated in the present chapter are listed together with brief descriptions. 

Basic terms: 

element: abstract entity admitting any concrete interpretation; 

set: class, collection, aggregate; composed of elements; 

ordered pair: two elements (not necessarily different) with an order 
of occurrence. 

Special notations {A is a set): 

e : a is an element of A ; 

A: a is not an element of A ; 

\jii 6 , c]: set consisting of elements a, 6 , c; 

\ji t A) * • : set of all elements a e ^4 such that * • • J 

h ): the ordered pair a, h ; 
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a = b: a \s equal to & : a and 6 are labels for the same element; 
a ^ h: a is not equal to b. 

Dehned concepts and their notations {A, B are sets). 

^ C ^ is a subset of 73: if a € .1, then a 6 t i * 

^ Ct B: ^ is not a subset of B : there is an element a c .1 such that 

ae' B; 

A:dB:Bc:A; 

^ 4) B: B ct A; 

A ^ B : A is a proper subset of B: A C B and A 5^ B, 

A B : set-theoretic sum of A and B: set of all a e A together wdth 

all b c B; 

A • B‘ set-theoretic product of A and B: « A ; a e Bj, ^ 

A — B : set-theoretic dilTerenee of A and B; [a € A; ac'B]; also 
the complement of B in A, provided B C A; 

A X B: cartesian product of A and B: Q(a, 6); a e A, 6 c B]- 



Chapter 5 

FURTHER MATERIALS OF MATHEMATICS 


6.1. Introduction, It will be recalled that objections to dictionary 
definitions were raised in Chapter 2 on the grounds that words are de¬ 
fined in terms of themselves. In order to avoid such a source of diffi¬ 
culties including logical paradoxes, the need for a language basis was 
stressed. Chapter 4 contains a description of the language basis for 
mathematics. With this basis available to us, we may now construct a 
legitimate dictionary, in which further mathematical concepts may be 
defined strictly in terms of the basic ones, namely, set and cartesian 
'product, together '\\4th their elements and subsets. 

The present chapter is devoted to the introduction through definitions 
of the mathematical terms relation, function, operation and one-to-one 
correspondence and various concepts subordinate to these. Let us 
emphasize again that the sole purpose of defining these terms is to avoid 
the long and cumbersome phraseology that would result were we forced 
at every stage to employ only basic terms in our discourse. 

6.2. Relations. It is a curious fact that of the concepts relation, 
function, operation, only the first has a meaning close to that ascribed to 
it in ordinary usage. Let us first consider a few examples of everyday 
occurrences of the word relation, in the hope that such a consideration 
will lead us to a precise definition. 

“The relation of father to son,” “the relation of marriage,” and “the 
relation of being younger than,” are excellent examples familiar to iis 
all The first point to notice is that whenever one of these “ relations ” is 
used in discourse, it occurs in connection with two objects (or people). 
The second point is that a “ relation ” signifies some sort of bond between 

the two objects. Thus a statement like 

George and Tim are in the father-son relation 

says something about the pair George, Tim, and implies that a certain 
tie exists between them. It is clear that the pair occurring is really an 
ordered pair, since an interchange of George and Tim woffid alter the 
meaning. What can be said about the “tie” or “bond” that the rela¬ 
tion implies? Despite first impressions, we are led to recognize only one 
essential feature of the “bond,” namely, that it furnishes a property 
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that (George, Tim) has in common with certain other pairs (the father- 

son pairs), but fails to share with all others. j j • 

A “relation” is thus a method for distinguishing some ordered pairs 
from others; it is a scheme for singling out certain pairs from all of them. 
This view is quite in harmony with a simple way of dccidmg whether or 
not two given objects arc “related,” For example, if it is desired to 
ascertain whether two people are married, one way, although not neces¬ 
sarily the most practical, is to consult the list of all married pairs. If the 
given couple appears in the list, the answer to the question is “yes, and 
otherwise “no.” Any “relation” determines such a list, at least con¬ 
ceptually, of all ordered pairs in the “relation”; the relation is fully 
known if the list is known, and vice versa. Hence we may as well agree 
to regal'd the relation as identical with the list. The mathematical 

definition of relation is now in order. 


(5.2.1) Definition: Let .1 and B be sets. Then a relation o/i /I X B 
is a subset of A X B. 

Thus, if is the set of all men and B is the set of all women, ^ X B is 
the set of all possible ordered pairs of (first) a man and (second) a woman. 
The subset of A X B consisting of all married paire is exactly that subset 
whose elements appear in the list of married couples. Hence this subset 
is the relation of marriage. The reader should check the applicability of 
(5.2.1) to the other examples of "relations.” One might be tempted to 
object to (5.2.1) on the grounds that not every subset of *-l X B ought to 
be called a relation. Thus one can conceive of mimy bizarre lists of 
ordered paiis whose component elements bear no (intuitive) relation 
to each other. A little thought will show, however, that such an objec¬ 
tion is really spurious, resulting from the fact that certain lists of ordered 
pairs merely appear to be bizarre because of our lack of familiarity with 
them. At any rate, no natural basis exists for tlifferentiating between 
those subsets of A X B which "should be” called relations and those 
(if any) which should not. Therefore (5.2.1) will stand, and every subset 
of A X B will be called a relation on A X B. 

Let us suppose now that 7? is a relation on A X B, that is, B C A X B. 
The statement that the pair (n, 6), where n e A, 5 e B, is “in the relation 
7?” is of course written (a, b) e R. This obviously states that (a, 5) is 
to be found in the “list” constituting the relation. However, in onier 
to suggest the intuitive flavor of relations, the somewhat shorter and 
more picturesque notation a R b will be used. Hence 


(fi-2.2) a 7? 5 means (a, 5) € 7?; 


the statement a Rh may be read, “a is in the 7?-relation to b.” Thus, 
if A is the set of all people and B = A, we may define a relation < 
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(read “less than”) on ^ X B as the set of all (a,b)tA XB such that a 
is younger than h; or symbolically, 

(5.2.3) < = [(a, b) e {A X B); a is younger than 6]; 

then “(a, h) e </’ “a < b’' and “a is younger than b” all say the same 
thing. This example is seen to be the third of the three illustrations of 
intuitive relations given at the beginning of this section. 

Remark : The symbol ^ will be used to replace = when the statement of 
equality is to be considered as the definition of the symbol on the left. Thus 

a s • • • 

means “define (the new symbol) a to be • • 

A convenient pictorial device for displaying a relation, when the sets 
A and B have only a few elements, is illustrated by a table such as is 
shown in any one of the figures (5.2.4)-(5.2.7). Here a dot in a particular 
(horizontal) row’’ and (vertical) column indicates that the ordered pair 
consisting of the element at the bottom of the column and the element 



Pi P2 Ps <li Qi 

(5,2.4) Figure (5.2.5) Figure 



Pi p2 Pa Pi P2 Pa 

(5.2.6) Figure (5-2-7) Figure 


s-t the left of the row (in that order) is a pair in the required relation. 
Such a table is effective in specifying a relation, since it tells exactly 
what pairs are to constitute the subset of A X B which is the relation. 
The table is actually a highly abbreviated way of expressing a list. 
Incidentally, the sets A, B are also specified by the table. For example, 
in (5.2.4), the fundamental sets A and B are 

A = [pi, P2, Ps]; B = Zqi, q2], 
nnd the relation on A X R exhibited is the subset 

[(Pl 5i); (P3; ffOn <^AXB. 
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(5.2.8) Project; Give the sets A, B, and list the pairs constituting 
the relation represented by eaeh of the figures (5.2.5), (5.2.6), (5.2.7). 

6.3. The Algebra of Relations. Since relations on A X B are subsets 
of i X B, they are subject to all the remarks made generally about sub¬ 
sets of a set in Chapter 4, particularly in (4.6) and (4.7). Thus, if R and 
S are two relations, R c: S means that, whenever aRb, then aSb; 
R + Sis the set of all (a, b) such that either a Rb or a Sb) ixnd R ■ S 
is the set of all (a, 6) such that aRb and a Sb. The subjects of these 
set-theoretic ideas as applied to relations have much general interest 
but will not be discussed here. We shall devote this section to a detailed 
consideration of complements and to a few other concepts associated 

with relations. 

Let A and B be two given sets, and let ^ be a relation on A X B. 
Hence R consists of certain ortlered pairs of A X B. The pairs not 
included in R constitute, according to (4.7.0), the set-theoretic difference 
{A X B) — R. A\'hen no ambiguity can arise we write simply —R for 
{A X B) — R. Since R (Z A X B, we may also call —R the comple¬ 
ment of /? in *4 X B, as was done in (4.7). A more detailed terminology, 
and one that we shall adopt, is to call —R the negative of /?; the notation 
R' will also be used for — R. Thus the following statements all have the 
same meaning: 

(5.3.1) aR'b, a{-R)h, (a, 6) e/?'. (a, 6) e'/?, 

a Rb is false. 


For certain special symbols, the negative is denoted by superimposing 
the vertical bar: if < is a relation, the negative is <, 

For example, if A is the set of all people and B = A, and if R is the 
relation of marriage, then a R' b would mean simply that a and b are 
not married. Except in a polygamous society, it is to be expected that 



Pi Pa P3 Pi Pa Pi 

(5.3.2) Figure (5.3.3) Figure 

R is 0 , much smaller sot than R\ that is, R has “fewer” elements, since 
there are fewer married paiis than unmarried pairs. If .4 and B are 
the same as above, but R is the relation “is younger than,” then a R' b 
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means that a is not younger than &, so that either a is older than h or 
they are of the same age. If the pictorial device is used to display a 
relation R, then R' is obtained by filling the blank spaces mth dots 
and erasing those dots which were present originally. Hence, if (5.3.2) 
represents a relation R, then (5.3.3) represents R\ The reader should 
convince himself of the truth of the following simple statements, wliich 
hold for all relations: 


ifij =^R, R+R' ^ AXB, . 72 ' = 0 . 

Three special relations deserve attention. If A and B are arbitrary 
sets, then A X B is itself a subset of ^ X B and therefore a relation. 
It may be called the universal relation on A X B, since it consists of all 
pairs (a, b). Thus, for every ae A and every h e B, 

a (A X B) b. 

If the universal relation is represented pictorially, then a dot occupies 
each space. 

The second special relation is the empty subset 0 of .4 X 5. It is 
called the absurd relation, since it consists of no pairs whatever. In 
other words, if a e 4. and he B, then the statement a 0 6 is false. The pic¬ 
torial representation of the absurd relation displays no dots. It should 
be clear that the negative of the universal relation is the absurd relation 
and vice versa, that is, 

(4 XBY = e, 0' = 4 X B. 

The convenience of including the absurd relation among relations is 
based on the considerations which led in (4.6) to our inclusion of the 
empty set among the subsets of any set. / 

Finally, if 4 = H, a relation E is defined thus: 

E = [(a, 6) e (4 X 4); a = 6] = [(a, a) € (4 X 4); a e 4]. 

This E is called the identity relation, since aEb means the same thing 
as a = 6; that is, aEb means that a and b are identical. Correspond¬ 
ingly; a E' b means the same as a 9 ^ b. For example, if A = B = 
CPij Vi, Ps], then (5.3.4) and (5.3.5) represent E and E', respectively. 


P3 



• 

P3 

P2 


• 


P2 

Pi 

• 



Pi 


Pi P2 Ps Pi P2 P3 

(5.3.4) Figube (5.3.5) Figure 
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Suppose now that B is a relation on /I X B- The subset ^ X A, 
consisting of those pairs (b, a) for which a B 6, is a relation on B X 
It is called the transpose of B and is denoted by B . Thus 6 B a 

means the same a Rb, and 

R* - [(&,a) e (B X A);aRh']. 

For example, if A and B are the set of all male persons, and B is the 

relation “is the father of,” that is, if 

R = [(a, h) « (.4 X B); a is the father of b], 

then R* is the relation “is a son of,” since “o is the father of h means 
the same as “6 is a son of a ” Again, if R is the relation displayed in 
(5.3.2), then R* is represented by (5.3.6). The reader should verify 


P3 

Pi 





Qi Q2 9 * 
(5.3.6) Figure 


that, in general, UR = A X B (universal on A X B), then R* = B X A 
(universal on 5 X A); that U R = Q (absurd on A X B), then R* = S 
(absurd on B X A); and that \i R = E (identity on .4 X -4), then 
jK* = R, Since R and R* are sometimes equal and sometimes different, 
these two possibilities are distinguished by calling a relation R srjmmetrw 
in case R = R*. Identity and absurd relations illustrate sjunmetric 
relations; the relation “is a son of” mentioned above is not symmetric; 

the relation “is married to” is symmetric. 

We come now to two highly useful concepts associated with the idea 
of relation. Let A and B be arbitrary sets, and let R bo any rclation on 
A X B. Suppose we focus attention on some given element a e A, and 
raise the question whether there is some “mate” b € B, such that a Rb. 
If this question has an affirmative answer, the element a has a distin¬ 
guishing property. For example, if R is the relation “is the father of,” 
then an clement a has a “mate” h such that a Rb exactly when o is a 
father of some son. Generally, the set of all elements a e A which are so 
distinguished is called the domain of the relation R. Sjunbolically, the 
domain of R is the set 


[a € A; there exists (at least one element) b e B such that 
a R b]. 

To turn things around, the set 

[b i B\ there exists a < A such that a Rb"] 
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is of similar importance; it is called the range of the relation R. We see 
then that, in terms of the list of all pairs (a, h) comprising the relation R, 
the domain of R is the set of all “first” elements a appearing anywhere 
in the list, while the range of R is the set of “second” elements h appear¬ 
ing anywhere. It is important to observe that the domain of 72 is there¬ 
fore the range of i2*, and, similarly, the range of R is the domain of R*. 
These definitions are formalized in the following: 

(5.3.7) Definition : Let ^4 and B be sets and R a relation on A X B. 
Then 

domain oi R = A; there exists h e B such that a Rli}; 
range of 72 = [5 € H; there exists a e A such that a R 6]. 

It has already been indicated that if A and B are the set of all male 
persons, and if 72 is the relation “is the father of,” that is, 

72 = [(a, 6) € (^ X B); a is the father of 6], 

then the domain of 72 is the set of all fathers of male children. The 
range of 72 is clearly the set of all males which have (male) fathers, that 
is, the set of all sons. Whether this range is equal to A or not is a bio- 
logico-historical, or perhaps theological, question. The reader might 
look back at the various relations that have been displayed pictorially 
and read off the domain and range of each one. For example, in (5.2.6) 
the domain is [j)\, p 2 , PsD) and the range is [pi, P 2 ]; clearly the domain is 
obtained at a glance as consisting of those elements appearing along the 
bottom, having dots anywhere directly above them, and the range is the 
set of those elements along the side, having dots to their right and on 
their level. In general, the universal relation on .4 X 5 has A and B for 
its domain and range respectively; the absurd relation has empty domain 
and range. The identity relation on A X A has A for both domain and 
range. 

Admittedly, we have again merely scratched the surface in our presen¬ 
tation of the theory of relations. As can be seen from even our brief 
survey, there must be many types of relations, for example, symmetric 
and nonsjTnmetric; relations on A X ^ whose domain is A and those 
whose domain is a proper subset of A ; relations on A X A which (as sets) 
contain the identity E (these are called reflexive) ; and so on. It would be 
a gigantic task in itself to classify relations into various categories and 
study the interconnections between the categories; such a task is beyond 
our scope. There are, however, several special t 3 q)es of relation whose 
study we cannot avoid. The first of these, function^ is treated in the 
next section. 
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(5.3.8) Project -.If A, Bare sets and is a relation on A X B, then 
show that 

(a) R + R ' = A X B; 

(b) B -B' = 0 ; 

(c) (B')' = B. 

(5 3 9) Project: If A, B are sets, and 0 is the absurd relation on 
A X B, show that (A X B)* = B X A, 0* = 0. K A is a set, show 
that = E {E being the identity relation on A X A). 

(5.3.10) Project: If A, B are sets, and R is n relation on ^4 X B, 
show that (/?*)* = R- 

(5.3.11) Project; Let B be sets and R a relation on il X B. 
Show that 

(a) domain of B = range of R*; 

(b) range of B = domain of B*; 

(c) domain of .A X B = A, range of A X B = B; 

(d) domain of 0 = 0, range of 0 = 0. 

(5.3.12) Project: Show that, if A is a set and E the identit 3 ^ rela¬ 
tion on A X A, then 

domain of B = range of B = A. 

(5.3.13) Project: Let A = [/n, p{\ (pi Pa)- Find the follo^ving: 

(a) all relations on A X A; 

(b) all symmetric relations on A X A ; 

(c) all reflexive relations on A X A ; 

(d) all relations on A X A which arc symmetric ami reflexive. 

6.4. Functions. There is a feature which some, but bj' no means all, 
relations exhibit, a feature according to which relations might be classi¬ 
fied. If we look, for example, at (5.2.4) or (5.2.7), we find that in any 
vertical column no more than one dot occui*s. This means that in any 
vertical column rising above an element of the domain, exactly one dot 
is to be found. A glance at (5.2.5) and (5.2.6) shows that tliis property 
is not possessed by all relations. Let us then formulate the condition in 
general terms, introducing the nnmc funciioti for those relations wliich 
satisfy it. 

(5.4.1) Definition: Let A and B be sets and B a relation on A X B. 
Then B is o, function provided that 

(a) for every a t domain of B there exists exactly one 6 « B such that 
a Rb. 

If domain of B == A, then the function B is siiid to be on A to B. 


Sec. 4] 


FURTHER MATERIALS OF MATHEMATICS 


53 


Another formulation of (5.4.1.a) is this: 

(5.4.2) if bi, 62 e 5 such that there exists aeA with the property 

a Rbi and a R 62 , then 61 = 62 . 

A still further formulation is tliis: 

(5.4.3) for every ae domain of R, the set [b t a Rb~\ consists 

of just one element. 

Note that, if R is on A to B, it is required only that domain oi R = A; 
the range of R may be i? or a subset of B. 

There are numerous examples of functions in addition to those which 
can be easily represented pictorially, like (5.2.4) and (5.2.7). The iden¬ 
tity E on A X A is a function, since, if in (5.4.1) a is any element of A, 
and if we take b to be a, then a E b; moreover, if for some b' € B, a E b\ 
then 5' = a = 5, so that b' — b, and (5.4.1) is verified. If M is the set of 
all male persons, then the relation “is a son of” onM X Af is a function. 
For let a be in the domain, that is, let a be a son of some father. If we 
ask how many elements b e M exist such that a is the son of 6 , the answer 
is obviously exactly one, since a man (who has some father) has just one 
father. On the other hand, the transpose, namely, “is the father of,” is 
not a function, since a man can have more than one son. We agree to 
call absurd relations functions, although their domains are empty; the 
reason is to be found in (7.4). However, universal relations fail to be 
functions, unless the second set B has just one element. 

The word function was introduced quite early into mathematical 
literature, in a sense completely different from its usual nonmathemati- 
cal meanings, to indicate roughly a “dependence” between two “quan¬ 
tities,” which quantities were usually numbers (in the intuitive sense). 
With the introduction of the modern viewpoint, this notion was naturally 
extended to mean a “dependence” between elements of arbitrary sets. 
A function was then thought of as a device whereby, for each element a 
of a set A (or a subset of A), there is “determined” a single “correspond¬ 
ing” element b of B. For us such a more or less vague description is 
unnecessary, since our more precise description of a function achieves 
the same end. Thus a relation satisfying (5.4.1) is itself a method of 
associating mth each a in its domain a single corresponding b, namely, 
the b such that a Rb, Furthermore, if a device is given which associates 
with every a a corresponding b, the set of all associated pairs (a, b) is a 
relation satisfying (5.4.1). 

Some writers use the word “function” to mean something close to 
what we call a relation; they distinguish the present concept by calling it 
a “single-valued function.” Our terminology seems a bit more compact 
and agrees with the most widely accepted usage. 
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We are led now to make a definition of a type that will occur so fr^ 
quently that a brief discussion of the logic mvolved is necessary. Let B 
L a set, and let C be a subset of B. If it is knoMm that C has exactly one 

element, which state may be described thus; 

r C. then 5i = 62 , 


then we should be permitted to introduce by definition a notation, say 
c for *‘the” single element of C. As a matter of general interest, it 
should be observed that the use of the article “ theis legitimate only in 
the situation we have described. Thus, before we may apply the to 
an element of a set C, we must first establish that C has one element 
no more and no fewer. Then, after the use of “ the ’’ has been legalized, 

we may define a symbol or name as a label for “ the element. 

Before proceeding with our discussion of functions, let us return briefly 
to the barber paradox described in (2.3). It will be recalled that a name 
“the Barber of Seville*’ was introduced for a (presumably) specific per¬ 
son. To be acceptable, the definition should have proceeded as follows. 
First, let B be the set of all men of Seville; then define C as the set 

[6 € B; b shaves all elements and only those elements of B 
who do not shave themselves]. 


Then it would be necessary to establish that C has exactly one element, 
after which the Barber could be defined as that single element. The 
joker is, of course, that the set C is really empty! Indeed, the discussion 
in (2.3) shows exactly this. No one can doubt that it is illegitimate to 
apply “the” to something that isn’t there, and hence that the definition 
of the Barber is inadmissible. Many paradoxes, including the other dis¬ 
cussed in (2.3), can be treated in this same way. 

To return to functions, let B be a relation on A X B which is a func¬ 
tion. Suppose that we focus attention for a moment on some element a 
in the domain of R. Next, let C be the set 

[b € B'y a R (Z B. 


According to (5.4.3), C has exactly one element. Tliis single element 
may now be given a name by virtue of the general principle just outlined. 
The notation which we choose is R(a) (read “B of a”). Hence B(o) is 
the element of B “corresponding” to a by means of the relation R; in 
other words, 

£B(a)] = e B; a B 6 ]. 

It follows that the statement a B 6 means the same as & = B(a). The 
s 5 Tnbol B(a), when a is any element of the domain of B, is often called 
the R-correspondent of a, or the correspo7ident of a under B. 


Sec. 4] 


FURTHER MATERIALS OF MATHEMATICS 


55 


In (5.2.4), it is clear that = i?(pi)andgi = the notation i?(p 2 ) 
is meaningless, since pa is not in the domain. Similarly, in (5.2.7), 
$3 = -R(pi), gi = i?(p 2 ), §2 = Ripz)- If E is the identity on A X -4, 
then, for every A, a = E{a), If M is the set of all male persons, and 
if 12 is the relation “is a son of,” then, for every a in the domain of i2, 
R{a) is the father of a. 

It is important to realize that a function F is completely defined by 
the specification of 

(a) the sets A, B; 

(b) the domain of F (a subset of ^); 

(c) for each a in the domain, the element F(a) of B which is to be the 
^-correspondent of a. 

This method of introducing specific functions is practically simpler than 
listing, or showing how to list, all the pairs comprising F. Functions 
to be introduced in subsequent work will commonly be defined by this 
method. 

A simpler tabular representation is possible for functions than for 
other relations, since it is sufficient to list all elements of the domain, 
say along a horizontal line, showing for each the F-correspondent directly 
below it. Hence (5.2.4), (5.2.7) and (5.3.4) may be replaced by (5.4.4), 
(5.4.5) and (5.4.6) respectively. The simplified type of table suggests the 


a: 

Pi 

P3 

a; 

Pi 

P2 

P3 

f(a): 

9i 

3i 

F{a): 

$3 

$1 

?2 


(5.4.4) Figure (5.4.5) Figure 


a: 

Pi 

P2 

P3 

F{ay. 

Pi 

P2 

P3 


(5.4.6) Figure 

intuitive flavor of the word function a little better, perhaps, than our 
actual definition. The possibility of this representation and the idea 
behind it lead us to speak of a function on A to B rather than on A X jS 
[see (5.4.1)], in case the set A is actually the domain of the function. 
Thus a function on A to B actually carries every element of A into some 
element of B; it "operates” or "works” on elements of A, producing 
for each of them an element of B. 

Since functions are relations, and relations are sets (of pairs), the con¬ 
cept of equality of functions is a special case of the concept of equality 
of sets. Hence, if F and G are functions on A X B, F = G means that 
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and G are identical subsets of ^ X B. The reader should convince 
himself that F — G means the same as that F and G have the same 
domain, and, for every a in tliis domain, F(a) = G(a). We are led to 

the following: 


(5.4.7) Criterion: Two functions F and G are equal exaxdly when 

(a) domain of F = domain of G, 
and 

(b) for each a e domain of F , F(a) = G{a). 


A simple extension of the notation F{a) to represent the F-correspond- 
ent of a is embodied in the use of the symbol F{S) when S is not an ele¬ 
ment of the domain of F, but ratlier a set of such elements. Then F(S) 
represents naturally the set of all F-correspondents of all the elements a 
of S. More precisely, F{S) is the set of all elements 6 such that there 
exists a € S for which b = F(a). Hence we have the definition: 


(5.4.8) Definition : Let .1, B be sets, F a function on A to B, and 
5 C id. Then 


F{S) = [h t B; there exists at S such that b = F(a)~] 
= LF{a);at^. 


The notation we have described for functions F and F-correspondents 
is by no means the only one in use. Of several alternate designations, 
there is one which we shall find useful. Let us suppose that F is a func¬ 
tion on A to B. Since every a e A determines a single hi B wliich is 
the F-correspondent of a, it is natural to tlenote this b by the symbol ba 
(read “6 sub a" or ‘'5 dependent on n”). Thus 


ha = F(a). 

If this notation is to be used, it will bo necessary to have a s,^^nbol in 
terms of it for the function F itself. Hence we introduce the notation 
{ba; at A) as synonymous with F, so that 


(5.4.9) F = {ba; at A) = [(a, ba); at 

This notation for functions is quite similar to the bracket notation for 
sets; since the concepts are manifestly different, extreme care must be 
exorcised to prevent confusion of the notations. Square brackets will 
always refer to sots, and parentheses to functions. One sees easilj'^ from 
(5.4.8), (5.3.7) that F(yl) — [buiae.l] is the range of the function 
F = {ba'j a t ^). 

Although the two notations for functions are equivalent and may be 
used interchangeably, it should be noted that they reflect somewhat 
different psychological approaches. The notations F, F(a) suggest tliat 


Sec. 6] 


FURTHER MATERIALS OF MATHEMATICS 


57 


one thinks first of the function as an entity, and then of the F-corre- 
spondents. With the symbols ba, (ba;a€A), on the other hand, one 
has the feeling that initial emphasis is on the correspondents ba, the 
function being subsequently defined with their help. That this latter 
view is a practical one has already been indicated: After its domain is 
specified, a function may be defined by telling for each a how^ to find ba. 
It should be observed that the alternate notation (5.4.9) for a function 
is quite suggestive of the pictorial representation. 

It may happen that a function F is to be defined on A to S so that the 
specification of the correspondents of elements lying in various subsets 
of its domain cannot be readily effected by means of a single universal 
descriptive statement. For example, suppose that A is to be the domain 
of F and that Ai, A 2 are subsets of A such that Ai ‘ A 2 = 0. One may 
wish to specify that the correspondent for every aieAi should be the 
unique element (in B) having one property, and that the correspondent 
of every 02 « A 2 should be the unique element having another property. 
In such a case, we use the following form: Define F on A to F so that, 
for every a e A, 

_ f the unique element such that • • • if a e Ai 
\ the unique element such that • • • if a € A 2 . 


A similar form applies if the elements ha are to be introduced first 
a 6 A, define 


For 


ba ^ 


• • • if a € Ai 

* • • if a e A 2 


Note the necessity of assuming Ai • A 2 = 0. Without this assumption, 
if a € Ai • A 2 j two requirements are made of F(a), and these might conflict. 

It remains for us to consider briefly each of two particular kinds of 
function; the follo\ving two sections are devoted to these specializations. 

(5.4.10) Project: Let A = [pi, pz], B = w'here pi ^ p 2 , 

gi ^ 92 . Find all functions on A to F and determine the range of each. 
What additional relations on A X B exist which are functions? 


(5.4.11) Project: Prove (5.4.7). 


6 . 6 . One-to-One Correspondences. Let F be a function on A to B, 
where A and B are, as usual, given sets. Since F is a relation on A X B, 
the transpose F* of F is a relation on F X A. It is natural to ask whether 
F* is necessarily, or may be, a function too. In order to answer these 
questions decisively, it suffices to consider a few simple examples. Let 
A be the set |j)i, p 2 , ps^i and B the set Q 91 , 92 , 93 l- Then (5.5.1) and 
(5.5.2) picture two relations F and G respectively, which are obviously 
functions on A to F. It is evident that F* is not a function, since other- 
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wise at most one dot would appear in every horizontal line of the table 
(5.5.1). Moreover, it is equally clear that 0 is a function. These 


^2 • 

(?1 _ 

Pi P 2 ?>3 

(5.5.1) Figure 


?3 


pi P2 P3 
(5.5.2) Figure 


examples serve to show that the transpose of a function can be a func¬ 
tion, but need not be. These considerations lead to a definition. 

(5.5.3) Definition : Let A and B be sets and F a function on X B. 
Then F is a one-to-one correspondence between A and B if 


(a) 

(b) 

(c) 


domain of F = i4; 
range of F = B\ 
F* is a function. 


Clearly, if F is a one-to-one correspondence between A and then 
F* is a one-to-one correspondence between B and A; F* is then called 

the inverse of F. ^ 

It is an important fact that not every pair of sets .4, B admits the 

existence of even one one-to-one correspondence between A and B, 
For example, if ^4 = [jji, p 2 , pi] and B = ft/i, 52 ], then no one-to-one 
correspondence between A and B exists. Later we shall see that the 
possibility of finding a one-to-one correspondence between .4 and B 
occurs exactly when A and B have the “same number” of elements in a 
precise sense to be introduced [](l0.4.4.b)]. 

In contrast to the fact that different sets A and B may admit the 
existence of no one-to-one correspondence between them, equal sets be¬ 
have quite differently. For, if B = i4, the identity F on i4 X ^ is a 
one-to-one correspondence between A and B ; this is tnie because E* — 
Ef whence E* is a function along with F, and because the domain and 
range of E are both Ay as was stated in (5.3). ^loreover, if A has more 
than one element, then, as will be seen later, there is always at least one 
one-to-one correspondence between A and *4 which is different from E, 


(5.5.4) Project: Let A = Qpi, p 2 , pal, where pi 5 *^ pa, ps ^ 
p 3 9 ^ pi. Find all one-to-one correspondences between -4 and -4. 

(5.5.5) Project: Let A = [pi, ps, ps], B = [gi, ga], where pi 7 ^ ps» 
P2 9^ p 3 , P 3 9^ pi, qi 9^ qi. Find all six functions F ^^ith domain A and 
range B, and for every such F show that F* is not a function. 
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5.6. Binary Operations. In the general theory of functions on A X 
or on A to B, A is an arbitrary set. A somewhat special case happens to 
arise so often that a special terminology and notations for it are desirable. 
The case we have in mind is that in which A is the cartesian product of 
two (arbitrary) sets A 1 and A 2 . 

(5.6.1) Definition: If F is a function on Ai X A 2 to B, then F is 
called a binary operation, or simply an operation. 

The elements of the domain of F are of course the pairs (ci, 02 ) with 

aicAi, a 2 6 A 2 . The F-correspondent of ( 01 , 02 ) is an element heB) 
hence 

b = F((a,, 02 )), 

in accordance with our usual notation. Since the double parentheses 
are cumbersome, it is conventional to write more simply 

(5.6.2) h = F(oi, 02 ). 

Another notation is often used to mean the same as (5.6.2), namely, 

(5.6.3) 5 = OiFo 2 ; 

the notation in (5.6.3) is suggested by mathematical custom, and should 
become familiar to the reader if he replaces F by some other symbol, such 
as +. It should be observed that (5.6.3) will not conflict with the rela¬ 
tion notation, since F is not a relation on Ai X A 2 , but rather one on 
(Ai X A 2 ) X B. In fact, b = aiF 02 means the same as (oi, 02 ) F b. 

The tabular representation for functions introduced in (5.4) naturally 
applies to binary operations. Thus, for example, (5.6.4) represents a 


(ai, 02) ; 

(pi, ^i) 

(pi, ti) 

(P2, k) 

(P2, k) 

F(ai, 02) : 

qz 

qi 

92 

92 


(5.6.4) Figure 



function on A1 X 

A2 to B, where 




Ai = 

[Pn P 2 ], A2 = 

pi, 

B = [gi, 92 

.93]- 


However, the peculiar nature of a binary operation makes possible a 
much more compact tabular representation. For example, (5.6.5) pic- 



Pi 

P2 

t\ 

93 

92 

t2 

9i 

92 


(5.6.5) Figure 
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uu mu 

n.es the ..e Jun-ion as 

irr ;L“ "e^::ent. Thus the eorrespoudent 

of h) is found in the column under p. and the row opposite it is q. 

f go s V thout saying that the sets .1. and B need not be distinct, 
and ifd tinct. need not have empty intersections A1 conceivab e ways 
fn whicli they may be interrelated are admissible. A common type of 
operation is one on A X A to A ; it is this typo that will later lead us to 
Ascriptions of such processes as addition and multip leation o numbem 
Indeed the reader may well have been reminded of the traditional 
multiplication table by our second type of tabular representation. 

It may happen that a function has for its domain a proper subset S of 
A. X rather than the entire cartesian product as would be required 
if the function is on yl. X /U to B. In this case we still use the term 
-binary operation’' to describe the function; we refer to it as an opera¬ 
tion on S to B. It should be noted that in this case the domain is 
really a relation on Ai X yl 2 , in accordance with our usual terminology. 
Our discussion of operations concludes with two examples. Let 

AI = [all male persons], A 2 = [all female persons], B = yli, 

S = [("1 le) € yli X yl 2 ; and le have had together at least one son]. 


An operation o is now defined by specifying its domain as S and the 
o-correspondent of each (in, iv) € S to be the oldest son of m and le. 
Since such an oldest son is an element of B, o is an operation on S to B. 
Either symbol o(m, w) or in o ir thus denotes the oldest son of m and te. 
Let us consider some pair (m, w) € S, and let 


s = ?« o w. 

Now it might happen that there exists w' e t1 2 such that (s, ir') e 5. Then 
sow' (the oldest son of s and iv'), which may also be denoted by 
{m o le) o w', is a grandson of m and iv. In the notation (»i o le) o u>, 
the parentheses arc used as heretofore, to show that the fii'st o is to be 
“performed” first; without them, we might be tempted to interpret the 
notation as in o (w o iv'), although, in this particuliu* case, the alternate 
reading would be meaningless. 

Our second example illustrates an operation on A X A to A. Let 
A = [pi, P 2 ]; such an operation o might be represented by (5.6.6). In 

Vi 

pi V‘i Pi 
P 2 P2 pi 


(5.6.6) FiGuiiE 
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connection with this operation, a good exercise might be to verify 
that 

(pi o Pi) Op 2 = Pi o Pi = pi, 

while 

Pi o (pi o Pi) = Pi o Pi = Pi; 

and that 

Pi o P 2 = Pi, 

while 

P 2 o Pi = pi. 

The significance of such observations as these will become apparent in 
Chapter 7. 

(5.6.7) Project: Let A = \j>\,pi], B = where pi 7 ^ pi, 

qi 9 ^ qi. Find all operations on .A X A toB. Specify the range of each. 

6.7. Summary. The present chapter has defined certain nonbasic, but 
nearly basic, terms with the help of the basic concepts, set and cartesian 
product. A list of concepts and notations now available to us follows: 

relation on A X B (if A, 5 are sets): any subset of A X B; 
a R 6: notation for (a, fa) e 72 cz A X B, read “a is in the R relation 
to fa”; 

72': negative relation to 72, complement of 72 in A X B; ' replaced 
by 1 for some s 3 nnbols; 

R*: transpose relation to 72: [(fa, a); a 72 fa]; 

E: identity relation on A X A; a E b means a ^ b; 
domain of 72 (on A X 5): [a; there exists fa such that a 72 fa] ; 
range of 72: [fa; there exists a such that a 72 fa] = domain of 72*; 
function on A to H (A, H sets): a relation 7^ on A X B with domain 
A, such that a F b, a F c implies b — c; 

F(a) (F a function on A to H): the 7^-correspondent of a, that is, 
the one fa e range of F such that a F b; 
F(S):\F{a);ae^\iS<^A; 
ha'. F(a); 

{F(a); a c A) or (&«; a c A): F; 

one-to-one correspondence between A and B (A, B sets): a func¬ 
tion F with domain A, range B, such that F* is a function; 
binary operation : a function o on 5 C A X B to C;c is the o-corre- 
spondent of (a, fa) ” is expressed thus: c = a o fa, c = o(a, fa), 
(a, fa) o c, ((a, fa), c) e o. 

Warning: The notation a 72 fa has two uses. If a e A, fa e B, and 72 is a 
relation on A X B, then a 72 fa is a statement about a, fa. If (o, b) eS d 
A X B and 72 is an operation on S to C, then a 72 fa is an element of C. 
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If it helps the reader to remember the notions relation, function, one- 
to-one correspondence and operation in terms of their appropriate tabular 
representations, he is of course at liberty to do so. Indeed, we shall find 
these pictures exceedingly useful devices. However, a httle reflection 
on the breadth of our conception of set should show that it is not always 
possible to construct such tables. If A is the set of positions of an ele¬ 
vator in its shaft, then it would be quite impossible to represent a func¬ 
tion on /I to B by our pictorial method. Moreover, even if tables are 
used to represent relations, it should be remembered that the relations 
are not the tables themselves, but rather the sets of pairs which the 

tables indicate. 


Chapter 6 


THE POSTULATIONAL METHOD 

6.1. Introduction. In the preceding chapters we have described the 
materials of mathematics. It has been indicated that mathematics 
consists of a certain type of discourse about various conceptual entities 
knoTO as sets, relations, functions, operations, and the like. In this 
chapter we shall discuss in some detail the nature of the discourse. 

At the beg innin g of any mathematical theory there appears a set or a 
collection of sets, which remains unchanged throughout the theory. In 
addition, there may appear certain functions, relations, operations, sets 
of functions, and the like, which also remain unchanged. These entities 
are referred to as the basis or basic situation of the mathematical theory. 
They are the objects about which the theory talks. 

The theoTy itself consists of a number of statements (generally called 
theorems), all of which could be written in the same form, namely, 

(6.1.1) if so and so is true of the basis, then such and such must also 

be true as a logical consequence. 

Of course, alternate phraseology may be used, for example, 

so and so logically entails such and such, 

or, most briefly, 

so and so implies such and such. 

The essential point is that a theorem does not state that something is true 
about the basis; it merely says that, if one thing is true, then another 
thing must also be true. 

Generally the statement of implication that constitutes a mathe¬ 
matical theorem is not at all obvious at first sight. Hence, in order to 
persuade people that it is a valid implication, a proof must be provided. 
The proof consists of a chain of statements, each of which is obvious 
(immediately acceptable on logical grotmds), and which taken together 
demonstrate the validity of the implication stated by the theorem. 
More specifically, a theorem will be an assertion, usually not obvious, 
to the effect that 

A implies B, 

63 
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where A , B are statements about the basis. The proof might consist of a 
number of assertions, such as 

A implies C, 

C implies D, 

D implies Ej 
E implies B, 

where each of these individual assertions is clearly true. Taken together, 
these statements validate the original implication In short, y 
the provision of stepping stones across a gulf that is too broad for the 

mind to leap in a single effort _ 

In a particular theory, it is generally the case that a certain number of 
the “ ifs ” of each theorem, a certain number of assumptions, are common 
to all theorems. These universal assumptions are not repeated in the 
suppositive clause of each theorem, but are stated once for all at the 
outset, and arc understood to be assumed throughout the theory. They 
are referred to as the axioms or postulah's of the theory. The basis and 
axioms together are known as ihofoumlation of the theory. 

It is seen, then, that a mathematical theory is a collection of state¬ 
ments to the effect that the axioms, and, perhaps, additional assumed 
facts about the basis, can be true only if certain other facts are also 
true in consequence. From this one may get the impression that 
mathematics (in our view) is nothing more than an elaboration of logic; 
a study of logical implication. If so, and if this impression is substanti¬ 
ated by the material to follow, wc shall have accomplished one of our 


aims. 

The usefulness of mathematics usually arises from the existence of 
instances or exemplifications of a theory. An i/j.s/uacc of a mathematical 
system is a specific interpretation of the sets, relations, operations, and 
so on, of the basis, for which interpretation the axioms are true. The 
most common and most important examples, in the past, have been 
instances in which the sets, relations, anti so on. of the basis have been 
interpreted as various physical entities or concepts, as for example, the 
notions of position and distance, the relation of betweenness, and so on. 
As soon as an instance of a certain theory is discovered, that is, as soon 
as it is determined that the axioms arc true of a particular interpretation 
of the basis, then all the theorems of the given theory become demon¬ 
strated truths concerning the instance. 

Of course, historically, the instance has usually come first. Until 
quite recently at least, the foundation of any particular mathcmaticid 
theory was chosen for study precisely because that foundation repre¬ 
sented the most significant features of some concrete instance. And, in 
fact, there was no serious effort to distinguish between the abstract 
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basis and the particular instance which led to the investigation of that 
basis. More recently, the discovery of theories which have a large 
number of quite different and equally important instances has shonm the 
msdom of making a careful distinction between a general theory and an 
instance or exemplification of the theoiy. 

Because the following chapters and sections deal with a variety of 
theories pertaining to different foundations, we shall place at the begin¬ 
ning of each section a notation identifying the basis and axioms to be 
assumed throughout that section. Exceptions occur when the section 
serves to introduce a new basis and axioms, when various systems are 
discussed in one section, and when the systems treated are such that the 
full foundations may be stated in each theorem. When no basis is 
assumed throughout a section, the notation [No Basis.] occurs. When 
one foundation applies throughout an entire chapter, the foundation is 
stated only at the outset of the chapter. These notations occur initially 
in Chapter 7. 

6.2. Implications. We have said that a mathematical theorem will be 
an assertion 

(6.2.1) A implies 

where A and B are statements. The statements A and B are called, 
respectively, the hypothesis and conclusion of the implication. In the 
next section we shall discuss in some detail the possible nature of the 
statements A and B. Before we proceed to this, however, it will be 
mstructive to consider a few of the changes that can be made in the 
form of the assertion (6.2.1). 

First, the statement “i4 implies means that B must be true 
whenever A is true. Thus it is impossible for B to be false and A true. 
In still other words, whenever B is false, A must also be false. But this 
last assertion may be stated as “not B implies not .4.” Hence we see 
that the statement 

(6.2.1) A implies B 
has as a consequence 

(6.2.2) not B implies not A. 

It is easily seen not only that (6.2.2) is a consequence of (6.2.1), but 
also that (6.2.1) is a consequence of (6.2.2). For, if (6.2.2) is valid, then, 
whenever B is false, A is false. Thus it is impossible for A to be true 
and B false. Hence, when A is true, B also is true. But this means that 
A implies B. 
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From the above, it is seen that the two statements (6 2.1) and (6.2.2) 
are really two different ways of asserting the same thing^ They are 
valid or invalid together. If one has been proved, the other may be 
asserted without further proof. Each of these two ways of statmg the 
same implication is called a contrapositzve of the other. 

As an example, consider the following. 

(6.2.3) if a person is clean-shaven, then he has no beard. 

A coniraposiiive of this statement may be written as follows: 

(6.2.4) if a person has a beard, then he is not clean-shaven. 

The reader will readily recognize that (6.2.3) and (6.2.4) both express 
the same fact. 

Next, consider the two assertions: 

(6.2.5) ^ implies B 

and 

(6.2.6) B implies A. 

Each of these two statements is called a converse of the other. It is 
easy to see that converses do not express the same fact and, indeed, 
that a converse of a valid implication may be invalid, and vice versa. 
For example, a converse of (6.2.3) is the following: 

(6.2.7) if a person has no beard, then he is clean-shaven. 

This last statement is false (he may be a child or have a mustache), 
while (6.2.3) is true. A simpler example is the following pmr of 
converses: 

if an animal is a lion, then it is a mammal; 
if an animal is a mammal, then it is a lion. 


Clearly, the first of these is tme while its converse is false. 

We have seen that the converse of a valid implication need not be 
valid. How'ever, for some statements A and /?, it does happen that 
both “A implies B” and the converse implies A ” are valid. In such 
a case the fact that both implications hold may be expressed in any of 
the following ways; 

A and B are equivalent; 

A is equivalent to B; 

A (is true) if and onhj if B (is true). 

So far we have considered only certain variations of the statement 
“A implies B” in which the statements A and B were treated as “^gle 
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thoughts.” However, in most cases the statement A is really the con¬ 
junction of a number of statements. We may indicate such a possi¬ 
bility as follows: 

(6.2.8) if Ai and A 2 and ^3 (are all true), then B (is true), 
or 

(6.2.9) Aij Az, Az implies B. 

A conirapositive of (6.2.8) might be written, 

(6.2.10) if not B (is true), then not all of Ai, A 2 , A 3 (are true). 

It should be noticed that not all of a number of things are true if one 
of them fails to be true. Hence (6.2.10) may also be written, 

(6.2.11) if not B, then not Ai or not A 2 or not A 3 . 

A converse of (6.2.8) would be 

(6.2.12) if B (is true), then Ai and A 2 and A 3 (are all true). 

So far no new feature is introduced by the consideration of the possi¬ 
bility that A is a conjunction of statements (hypotheses). However a 
new feature is introduced by regarding ( 6 . 2 . 8 ) as a “conditional implica¬ 
tion.” Specifically, (6.2.8) may be written as follows: 

(6.2.13) if Ai and A 2 are accepted, then A 3 implies B. 

Here, instead of treating all of Ai, A 2 , A 3 as on a par, we think of two of 
them as “underlying hypotheses.” W hen an implication appears as in 

(6.2.13) , its conirapositive would usually be written as follows: 

(6.2.14) if Ai and A2 are accepted, then not B implies not A3. 
Similarly, the statement, 

(6.2.15) if Ai and A 2 are accepted, then B implies A 3 , 

would be considered a converse of (6.2.13). 

From the above, it appears that there is no single contrapositive or 

converse of an impUcation such as (6.2.8). There are a number of dif¬ 
ferent contrapositives and converses, depending on how the compound 
hypothesis” is divided into “underlying hypothesis” and “explicit hy- 

pothesis.” 

We have already mentioned that, in a mathematical theory, a certain 
number of assertions are common to the hypothesis of all theorems. 
These common “assumptions” are called the axioms of the theory. 
They are announced at the outset; they are not displayed in the separate 
theorems but simply understood to form a part of the hypothesis of 
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every theorem. This portion of the hypothesis is, of course, always 
treated as an “underlying hypothesis” when contrapositives and con¬ 
verses are stated. Thus the statement of a theorem in the body of a 
mathematical theory may be indicated as follows: 


(6.2.16) Theorkm: (// the axioms and) if A, then B, 

where the parenthetical phrase does not actually appear but is simply 
understood. Accordingly, a contrapositivc and converse might be the 

following: 

(6.2.17) Contrapositive: {If the axioms and) if not By then not A. 

(6.2.18) Converse: {If the axioms and) if By then A. 

In some theorems in a mathematical theory, the axioms constitute 
the entire hypothesis. Such a theorem has the form 


(6.2.19) Theorem: (// the axiomSy then) B. 

In such a case one does not speak of a converse or contrapositive of the 
implication. 

Since the axioms are not explicitly displayed in the statement of a 
theorem, an implication such as (6.2.10) would appear simply as an 
assertion 

B is true. 


Hence, in such a case, the statement of the theorem does not look like 
an implication. For this reason we emphasize the remark made earlier, 
that all mathematical theorems are fundamentally assertions of implica¬ 
tion, whether or not they appear to be such. 


6.3. Statements. In this section we shall describe, so far as possible, 
the kinds of statements that appear in the hypothesis (including the 
axioms) or conclusion of a mathematical theorem. Because of the ex¬ 
treme generality of a mathematical system, the types of statements that 
are made arc quite limited. Actually, it is found that all statements in 
theorems can be phrased cither as statements of existence or as statement-s 
of generality. 

Suppose that two sets A and B are in the domain of discourse. Then 
the statement that A and B have common element(s), A * B ^ 0, can be 
written as a statement of existence, namely, 

(6.3.1) there exists an clement of .1 which is also an element of B. 


The statement that B is a subset of A, B (Z A, can be written as a state¬ 
ment of generality, thus, 

(6.3.2) every element of B is also an element of A. 
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Roughly, a statement of existence is an assertion that there exists an 
element of some specific set which has particular properties; a statement 
of generality is an assertion that every element of some specific set has 
particular properties. Of course, these two types of statements abound 
in common parlance: 

Every dog has his day. 

Every cloud has a silver lining. 

Into each life some rain must fall. 


There is a fountain filled with blood. 

There are more things in heaven and earth, Horatio, 

Than are dreamt of in your philosophy. 

Many brave hearts lie asleep in the deep. 

Great fleas have little fleas upon their backs to bite ’em. 

Frequently statements of existence or of generality involve more than 
just one element. For example, the following assertions might occur: 

there exist a ^ A and h eB such that * * •; 
for every a € A,h e B,ith true that • * •. 


These might be rewTitten, 

there exists a € ^4 such that 

there exists b € B such that • • S 
for every a e A, it is true that, 

for every 6 e R, it is true that • • *. 

We have thus arrived at statements of the form already described. 
Clearly this process may be continued to three, four, or any specific 
number of elements. 

We are thus led to a general observation. Nothing prevents a par¬ 
ticularizing phrase in a statement of existence or generality from again 
involving existence or generality assertions. One case of this situation 
requires special mention, since for such sentences, the interpretation in 
ordinary language is ambiguous, and a special rule has been adopted in 
mathematical language to remove the ambiguity. Consider the follow¬ 
ing statements: 

(6.3.3) there is a day of judgment for all men. 


and 

(6.3.4) for all men there is a day of judgment. 

In ordinary speech these two sentences would very commonly be used 
interchangeably and to mean either of tw^o quite distinct things. They 
indicate either that there is a single, definite Day of Judgment, on which 
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day all men are judged; or that for each man there is individual day 
of judgment, possibly different for different men. In the one case, the 
day may “depend on” the man; in the other case, the day is un^- 
bigmously determined once for all. In mathematical l^guaj, it is 
essential to distinguish between these two possibilities. Accordmgly, it 
is aereed that one of these meanings is assigned to each of the alter- 
nate phraseologies represented by (6.3.3) and (6.3.4). The statement 
(6.3.3), in which the existence of a day of judgment is asserted before 
mention of the men, is interpreted to mean that there is a Day of Judg¬ 
ment wliich is valid for all men. The statement (0.3.4), in which the 
existence is stated oficr mention of the men, is interpreted to allow (but 
not insist on) different days for different men. The rule is that objects 
whose existence is asserted may "depend on” previously mentioned 
objects, but not on objects mentioned subsequently. The difference in 
the precise interpretation of sentences such as (6.3.3) and (6.3.4) is 
exceedingly important to remember, since such statements occur very 
frequently in mathematics. Incidentally, it should be noticed that, 
with this precise interpretation. (6.3.4) is a consequence of (6.3.3), but 
not necessarily vice versa. If there is one for all, then for each there 
is certainly one (namely, that valid for all); but if for each there is one, 

there need not be one which is valid for all. 

In our remark to the effect that the statements of theorems in mathe¬ 
matics can always be written as statements of existence or statements of 
generality, the reader may feel that wc have overlooked the possibility 
of negative statements, such as, 

(6.3.5) there does not exist an clement of *4 such that so and so; 


or 

(6.3.6) it is not true that for all elements of .4, so and so is true. 

This possibility was not overlociked, and our previous remarks are valid, 
since these statements can be rephrased so as again to become statements 
of the original two forms. Actvially, the negation of a statement of ex¬ 
istence is a statement of generality, and vice versa. For example, (6.3.5) 
may be written, 

(6.3.7) for every element of A it is false that so and so; 
and (6.3.6) is synonymous with 

(6.3.8) there exists an element of .4 such that so and so is false. 
More specifically, the negation of (6.3.1) may be phrased, 

(6.3.9) cvciy element of A fails to be an element of B; 
and the negation of (6.3.2) is 

(6.3.10) there exists an element of B which is not an element of A. 
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Even for statements like (6.3.3) and (6.3.4) which involve both 
“there exists” and “for every” (or equivalent phrases), the negation 
may be written by replacing “for every” by “there exists” and “there 
exists” by “for every,” and also negating the particularizing phrases. 
Thus the denial of (6.3.3) would state, 

for every day there exists a man for whom that day is not a 
day of judgment, 

while (6.3.4) is false if 

there exists a man for whom every day fails to be judgment 
day. 

The point is that an assertion fails to be true “for every” object if 
“there exists” an object for which the assertion is false. This is what is 
really meant by the remark, “the exception proves the rule.” The 
exception (a single exception) proves that the rule is false. (The unfortu¬ 
nate custom of misinterpreting this excellent proverb, which uses the 
word “prove” in an archaic sense as equivalent to “test,” is definitely 
to be deplored.) Equivalently, if there does not exist an object for 
which an assertion is true, then there are no exceptions to the denial 
of the assertion; and one has the rule that for every object the negation 
of the assertion is true. Though these points are quite simple, some 
time has been spent on them, since forming the negation of statements 
is a process which is required very frequently in mathematics, particu¬ 
larly in connection with “indirect proofs,” a subject which will be 
discussed shortly. 

For statements of existence there is a special understanding in mathe¬ 
matical language which differs from the customs of ordinary language. 
This has to do wdth the question of unambiguousness or uniqueness. 
In common parlance, it is usually assumed that the use of the singular 
(“there is • • •”) implies that there is just one object satisfying the 
requirements. Thus, “There is a fountain • • •” indicates that there 
is only one fountain appropriately filled. If more than one object quali¬ 
fies under the remark, then the plural is customarily used; thus, Great 
fleas have little fleas • * In mathematical language, however, the 
singular is almost always used, and it is understood that no implication 
concerning uniqueness or multiplicity is intended. For example, in the 
statement (6.3.1) the words “there exists an element of A ^ • -’Mo not 
indicate in any way that there may not be many such elements. There 
may or may not be a multiplicity of elements. All that is guaranteed by 
the statement is that there is (at least) one. It may help the reader to 
consider that a parenthetical “at least” or “or more ’ is always under¬ 
stood in statements of e.xistence. The reason for this convention is 
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simply that, in most cases, when a statement of existence is given, it is not 
LoS whoiher there is just one, or more than one, qualifying element. 
If this point is of interest, it must be settled separately, very frequen y 
it is of no particular importance. In the less usual case in which it is 
known that there is only one element, and in which it is desired to mdi 
cate this fact, explicit statement is ma.le; thus, there is (exists) one 
and only one element • • or “there is a umquc element • • •. 

6.4. Symbols. The need for groat precision, which is a characteristic 
of mathematical language, forces certain other customs that will iiot be 
familiar from common language. In particular, it is usual to introduce a 
name for the element under discussion to facilitate re erence later in the 
sentence This device avoids the use of reference words such as " 

“ that ” and so on, which may have dubious antecedents in a complicated 
sentence The device is particularly valuable when a number of ele¬ 
ments are under discussion, and in such cases replaces the legal frater¬ 
nity’s “ party of the first part,” and the like. In such simple cases as the 
statements (6.3.1) and (6.3.2) the device is not needed, but if it were 
used, the statements would appear as follows: 

(6.4.1) there exists a € A such that a e By 


and 

(6.4.2) for every b e B, it is true that h t A. 

From this it is seen that the use of names for reference provides a con¬ 
venient shorthand even for sentences so simple that the device is not 

required for clarity. 

In more complicated statements the virtue of employing reference 
labels is clearer. Suppose that a set G and an operation o on G X G to G 
are in the domain of discourse. Then consider the following statement. 

(6.4.3) for every a, 6 € G, there exists x e G, such that oox = 6. 

An attempt to say this without the \ise of reference labels would lead 
to something like the following: 

(6.4.4) for every pair of elements of the set under consideration, 

there exists a third element of the set, such that the second 
element of the given pair is the correspondent, under the 
given operation, of the ordered pair consisting of, first, the 
first of the given elements, and secondly, the clement whose 
existence is claimed. 


It would be easy, though pointless, to give much more extreme examples. 
However, it is important to realize that the use of reference labels (sym¬ 
bols) is only a practical necessity, rather than an inhci'ont conceptual 
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necessity. Thus one can imagine all mathematics written without any 
use of symbols, although it would certainly be unreadable. This point is 
emphasized since many people seem to feel that mathematics is in essence 
the manipulation of symbols. Such a view is a particularly unfortunate 
instance of failure to see the woods for the trees. 

The constant use of symbols to facilitate reference requires a conven¬ 
tion to prevent one’s rapidly exhausting all known alphabets. Obviously 
it would be ideal if one never repeated the use of a particular symbol or 
letter, except to mean precisely the element or object so labeled initially. 
Equally obviously, such an ideal arrangement would bring most mathe¬ 
matics books to a close in about five pages, simply through a shortage 
of printers’ marks. Fortunately for the existence of mathematics books 
and the sanity of printers, a simple convention solves this difficulty. 
It is necessary to distinguish three apparently different ways in which 
symbols are introduced, corresponding to three different purposes for 
their introduction. 

First of all, there are symbols, like the a, &, x of statement (6.4.3), 
that are introduced in the first part of a statement simply for reference 
in the last part of the statement. The statement may be two or three 
sentences instead of just one, but it quite clearly expresses a complete 
thought and is “self-contained.” In such cases it is understood that 
the letter or symbol introduced has done its duty, when the statement is 
completed and proper reference to the symbol has been made. Having 
done its duty, the symbol is released from all obligation to the statement 
which introduced it, and is ready to go to work in any other statement 
to mean anything whatsoever. Thus the a of statement (6.4.1) is 
under no obligation to refer to the same thing as the a of statement 
(6.4.3). 

One consequence of the convention described in the preceding para¬ 
graph should be noticed particularly, since it is troublesome for many 
students. The use of the symbol a in a statement such as (6.4.3) is 
completely self-contained. The symbol is introduced in the first part 
of the sentence, referred to in the second part and then forgotten. In 
particular, it would not make the slightest difference to the meaning of 
this statement if the symbol a were changed to anything else in the 
world; that is, almost anything, since A, B already have meaning, and 
are therefore ruled out. Thus 


there exists at A such that q€ B 
and 

there exists A such that B 

mean exactly the same as (6.4.1). Similarly, (6.4.3) could be written, 
(6.4.5) for every 9, -f- « G, there exists ? « (? such that 9 o ? = +, 
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lithout changing the sense in any way. Of course, it is considered very 
. Maste to hitioducc gratuitous confusion by the use of such symbols 
as in (6 4 .5), and this will not be done if it can be avoided; but on occa- 
s^on it is impossible to avoid the use of a notation that requires veo^ 

careful thouslit to be understood. j r _ ii 

The situation described above, in which a symbol is released from all 

obhgation as soon as reference has been made to it, is often expres^d 

bv saying that the sj-mbol is “bound out of the statement. In the 

romaiLler of the book, it will always be understood that syinbols 

duced in the statements of theorems (or corollaries or lenamas) are bound 

out and may be used in any other connection immediately. 

A second use of symbols for later reference requires the preserx-ation 
of the identity of the symbol for a somewhat longer period. In the proofs 
of theorems it is freiiucntly necessary to introduce a name for an element 
in order to refer to that element repeatedly throughout the proof, ilus 
is really no different from the preceding situation, if we conceive of the 
entire proof as constituting a single, rather elaborate statement which is 

not completed until the end of the proof. , , . r 

It would be desirable to insist that any symbol introduced in a prool 

should have a uiii<iue meaning within that particular proof. Aetna y. 

this rule will be followed whenever iiossible; however, as proofs become 

more and more elaborate, demanding the use of large numbers of 

symbols, the rule becomes impractical. Hence wo adopt the follownng 

convention: If a symbol, for example, r, has been introduced in a proof, 

any subsequent assertion involving x will refer to the same x (with the 

original meaning) except if the assertion has one of these forms or their 

variants: 

there exists :r * * • such that • • • 
for every x • • •, it. is true that 
define x to he • 


• • 


The phrases “there exists x “ “for every .r“ and “define x to be” then 
signify that use of the symbol x with the old meaning hi^ come to an 
end, and that until “further notice” (end of the proof, or another occur¬ 
rence of “there exists x,” “for every x” or “define x to be”), x will carry 
the new meaning being introduced. In any case, once the pix>of is com¬ 
plete, all symbols inf rothiccd in the proof are released from bondage and 
are available for new duties. 

Finally, it is usually necessary to introduce a certain number of 
“durable” symbols which retain a partievdar significance throughout 
an entire theory. In particular, the objects (sets, relations, functions, 
and the like) which constitute the basis must have names which are 
invariable, and which are not applied to anything else, throughout the 
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discussion of the theory concerning that basis. In addition, other ob¬ 
jects (new relations, special elements or subsets of the basic sets, and 
so on) may become objects of discourse, not just in an individual the¬ 
orem, but in many theorems. The convention here is twofold; first, 
names of objects in the basis are permanent and may not be used in any 
other sense, and, secondly, a new name may be introduced by an explicit, 
displayed definition, after which it also is permanent. The definition 
may state something like this: 

let e denote the unique element of G such that • • •. 

After such an explicit introduction by definition, not occurring in the 
proof of a theorem but inserted “between theorems,” the symbol intro¬ 
duced may not be used in any sense other than that specified in the 
definition, for the remainder of the theory. 

The “durable” S 3 unbols, that is, symbols representing objects in the 
basis, or S3rmbols introduced by explicit definitions, may occur in the 
statement of theorems without being “bound out.” The distinction is 
that the “bound out” symbols are introduced in the statement for 
purposes of reference within the statement, while the “durable” sym¬ 
bols were previously introduced and are used in the statement of the 
theorem to refer back to their earlier use. Thus, in the statement (6.4.1), 
the symbols A and B are durable. Similarly, in the statement (6.4.3), 
the symbols G and o are durable. 

Again, this use of symbols is similar to the other, if an entire theory is 
regarded as a single thought. The durable symbols are really bound out 
at the end of the theory; they may even be regarded as bound out at the 
end of a theorem, if the foundation of the theory is explicitly placed in 
the hypothesis of the theorem. Differences in the three uses of symbols 
are thus due solely to our form of presentation. 

To summarize, it is not permitted to use a symbol for more than one 
meaning in the following circumstances: 

symbols introduced in statements of theorems, lemmas, corollaries 
or axioms: within the statements; 

symbols introduced in proofs: within the proofs (unless released by 
our convention) ; 

symbols denoting objects in the basis: u-ithin the theory; 

symbols introduced by displayed definition: ^^^thin the theoiy sub¬ 
sequent to the definition. 

On the other hand, it is always permitted to use different s 3 mbols for 
the same object. Here again, mathematical custom differs somewhat 
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from ordinary nsa'^o. In common language, when two different names 
from ordin^'y ^ it is quite properly as- 

arc used, as in Jack am J involved in the subse- 

sumed that two fwhen two labels are 
quent misadven un s.^ ^ dements of the set S,” the situation must be 

miderstood sLicwhat ks follows: “Wc are introducing two names for 
Clements of the sot .S, since, as far as we know now, there ^ 

Mi net Clements involved; but if it subsequent y tur^s out that b^th 
n-imps actually refer to the same element (a = h), don t sue us. 
rule is that two names must be used as long as two distinct elernents 
might be involved. The use of two names is not a guarantee of dis- 

'‘Tn"rstatement of generality involving a pair ^ 

(6 4 3), “for everv a,b. 0, ■ ■ it is always understood hat the stat^ 

ment made is true for every pair of elements, ilistinct or not, in the set G. 
Hence a special case of (0.1.3) is 

for eyery o e O, there exists .r e (r, such that a o x = a. 

This is merely the special case of (G.4.3) which arises when a = b, Md 
which is understood to be included by the words “every n, 6 . G 
Special choices may always be made for any symbol occurring in a state¬ 
ment immediately after the words “for every.” Clearly, however, one 
may not assign any special choices of a symbol appearing after the words 
“there exists.” A statement of existence merely guarantees that there 
is som- element which perforins the desired tricks. \\ ith this element one 
must bo satisfied, and glad to get it; one certainly camiot expect or 
rcciuire it to perform any further tricks simultimeously. Thus, a state¬ 
ment like 


(6.4.6) 


for every Oy b eC (there exists b eG such that) a ob — b 

is certainly not a special case of (6.4.3). Without the nonsensical asser¬ 
tion of existence of a previously introduced clement (which i^ssertion ^\e 
have enclosed in parentheses), the statement (6.4.6) is perfeetly reason¬ 
able and might be true of some set-s O and operations o on G X G to G; 
but it certainly does not follow from (6.4.3). It is easy to find examples 
of G and o where (6.4.3) is true and (6.4.6) is false. Notice, however, 
that if (6.4.6) is true, then (6.4.3) is also true, mid in fact x = b satisfies 
the requirement of (6.4.3). This emphasizes the point, mentioned above, 
that the use of a new s^mibol x in (6.4.3) does not prevent the possibility 
that X = a or X = 6, but rather simply keeps mi open mind on the subject. 

6.6. Proofs. It has already been mentioned that the theorems of a 
mathematical theory consist of assertions whose truth is usually not 
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obvious. For this reason it is necessary to give a proof, that is, a series 
of statements wliich makes the truth of the theorem obvious. 

Now the word “obvious’' is a rather dangerous one. There is an 
incident, which has become something of a legend in mathematical 
circles, that illustrates this danger. A certain famous mathematician 
was lecturing to a group of students and had occasion to use a formula 
which he wrote down ^\^th the remark, “This statement is obvious.” 
Then he paused and looked rather hesitantly at the formula. “Wait a 
moment,” he said. “Is it obvious? I think it’s obvious.” More hesi¬ 
tation, and then, “Pardon me, gentlemen, I shall return.” Then he left 
the room. Thirty-five minutes later he returned; in his hands was a 
sheaf of papers covered with calculations, on his face a look of quiet 
satisfaction. “I was right, gentlemen. It is obvious,” he said, and 
proceeded with his lecture. 

AVhile this incident is a little extreme, the word “obvious” is used, or 
misused, all too often, to refer to something that would be a lot of trouble 
to prove. When properly used, the word refers to a statement of impli¬ 
cation whose validity will be immediately accepted as apparent by the 
audience. Clearly, the meaning of the term depends on the training and 
experience of the audience, so that in addressing a group of professional 
chemists, one could use the word to refer to something that an eminent 
physician might find not only not obvious but completely incompre¬ 
hensible. 

As the word “obvious,” so also the word “proof” has a meaning 
which is dependent on the audience for whom the proof is intended. All 
that is required of a proof is that it convince the audience of the truth 
of the implication at hand. In this book, the proofs of the early theorems 
will be rather detailed, since we vdsh to convince as large an audience as 
possible, consistent with keeping the bulk of the book within reasonable 
limits. Subsequently, as the reader is presumed to become more at 
ease with the symbolism and the ideas, the proofs are given in somewhat 
less detail. 

Now it must be said that there is no simple test that can be applied to 
determine the validity of a proof, that is, to determine that an alleged 
proof really is a proof. Mathematical history contains rare instances 
of arguments that were generally accepted as proofs for hundreds of 
years, before being successfully challenged by a very ingenious mathe¬ 
matician, who pointed out a possibility that had been overlooked in the 
alleged proof. And more recently, every year there appear, in the mathe¬ 
matical journals of the world, a certain number of papers which point 
out that some statement, allegedly proved in a preceding paper, was not 
only erroneously proved (that is, not proved) but was, in fact, incorrect. 
These facts are mentioned for the benefit of those who feel that there is 
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some magic formula for a proof which makes it immutable and unargu- 
able henceforth and i c tlctermining the validity of a 

- rruL^rtons^ a proof. In fact, the 
proof, there s theorem is seldom either as simple or as m- 

first proo giv proofs of famous and important theorems 

"r“ °VtT; 

hrchL game; the tyro can recognize that all the moves are legal 

can provide a background for an appreciation of the impoitof the moves^ 
Although it is not possible to give complete rules for the construction 
of proofs, it is possible to compare and contrast certain types of proo 
riTo:; —.y oocu,. Clearly o.c .» dia..nsu,.l, b*™ 

addition, there is a useful distinction between so-called 

Lguish betweL what might be called constructive and deductive proofs 
The terms direct and indirect can be applied both to existence proofs 
and to proofs of generality. Briefly, a direct proof starts with the as¬ 
sumptions of the theorem, and of course, the axioms, which arc nlua> 
understood to bo part of the assumptions of every theorem, and demon¬ 
strates directly that the conclusion of the theorem must be true. T 
form for such a proof is the one previously outlined. It is desired to 

,1 imnliesB: 


this may be accomplished perhaps by showing successively 

A implies C, 

C implies D, 

D implies Ef 
E implies B, 


The desired result is then demonstrated. 

An indirect proof proceeds in quite a different manner. Briefly, it 
consists of showing that the theorem asserted must be true, ance the 
assumption of its falsity would contradict some known fact or assiuni^ 
tion. An indirect proof might also be called a double negative proof. 
Instead of proving that the theorem is true, one proves that it is not 
false. An indirect proof always starts with the equivalent of the remark. 
“Assume that the statement to be proved is false.” Then from tliis 
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assumption, and the axioms, one attempts to derive an assertion that 
contradicts a previously demonstrated assertion or that is self-contra.- 
dictory (C and not C are true). Such a contradiction shows that the 
assertion, “Assume the statement is false,” is an inadmissible one, that 
is, cannot be valid. Thus the statement must be true. The form for an 
indirect proof may be indicated as follows: It is desired to prove that 

A implies B. 

Assume that the statement is false, so that 

A and not B are both true. 

Then one shows that, as a consequence of this assumption, 

C and not C are both true. 

But this is absurd, so that some fallacy must have been introduced. The 
only possible fallacy is the assumption that the statement is false. Thus, 
it is false that the statement is false; hence the statement is true. 

The rather famous game of the black and white hats affords a good 
illustration of the use of indirect proof, divorced from mathematical 
nomenclature. The game requires three players, seated in a circle facing 
one another, and a referee who places on the head of each player a hat 
which may be either black or white. No player sees his o^vn hat. The 
rule is that a player who observes a black hat on the head of either 
opponent must raise his hand. The first player to deduce (not guess) the 
color of his own hat announces the color and wins the game. Actually, 
the only time that the game is any fun, is when all three hats are black. 
Suppose, for example, only two hats are black and one is white. Then, 
one of the black hat wearers, say Joe, will see his black-hatted opponent 
raise his hand, indicating that he sees a black hat. Joe knows it must 
be his own hat, since he can see that the third player has a white hat. 
So Joe immediately announces that his own hat must be black. But, 
if all three hats are black, then the story is different. All three hands 
go up at once, of course, but no one can be sure immediately that his 
own hat is black. However, after a reasonable time, an ingenious player 
is able to deduce that he has a black hat. The method used to demon¬ 
strate this fact is a typical indirect proof. Assume” he says to himself, 

“ that my hat is white. Then this would be a game with two black hats, 
and one white hat. But then (according to the analysis given above) 
the game would be trivial, and my two black-hatted opponents would 
know that they had black hats. They would immediately announce 
that they have black hats. This contradicts the fact that they are sitting 
there looking foolish. Thus, the assumption that I have a white hat 
leads to a contradiction of known fact. So my hat is black.” 
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The reader must be prepared to meet indirect proofs very frequently 
inThe remainder of the book. The warning that an mchrect proof ,s 
being given always consists of the words, "assume that so and so 
whem Tand so r^resents the negation of the statement to be proved 
(It is in this connection that the process of negating statements is of 
lich common occurrence in mathematics.) Then the proof proceeds 
on normal lines until a contradiction is reached. At this pomt it is 
Lderstood that the proof has been completed; the remaiiung argument 
to the effect that the contradiction establishes the proof of the desired 
Assertion, is omitted, since it is the same in all indirect proofs^ Fre¬ 
quently the proof closes with a phrase such as “this contradiction 

^"oSoinUn coiction with indirect proofs might well be emplu^ized. 
This is the fact that, unless and until one has arrived at a contriuliction 
of known fact, one has proved precisely “othing^ In particular, one 
might arrive at a fact which is known to be true. This would not mply 
anything whatsoever with respect to the truth or falsity of the oripna 
assertion. Since a “true” fact is one which is a consequence o the 
axioms alone, it is not surprising that, from the axioms, together wntliM 
additional assumption, one can arrive at true facts, whether the add- 
tional assumption is true or false. This would seem to bo a simple pomt 
but it has been misstated in mathematical literature; every so often one 
runs across a remark that implies that true results can follow only from 

true assumptions. , x x 

The following simple example illustrates strikingly that truth may 

follow from falsity. Let us admit that 


(6.5.1) 


Rhode Island is in the United States, 


/dssuTKC that 

(6.5.2) Salt Lake City is in Rhode Island. 

Then from (6.5.2), in view of (6.5.1), it follows that 

Salt T.ake City is in the United States, 

which is incontrovertibly true. Must one accept the premise since the 
conclusion is correct? 

Now we wish to say a word concerning the direct proof of a statement 
of generality. Such a statement might assert, 

for every a e -1, it is true that such and such. 

The direct proof of such a statement always starts with an equivalent of 

let a€ A (that is, let a be an element of .1). 
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This a is thought of as being a particular specific element, fixed through¬ 
out the proof. However, care is taken not to use any property of a 
which is not true of every element of .d. In other words, while a is 
thought of as a specific element, it is considered that it might be any 
specific element whatever of A. Hence, if the proof demonstrates that 
“such and such” is true of a, the proof of the generality statement is 
understood to be complete. 

The indirect proof of a statement of generality proceeds, of course, 
on quite different lines. Again the statement is, 

for every a € A, it is true that such and such. 

The indirect proof of this type of statement starts with the phrase, 

assume the assertion is false, 

or equivalently, 

suppose that there exists a e A, for which such and such is 
false. 

Then the proof proceeds, 

let a e A for which such and such is false. 

Here a is not any element whatsoever of A, but a specific one whose 
existence is guaranteed by the supposition of the indirect proof. Again, 
for the remainder of the proof the element a is fixed. And, of course, 
the proof is complete when a contradiction is reached. 

For proofs of statements of existence, there is no standard method 
even for begi nnin g the proof. The most common type of existence proof 
is direct, and what one might call constructive. In such a proof one starts 
^vith previously isolated specific elements and from them, and the rela¬ 
tions, functions, and so on, which are given, one defines an element, 
which can be shown to have the desired property. On the other hand, it 
is (surprisingly) sometimes possible to demonstrate that elements with 
specific properties must exist without actually “determining” any such 
element. Such an existence proof might be called deductive. Suppose 
that one wishes to prove that 

there exists a e A such that so and so is true. 

The constructive method would be to define an element of the desired 
nature with the help of previously known elements, functions, relations, 
and so on. The deductive method would be as follows: 

let B be the set of all elements of A for which so and so is 
not true. 
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Then in order to prove the assertion, it is sufficient to show that B does 
I hen, in oratr i . , v ^ B is a proper subset 

not encompass the whole ot yl, that is to snou r is to 

ni A (B^ A) In fact, since B is ix subset of /I. all that is requ rea is xo 

V. rhnt R 1 This may sometimes be done by demonstrating that 

J ta. som, ■>' <“'Vf"*”'";’ 

cxWence proofs rvill bo jivon later In the book lake generality proofs, 

existence proofs may be cither direct or indirect. 

Now a word must be said about the proof of a statement such as. 

(6.5.3) there exists a unique clement of A, such that so and so is true. 

In order to fit this statement into our pattern of existence statements and 
generality statements, we break it into two separate statements, namely, 

(6.5.4) there exists (at least) an element of A , such that so and so is 

true; 

there do not exist two distinct elements of A, such that so 
and so is true. 

The second of those statements, being the negation of an existence state¬ 
ment, can be written also as a generality statement, namely, 

(6.5.5) for every a,h i A for which so and so is true, it follows that 

a — b. 

From this it is scon that (6.5.3) is really a compound statement, involving 
the conjunction of an existence statement (6.5.4) and a generality stat^ 
ment (6.5.5). Correspondingly, the proof of a statement like (b.S.dJ 
always consists of two parts, an existence proof for (6.5.4) and a gener- 

ality proof for (6.5.5). 

It must be recognized that proofs may be very elaborate in construc¬ 
tion. For example, instead of proving a generality assertion for “every 
element in A ” in one effort, it may be convenient to break the set .4 into 
a number of distinct sets, say .li, /1 2 , As (where A = (.li + A.) + As), 
and treat the “cases” a € A|, o € A., n 6 A 3 separately and by different 
methods. Again, a proof may be direct but contain certain steps that 
arc proved by subsidiary indirect proofs. In short, the preceding dis¬ 
cussion of proofs must be considered not as an analysis of all possible 
proofs but only as an indication of certain simple types that are com¬ 
monly met, alone or in combination. In the next chapter, most of the 
types of proofs described above will be illustrated. 

(6.5.6) Project; Analyze the game of black and wliite hats with 
four players. 


Chapter 7 
GROUPS 


7.1. Introduction. [No Basis.] This chapter will be devoted to 
the beginnings of a mathematical theory known as group theory. Group 
theory is the study of the consequences of one of the simplest foundations 
(basis and axioms) that have proved to be significant in the development 
of mathematics. The investigation will serve to illustrate concretely 
most of the remarks made in Chapter 6. In addition, the study will 
serve later to further our program, since group theory has several 
insUmxies which are of mathematical importance. 'Thus the results 
obtained will be applied later to lead to useful facts concerning other 
branches of mathematics. 

The foundation of group theory is as follows: 

Basis : (G, o), where is a set and o an operation on (? X to (?. 
Axioms : 

I. For every a, b, c c G, 

(a o 6 ) o c = a o (6 o c). 

II. For eveiy a, 6 e G, there exists x tG such that 

a ox — b. 

III. For every a, bcG, there exists y eG such that 

y oa — b. 

Any system (G, o) which satisfies these axioms is called a group. 

Remahk 1: For an explanation of the use of parentheses in Axiom I see 
the examples in (5.6), where, it should be noted, the equality demanded 

by Axiom I was not true. 

Remark 2: It should be noticed that II and III do not assert the 
nniqueness of the x and y involved in their statements. 

Remark 3: A third statement, parallel to II and III, would be 

for every a, b € G, there exists zeG such that aob — z. 

It should be observed that this statement, and the uniqueness tMs 0 , 
follow at once from the statement that o is an operation on G X to Cz, 
that is, a function whose domain is G X f?; 3'nd whose range is a su se 

of G. 
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7.2. Examples. [No Basis.] It has been indicated that there are 
many instances of groups occurring in various branches of mathemaBcs^ 
Some part of the importance of group theory \nll be appreciated hen 
it is learned that these examples include the following: 

the positive, negative and zero integers with the operation plus 
(Chapter 19); 

the positive rational numbers with the operation times (Chapter 16); 
the real numbers with the operation plus (Chapter 19), 
the real numbers, excluding zero, with the operation times (Chap¬ 
ter 19). 

However, it may surprise the reader to learn that the greatest useful¬ 
ness of group theory comes from its application to instances different 

from the above. j r /o 

Of course, if the reader has faithfully obeyed our admonition of (2.5), 

conscientiously to forget the meanings of all mathematical terms until 
they are properly introduced, the last paragraph is completely meaning¬ 
less to him. For this reason we give two quite trivial examples of 
groups, merely to show that such things can exist, without drawing on 

any previous mathematical knowledge. 

(7.2.1) Example: Let G be a two-clcmcjit set, that is. Jet 

G = [m, 7i], where 7ti 5 *^ u. 

Let o he the opcratioTi otiG 'K G to G indicated by the followuig table. 


171 n 


m 


n 


171 n 


n 171 


Then ((?, o) is a group. 

In order to show that (G, o) is a group, we shall prove that Axioms I, 
II, III are satisfied for this particular instance of (G, o). 

Consider first Axiom I. This requires that, for every choice of three 
elements of G (distinct or not), a certain equality holds. Now it is easy 
to see that there are the following choices for three elements of G: 

(m, m, m), (wi, in, n), (m, 11 , in), {in, n, n), 

(n, m, in), (n, in, n), (n, n, ?/i)) (», n, n). 

For each of these choices, Axiom I requires an appropriate equality to 
hold. Thus Axiom I requires that all the follo^^ing statements be true: 
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{mom) om = mo {mo m), 

{mom) on =mo(mon), 

{mon) om = mo {n om), 

{mon) on = mo (n o n), 

(n o wi) o m = n o {mo m), 

(n o m) o n = n o (m o n), 

(non) o w = n o (n o w), 

(non) on = n o (n o n). 

Referring to the table defining o, we find that 

{mom) = w, (won) = n, (now) = n, (non) = w. 

Hence the statements to be proved become 

wow — wow, 
won = wo n, 
n o w = w o n, 
non —wow, 
n o w = n o w, 
non — n oUy 
wow = n on, 
mon — n om. 

All these statements can be immediately verified as true from the 
definition of o. This shows that Axiom I is true. (Incidentally, the 
foregoing should give some idea of how much territory is covered by a 
generality statement like Axiom I. In this instance G has only two 
elements. The number of individual assertions covered by the general 
statement of Axiom I, when G has a large number of elements, is quite 
fearsome.) 

For Axiom II there are, fortunately, fewer cases to consider than for 
Axiom I, since Axiom II considers only two elements of G rather than 
three. In fact. Axiom II requires only the existence of elements x\, X 2 , 
^ 3 , such that 

w o = w, noX 2 = mj 
w o X3 = n, n Q Xi — n. 

From the table defining o, it is seen that these statements are satisfied 
with xi = rriyXz == n, X 3 ~ n, X 4 = w. 

The truth of Axiom III is shown in precisely the same way as the 
validity of Axiom II. Hence (G, o) constitutes a group. 

We give a second example of a group to provide the reader with an 
opportumty to test his understanding of the proof given for (7.2.1). 
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(7.2.2) Example: Let (? = [p, P ^ q ^r, r ^ p. 

Let o he the operation (mGXGtoG indicated by the following table: 

p q r 
P 

q 

r 

Then {G, o) constitutes a group. 

We leave the verification of this fact to the reader. 

It may be noticed that the operations o in the instances (7.2.1) and 

(7.2.2) satisfy one further condition not required in the axioms for a 
group, namely, 

for every a, 6 € G, a o 6 = boa. 

Hence the reader might feel that the generality ao6 = 6 oaisa neces¬ 
sary truth for groups. For this reason we hasten to mention that this is 
definitely not so. Groups in which a o 6 = boa (for every a, 6 e G) are 
of great importance and common occurrence; so much so that special 
theories of this type of group have been developed. Such groups are 
known as commutative groups. However, the theory of noncommutative 
groups has also proved to be useful, for example, in modern physics. 

To show that commutativity (aob = b oa) is not a requisite of 
groups, we give one more example (instance) of a group. 

(7.2.3) Example: Let G = [j?, g, r, s, t, ^i'hcrc every two elanents 
are distinct. Let o be the operation onG X G fo G indicated by thefoUowiiig 
table: 

p q r s t u 
P 

q 

r 

s 
t 
u 

Then (G, o) is a group. 

We leave to the reader the straightforward but quite arduous task of 
demonstrating the truth of this assertion, if he is so inclined (it is not 
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particularly recommended). We merely mention that the verification 
of Axiom I requires the demonstration of 216 equalities! 

Notice that the group defined above is definitely not commutative. 
In fact, qor = s while r o § = w, so that gor 9 ^ roq. Similarly, 
tou 9 ^ uot, and so on. (However, certain pairs of elements, like 
(s, u), do commute: sou = u o s = p.) 

The reader may have noticed that, in the table defining the opera¬ 
tions in each of (7.2.1), (7.2.2), (7.2.3), every row, as well as every col¬ 
umn, of the table contains each element of the group (in fact, just once). 
It is quite easy to see that this is required by Axioms II and III; in 
fact, whenever the operation can be defined by a table. Axioms II and 
III will be true precisely when the table has this property. Now it 
might be wondered if this property also insures Axiom I, that is, if 
Axiom I must be true whenever Axioms II and III are true (at least for 
cases when the operation is defined by a table). The answer to this 
IS unfortunately in the negative, as is shown by the following example: 

(7.2.4) Example: Let G = [e,/, A, t], where every two elements are 
distinct. Let o he defined hy the following table: 

e f g h i 

e 

f 

9 
h 

t 

Then Axioms II and III are satisfied hy ((?, o) hut Axiom I is not. 

The fact that II and III are satisfied follows, since each row, as well 
as each column, of the table contains every element of G. To show that 
I is not satisfied, we note that 



while 

hence 


f o{f og) = foi = h; 
(fof) og 7 ^ foifog). 


Uo))og T^JoKjog). 

Thus (G, o), as defined in (7.2.4), is not a group. 

The preceding example illustrates that Axioms II and III may be true 
^hile Axiom I is false. It is easy to give examples where Axioms I and 
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(7.2.5) Example: Let G = D', L}, where j k. Let o be defined by 
the following table: 

J_ _^ 

j j 3 

k k k 

The reader should verify that Axiom I is valid. Similarly, Axiom II 
is easily seen to be true. However, Axiom III is not satisfied. In fact, 
there is no element y eG for which y oj — k, because both j oj — j 
and koj = j. Hence (G, o) as defined in (7.2.5) is not a group. 

In a similar way it is possible to give examples where Axioms I and 

III arc valid but Axiom II is not, such as: 

(7.2.6) Example: Let G = [y, uj], where v 9^ w. Let o be defined by 
the follounng table: 

V w 

V 

w 

The reader should show that Axioms I and III are satisfied and 
Axiom II is not. Hence, again, this is 7iot a group, 

(7.2.7) Project: Prove that (G, o) in (7.2.2) is a group. 

(7.2.8) Project; Prove that (G, o) in (7.2.5) satisfies Axioms I 
and II. 

(7.2.9) Project: Prove that (G, o) in (7.2.6) satisfies Axioms I and 
III but not II. 

7.3. Theory of Groups. [Basis: (G, o); Axioms: I, II, III.] By 
this time the reader should have a somewhat better understanding of 
what is involved in the concept of a group. We proceed to develop some 
of the consequences of Axioms I, II, III, that is, some of the properties 
of groups. First, for convenience, we restate the foundation. 

Basis: (G, o), where G is a set, and o is an operation on G X G to G. 

Axioms: 

I. For every a, 5, c e G, 

(a o 6) o c = a o (6 o c) . 

II. For every a, 6 e G there exists x e G such that 

aox = h, 

III. For every a, 5 e G there exists r/ c G such that 

y oa = b. 
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(7.3.1) Theorem: There exists e* e (? such thatj for every atG, 
a o e* = a. 

Remark: Recall the distinction between this assertion and the fol- 
lo^viDg: 

for every aeG, there exists e* e Gy such that a o e* = a. 

This assertion is an immediate consequence (a special case) of Axiom II 
alone. The former is nonobvious, inasmuch as it requires that one e* 
be effective for every a. 

Proof op (7.3.1): The set G is a fundamental set, and so is not empty 

[see (4.6)]. Hence there exists h tG. Then there exists e^ tG such 
that 

(1) hoe* = b [by II, with a = &]. 

Also, for every aeG, there exists y eG such that 

(2) y oh = a [by III]. 

Thus 

(3) (y ob) oe* = a o e* [by (2)]. 

On the other hand, 

(4) (y ob) o e* = y o (b o e*) [by I], 

and 

(5) y o (b o e*) — y ob Uy (1)]. 

Then 

(6) aoe* = a [by (3), (4), (5), (2)]. 

But a is any element of G (introduced after e* and with no reference to 
6*, or to the element b on which e* might depend). Hence the statement 
of the theorem is demonstrated. 

Remark: The preceding proof is a fairly typical example of a con¬ 
structive existence proof. Here the existence of e* is demonstrated by 
defining a specific e* that jumps through the requisite hoop. In particu¬ 
lar, e* was chosen as an element, guaranteed to exist by Axiom II, for 
which hoe* = 6, for a previously chosen b. The surprising point in the 
proof is that the element b, on which e* presumably depends, can be 
chosen quite at random. 

The proof of the next theorem is quite parallel to that of (7.3.1) and 
^11 be given somewhat more briefly. 
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(7.3.2) Theorem: There exists e*eG such that, for every a e G, 

Cif o a = CL. 

Proof: There exists 5 € G. Then there exists e* € G such that 




[by III, with a = 6 ]. 


Also, for every a e G, there exists y « G, such that 

( 2 ) hoy = a 

Thus 

e* o a = e* o (6 o y) 

= (c* o 6 ) o y 
= 6 o y 
= a 

This completes the proof. 


[by ii]. 

[by (2)3 
[by I] 
[by (1)] 
Cby (2)]. 


The next theorem states that there is a single element that performs 
the duties of both the c* of (7.3.1) and the e* of (7.3.2) simultaneously. 
Furthermore, it states that there is only one such element. 


(7.3.3) Theorem: There exists a unique element c tG such ihaty for 


every atG, 


a o e = a and e o a = a. 


Remark: Recall that this statement, asserting the existence and 
uniqueness of a certain element, must be treated as a compound state¬ 
ment. Thus the proof will have two parts, an existence proof and a 
uniqueness proof. 

Proof of Existence: By (7.3.1), there exists e* « G such that, 

(1) for every a € G, a o e* = a. 

Also, by (7.3.2), there exists e# « G such that, 

( 2 ) for every a^G^ e^fOa = a. 

Now we employ ( 1 ), with a == c*, obtaining 

(3) c* o e* = e*. 

Similarly, by (2), with a = c*, 

(4) c* o e* = e*. 

Hence 

^ [by (3), (4)]. 

Let e denote this element, that is, c ^ e* = c*. Then 

a o e = a 

But also, by ( 2 ), 

e o o = a. 

This completes the existence proof. 


[by (1)1 
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Proof of Uniqueness: Suppose that ci and €2 are elements of G satis¬ 
fying the requirements of the theorem, so that, for every a € G, 


and 


a o ei — a, 


(5) ei o a = a; 
for every 6 e (?, 

( 6 ) bo €2 = bf 

and 

e2ob — b. 

Then, by (5) with a = e 2 , 

(7) 6x0 62 = 62 . 

Also, by (6) with b — € 1 , 

(8) 61 o 62 = 61 . 

Hence 

= ^2 [by (7), (8)]. 

This shows that any two elements ex, 62 that satisfy the requirements of 
(7.3.3) are actually identical, that is, there is only one such element. 
This completes the uniqueness proof. 

Remark : This is a quite typical direct uniqueness proof. As was men¬ 
tioned earlier, a uniqueness statement can be written as a generality as¬ 
sertion, namely, 

for every a, 6 e G for which so and so is true, it follows that 
a = b. 

Hence, like any direct generality proof, a direct uniqueness proof starts 
with an equivalent of the phrase, 

let a,b eG for which so and so is true. 

The proof is of course complete when it is shown that a — b. It should 
be observed that this pattern was carried out in the proof just given. 

(7.3.4) Definition: Let 6 denote the unique element of G such that, 
for every ae(7, aoc = 6oa = a. This element e is called the identity 
element of (G, o). 

Remark : The identity element is so designated because it preserves 
the identity of any element when used in the operation o. Thus it be¬ 
haves as the ‘'zero” in ordinary addition and the "one” in ordinary mul¬ 
tiplication will be expected to behave. In (7.3.4) we have an illustration 
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of the introduction of the ^‘durable” symbol e to denote an element 
whose unique existence has been demonstrated. 


It should be verified that the identity elements in (7.2.1), (7.2.2), 
(7.2.3) are the elements denoted respectively by m, p, p. 


(7.3.5) Theorem: For every a c (?, there exists a unique a'cG such 


that 


(a) 

o o o' = e, 

and 


(b) 

o' o o c. 


Proof of Existence : Let aeG. Then there exists [hy II] an element 
a' eG such that 


(1) a o a' = e, 

so that (a) is established. Moreover, by III, there exists y eG such that 

(2) 2 / o a = c. 

Now 


(3) yo{aoa')=yoe 

= y 

On the other hand, 

(4) yoiaoa') = (y o a) o a' 

= c o a' 


y = a' 


[by (1)] 

[by (7.3.4)]. 

[by I] 
[by (2)] 
[by (7.3.4)]. 


Comparing (3) and (4), we find 
(5) 

Hence 

a' o a = c 

and (b) is proved. 

Proof of Uniqueness: To prove that o', satisfying (a) and (b), is 
unique, suppose that a[ and both satisfy (a) and (b), that is, that 


[by (2), (5)], 



o o o[ = e, 
a( o o = c, 


o o oi 5= c, 
0-2 o o = e. 


ol o (o o al) = a{ o e 


= Ol 


Then 


[by (7)] 
[by (7.3.4)]. 
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Moreover, 

aj o (a o oj) = {a[ o a) o aj [by I] 

= eoc^ [by (6)] 

= ^2 [by (7.3.4)]. 

Thus a[ = o^. This completes the proof of (7.3.5). 

(7.3.6) Definition: For every a e G, define a' to be the unique ele¬ 
ment of G such that 

a o a' = a' o a = e. 

This element exists uniquely, for every a, by (7.3.5). The element a' is 
called the inverse of a. 

Remahk; The inverse of an element is called the negative of that ele¬ 
ment when the operation is called ^'plus” (denoted by +) and is called 
the reciprocal when the operation is called “times” (denoted by X or •)■ 

The reader should verify that, in (7.2.2), g = r', r — q\ while p = p'. 
This last is inevitable, since p = e, and since e = e' is true in any group 
[see (7.3.12)]. It would be instructive also to find the inverses of all 
elements in the groups (7.2.1), (7.2.3). 

(7.3.7) Theorem: For every aeG, {a'Y = a. 

Remark: The symbol (a')' means, of course, the inverse of a'. 

Proof; Let a tG. By the definition of (a0^ 

(1) (a'Y oa' = e, 

(2) (aO o (a'Y = e, 

and (a'Y is the only element satisfying (1) and (2). But, by (7.3.6), 

a o a' — e, 
a' o a = e, 

so that a also satisfies the same requirements. Thus, by the uniqueness 
part of (7.3.5), a must be the same as (a')^ that is, (a'Y = cl- 

(7.3.8) Theorem; If at b tG are such that a 9 ^ h, then a' ^ h'. 
Remark; This theorem could be succinctly stated as follows: 

Distinct elements have distinct inverses. Theorem (7.3.8) provides 
the first opportunity to illustrate an indirect proof. 

Proof of (7.3.8): Suppose the theorem is false. Then there exist 
cifbiG such that 


(1) 


a ^ h and a' = h'. 
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But, since a' = b', 

( 2 ) {ay = (by. 

By (7.3.7), 

(3) (a')' — a and (6')^ = 

Hence, from (2) and (3), 

a = b. 

But this contradicts the first part of (1). This completes the proof. 
(7.3.9) Theorem: 

(a) If a, b € G, there exists a unique element x tG such that aox — b; and 
it is true that x = a' ob. 

(b) If a, h € Gy there exists a unique clement y tG such that y o a = b; and 
it is true that y — b o a'. 

Remark: This is a strengthening of Axioms II and III; these axioms 
stated the existence but not the uniqueness of x and y. This theorem 
may be thought of as giving the rules for “solving equations.” Thus, 
suppose one is given a, b and wishes to “determine” x so that 

a o X = b. 

This may be done by “ operating on the left of both sides of the equation ” 
with the element a', as follows: 

a' o (a o x) = a' o 6. 

But the left side may be written 

(a' oa) ox [by I], 

and, since a' o a = c, e o x = x, one has 

X = a' o 6. 

It will be seen that this procedure includes the usual high school algebraic 
rules for solving equations,” since both plus and times wll turn out to 
be group operations (in appropriate number systems). 

Proof op (7.3.9.a): Let a,h eG. The existence of x follows from II. 
Now let X be an element such that 


(1) 

Then 

aox = b. 


(2) 

X = C O X 

[by (7.3.4)] 


= (a' o a) o X 

[by (7.3.6)] 


= a' o (a o x) 

[by I] 


= a' o 6 

[by (1)]. 
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Hence, for every element x such that aox == b, we have x ^ a'ob, and 

the last part of (a) is established. To prove uniqueness, let Xi, X 2 e G such 

that aoxi = aox 2 = b. Then a:i = a' o 6 and X 2 = a' o 6 by (2) 
Hence xi = X 2 . 

Proof op (7.3.9.b); The proof here is parallel to that of (a) and we 
leave it as an exercise for the reader to carry out the steps in detail. 

(7.3.10) Corollary; 

(a) 7/ a e G, (here exists a unique element xeG suck that aox = a; and it 
is true that x = e. 

(b) IfaeG, there exists a unique element y e G such that y o a a; and it 
is true that y = e. 

(7.3.11) Corollary; 

(a) If a eG, there exists a unique element xtG such that aox = e; and it 
is true that x = a\ 

Of) If a € G, there exists a unique element ytG suck that y oa = e; and 
it is true that y = a\ 

(7.3.12) Corollary; c' = e. 

The proofs of these immediate consequences of (7.3.9) are left for the 
reader. 


(7.3.13) Theorem: If a,b t G, then (a o b)' = 6' o a'. 
Proof: Suppose a, 6 e G. Clearly 


(6' o a') o {aob) = b' o (a' o {ao b)) 

[by I] 

= b' o ((a' oa) ob) 

[by I] 

= b' o (eob) 

[by (7.3.6)] 

0 

II 

[by (7.3.4)] 

= e 

[by (7.3.6)]. 

But, by (7.3.11.b), there is a unique element (a o b)' such 

that 


Thus 


(a o by o (aob) = e. 
b'o a' (a o 6)'. 


The results that we have given comprise the most elementary prop¬ 
erties of a group. Groups have been studied extensively, particularly in 
recent years; many applications, both to other branches of mathematics 
and to modem physics, have been found. However, the main purpose 
of our presentation of the beginnings of group theory is to illustrate, in as 
simple a case as possible, the nature of a mathematical theory. 

(7.3.14) Project: Prove (7.3.9.b). 

(7.3.15) Project: Prove (7.3.10), (7.3.11), (7.3.12). 
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(7.3.16) Project: It was noted that c'= c [by (7.3.12)]. Thus e is 
an element xtG such that x' = x. Is it true conversely that, if a; e G, 
x' = x, then x = e? Why? 

(7.3.17) Project: By the definition of e, we have coe = e. Is it 
true conversely that if x e G, x o x = x, then x = c? W hy? 

(7.3.18) Project; Let a e G. Define functions F, H, if, L on G to 
G thus: 

F = (a o x; X € G); 

H = (yoa; yeG); 

K = ((a' o x) o a; X € G); 

L = {x';xeG). 

Prove that each is a one-to-one correspondence between G and G. 

(7.3.19) Project: Find the identity and all inverses in (7.2.3). 

7.4. The Postulational Method. [No Basis.] The reader should 
now have a clearer picture of the nature of a mathematical system as it 
was described in the preceding chapter. It is not very farfetched to con¬ 
sider any mathematical system as a rather elaborate game of solitaire: 
The selected basis (consisting of one or more basic sets, operations, 
functions, or relations) makes up the “men” or “cards” with which the 
game is played; the list of axioms describes the initial configuration— 
the position with which you start; the object of the game is to arrive at 
other configurations. Finally, the rules of the game are logic. 

Theoretically, one could amuse himself by inventing bases and writing 
do\vn axioms at wll, and then drawing as many inferences from them as 
possible. This sort of amusement may be quite impractical, however. 
To see why, let us consider the following example: 

Basis: (^, o), where ^4 is a set, and o is an operation on A X A to A, 

Axioms: 

I. For every a, hcA,ao5 == ho a, 

II. For every a,b t A, aob = b. 

III. For every a e A, there exists b c A such that b ^ a. 

These are rather harmless-looking axioms, but let us find a few of their 
consequences. 

(7.4.1) Theorem: For every a, b e Ay a ob = a. 

Proof: Let a, b e A. Then 6 o a = a [by II]. Hut boa = a ob 
[by I]. Thus a o 6 = a. 

(7.4.2) Theorem: For every a, 6 e A, a = b. 

Proof: Let a, be A. Then oob = a [by (7.4.1)1. But aob = b 
[by II]. Thus a = b. 
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(7.4.3) Theorem: For every a e A, a 9^ a. 

Proof: Let a « By III, there exists he A such that a 9^ h. But 
a = 6 by (7.4.2). Thus a 9^ a. 

Now this last theorem (7.4.3) is somewhat disturbing. The assertion 
a a is a complete contradiction. Have we deduced falsity from truth? 

Actually, if what has been done is examined with care, it \vill be found 
that we have not deduced falsity from truth. Recall our earlier remarks 
[(6.1)] that the foundation is really understood to appear in the hypoth¬ 
esis of every theorem. Thus (7.4.3), written out in full, would be: 

for every basis (A, o) satisfying Axioms I, II, III, it is true 
that, for every a « A, a 9^ a. 

This implies that if there is a basis (A, o) satisfying I, II, HI, and if 
there is an element in the set A, then this element does something 
completely ridiculous and impossible (specifically, it is not the same 

element as itself). Or the last statement can be rewritten still more 
informatively as follows: 

if there were a basis (A,o) satisf 3 dng I, II, HI, then im¬ 
possible things would be true. 

From this one concludes, not that false can proceed from true, but 
simply that there cannot be a basis (A, o) satisfying I, II, III. Briefly 
and inelegantly, there ain’t no such animal. 

We emphasize this phenomenon, because it is rather disturbing to 
find that contradictions can arise from perfectly respectable-looking 
axioms. When such a contradiction arises, it shows that no basis can 
satisfy the axioms. Therefore the theory could not have any instances. 
This situation is expressed by sajdng that the axioms are inconsistent. 

The clearest example of an inconsistent system of axioms is simply a 
pair of axioms in which the second is exactly the negation of the first. 
However, the example above indicates that the inconsistency may be 
hidden a little deeper, so that one might develop the theory considerably 
before running across a contradiction. 

The reader vdll probably not question the desirability of avoiding in¬ 
consistent axioms. Actually, as will be discussed shortly, a theory de¬ 
veloped on the basis of inconsistent axioms must be considered as true 
(the technical phrase is “vacuously true”). That is, a theory saying 
that, for every basis for which certain things are true, other things must 
also be true, tells no lie, even if there is no such basis. But the de¬ 
velopment of a series of theorems explaining what fascinating things 
would be true of a basis if only there were one, which there isn’t, cannot 
be considered as a very elevating pursuit. 
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Now the question arises, “how can one be sure of avoiding inconsist¬ 
ent axioms?” It has already been mentioned that the contradiction 
may be hidden quite deep, and one might not happen to stumble on 
any indication of inconsistency for some time. The clue to the answer is 
contained in the remark that an inconsistent theory cannot have any 
instances. The only way known at present to be sure that a system of 
axioms is consistent is to produce an instance in which all the axioms 
are satisfied. It is considered shockingly bad taste to investigate any 
system of axioms unless it is shown that there is an instance satisfying 
them. This is one reason that, in the preceding section, before investi¬ 
gating the properties of groups, we paused to present several specific 
examples of groups (7.2.1), (7.2.2), (7.2.3). Partly, of course, these 
examples were intended to familiarize the reader with the notion of a 
group. But, in addition, they served to answer the relevant, indeed 
essential, question, “can such things be?” For this purpose, of course, 
one example would have sufficed. 

We return to the matter of a “vacuously true” statement, already 
mentioned. Consider the following statement: 

(7.4.4) every American who was married on the moon has four heads. 

Let us accept it as a fact that no American has ever been married on 
the moon (for lack of evidence to the contrary). In spite of this fact 
(or, better, because of it) the statement (7.4.4) must be considered as 
true. One sometimes apologizes for considering it true by saying that it 
is vacuous or vacuously true, but it still has to be considered as true. The 
reason for this necessity is simply that it can be proved. The method of 
proof is indirect. Thus, 

assume the statement is false. 

Then, recalling how to form negations, we have, 

there exists an American who was married on the moon and 

who does not have four heads. 

In particular, 

there exists an American who was married on the moon. 

But this contradicts known fact. Hence (7.4.4) has been proved. 

The prototype of a vacuously true remark is as follows: 


Then, 


let A — 0 (A be empty, A have no elements), 
for every a c A, it is true that so and so. 
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This statement is true regardless of what is required of a by “so and so.” 

In brief, anything said about every (nonexistent) element of the empty 
set is perfectly correct. 

Of course, one tries to avoid making vacuous statements. It is 
small consolation to be right vhen you aren’t talking about anything. 
But, because of the great generality of mathematics, and because of the 
large number of cases that may be covered by a single statement, it is 
impossible to avoid making statements that may be vacuous in certain 
circumstances or for certain instances. For example, any statement 
made about groups that involves three distinct elements would be vacu¬ 
ous in case one were dealing with (7.2.1), in which example there were 
only two elements in the group. For this reason, the fact that a vacuous 
statement is true is actually a great convenience in mathematics. It 
elunmates the necessity of continually ruling out specifically any instance 

or circumstance in which the general statement being made would be¬ 
come vacuous. 

It was stated in (5.4) that absurd relations are functions. That this 
is reasonable is now clear in view of our remarks about vacuous truth. 
Let i4, be sets and © the absurd relation on ^ X (the empty subset 
of .4 X B). The requirement (5.4.2) for a function may be phrased 

for every 6 i, 62 e such that there exists a € ^4 for which 

(a, 61 ) e 0 and (a, 62 ) « 0 , it is true that 61 = 62 . 

Now no elements 61 , 62 e B exist such that aeA exists with (a, 61 ) e 0 , 
(a, 62 ) € 0 ; hence it follows that the requirement is vacuously true. 

We now return to the consideration of axiomatic systems to discuss a 
point of some interest, though of much less importance than consistency, 
namely, the matter of independence. Clearly it would have been possible 
to enlarge the axioms for a group by adding as extra axioms any of the 
theorems which we proved. This could not change the theory in any 
way. Anything formerly provable would still be provable (use the same 
proof and disregard the extra axioms). On the other hand, nothing new 
could be added. Anything that could be proved from the enlarged 
system of axioms could be proved from the former system by first 
demonstrating the theorems, since after a theorem is demonstrated it 
can be used in subsequent proofs just as an axiom is used. The issue 
here is really a matter of taste. It is simply inelegant to include an 
axiom that need not be assumed, but could be demonstrated as a theorem 
from the remaining axioms. 

Systems of axioms in which one is actually a consequence of the 
remaining are called dependent. The method of demonstrating that a 
system of axioms is independent (not dependent) is to show that no 
axiom can possibly be a consequence of the remaining ones. This is 
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done by exhibiting, for each axiom, an instance in which this axiom is 
not satisfied, while the remaining ones are. The reader should recall that 
this was done, for the case of group theory, in (7.2.4), (7.2.5), (7.2.6). 
Hence these examples serve to show that the axioms for group theory 
are independent. 

A third property of systems of axioms that is sometimes considered is 
that of being categorical. We are not now in a position to describe this 
property precisely, and so we simply remark that a system of axioms is 
categorical if there is “essentially” only one instance for it. The three 
quite different instances of groups [(7.2.1), (7.2.2), (7.2.3)j given earlier 
show that the a.xioms of group theory are not categorical (or would show 
this if we were able to define the property at this stage). The noncate- 
gorical nature of the group axioms is responsible for a great part of the 
importance and usefulness of groups; there are many quite different 
instances, and hence many applications. The concept of categorical 
systems of axioms is treated in (14.3). 

Of the three properties of a system of axioms discussed above, it is 
well to remember that consistenaj is almost a requisite, mdependence 
is rather nice, and categoricalncss is not even particularly desirable, 
except for certain purposes. 

7.6. Conclusion. [No Basis.] The description of a mathematical 
system given in this chapter was not made exhaustive in the hope that 
it would avoid being exhausting. However, enough has been said to 
provide a rather solid basis for acquiring an understanding of the nature 
of modern mathematics. Our anatomy course has progressed through a 
reasonably careful examination of the skeleton of mathematics. In the 
succeeding chapters we shall see how to put a little meat on the bones. 



Chapter 8 

THE POSITIVE INTEGERS 

8.1. Introduction. [No Basis.] In the somewhat fanciful discussion 
of the development of mathematics given in an earlier chapter, it was 
pointed out that mathematics originated with the study of the counting 
numbers. The counting numbers, it will be recalled, are a series of 
grunts or noises used to answer the question, “how many?“ 

The usefulness of counting, and preserving tallies, led gradually to the 
development of the bookkeeper’s art, reckoning or arithmetic. Note 
that reckoning is an art, rather than a science, and has only a rather 
strained relationship to mathematics. In fact, the usual mathematician 
is a miserably poor calculator; this never ceases to astonish the usual 
mathematician’s usual neighbor, who feels that living next door to a 
real live mathematician should be of some help when March 15 ap¬ 
proaches. The popular misunderstanding of the nature of mathe¬ 
matics is nowhere better illustrated than by the custom of referring 

to the freak lightning calculators of the stage as “mathematical 
wizards.” 

The connection between reckoning and mathematics is as follows. 
Reckoning consists of the processes of “adding,” “multiplying,” and so 
on, in terms of some specific symbolism for the counting numbers. The 
processes of addition and multiplication are suggestive of operations, 
in the mathematical sense; that is, each associates, with every pair of 
counting numbers, a third counting number (their sum or product). 
Hence it is to be hoped, in the light of the preceding chapters, that the 
mtuitive counting numbers, together with “plus” and “times,” might 
constitute an instance (in some sense) of an abstract mathematical sys¬ 
tem which is worth studying. Such an abstract system exists and is 
called the system of positive integers. 

The study of the system of positive integers, including an investigation 
of the basic properties of the operations plus and times, is not only a 
branch of mathematics, but in many respects is the most fundamental 
branch of mathematics. Almost all other mathematical theories utilize 
the results obtained in this study. However, the study is not the study 
of reckoning. In fact, all the basic results can be, and in this book will 
be, obtained without the introduction of any systematic universal sym¬ 
bolism for positive integers. 
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The procedure to be adopted in developing a theory of positive integers 
is as follows. We shall abstract (state in abstract form) a few properties 
of the counting numbers that are fundamental. The abstract statements 
will constitute axioms for positive integers. From the axioms we shall 
develop a few of their consequences—indeed, enough to introduce all 
the familiar concepts and prove their elementary properties. In this 
way, the counting numbers will be eliminated; their role in mathematics 
will be played by the abstract system which we now develop. 


8.2. Axioms for the Positive Integers. [No Basis.] Clearly the 
counting numbers themselves will be represented, in our mathematical 
system, by some abstract set I (the positive integers). But in order 
that I will correspond suitably to the intuitive counting numbers, 
it is necessary to assume something about the “structure” of the set I. 
This is most conveniently done by demanding the existence of some 
special relation, operation or function. 

There are many intuitive operations, relations, functions, and the like, 
that are commonly considered in connection with counting numbers. 
In addition to the two operations “plus” and “times” already men¬ 
tioned, there arc relations “less than,” “greater than,” “divisibleby,” 
“divides” and others. Correspondingly, there is considerable freedom 
in the choice of how many and which of these relations sliall be repre¬ 
sented in the basis. For example, it is possible to include both “plus” 
and “times” as fundamental undefined operations (in the basis) and 
assume a sufficient number of their properties to enable one to prove all 
their remaining properties. Or, alternatively, one may use only “plus” 
as basic and dvfinv the operation “times” in terms of it. 

The foundation we shall use has the virtue of assuming about as little 
as possible and providing for the introduction of almost all the important 
operations and relations by definition. This foundation is due essentially 
to Peano, who first formulated a postulational basis for the counting 
numbers. In addition to assuming an apparent minimum, the Peano 
axioms are psychologically satisfying, in that they mtike the theory 
follow what was probably the historical coui'sc of the development of 
counting numbers; thus the relation chosen as basic by Peano is really 
historically fundamental. 


There is only one basic relation in the Peano foundation for positive 
integers, that based on the extremely primitive notion “is next after.” 
Ihis relation is closely associated with a characteristic feature of the 
counting numbers; these “numbei's” are not simply a collection of 
noises, but a “succession” of noises, noises that come in a definite 
“order.” This “order” is an essential feature of counting; a child who 
recognizes the names of all numbers up to twenty, but cannot remember 
ill what order they come, has not learned to count. 
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It IS easy to see that the intuitive relation (pairing) that associates 
adjacent pairs of counting numbers has the defining property of a func¬ 
tion. Not only is there a number “next after” any other number, but 
there is a umque such. Hence, the concept that the counting numbers 

come m order ’ may be abstracted by including in the basis a. junction 
<r on / to /. 

Now the intuitive function “is next after” has many special proper¬ 
ties, and it would be impossible to decide without experimentation, 
now ma,ny of them, or which of them, should be converted into axioms 
concemmg g. Fortunately for us, Peano has performed the necessary 
experimentation, and we need only follow in his footsteps. 

The first property of the “next after” or “successor” function, which 
we wish to note, is that distinct counting numbers have distinct succes¬ 
sors; that is, no number is the successor of two different numbers. The 
corresponding requirement for a would be the following; 

(8.2.1) for every m, n ^ Im 9 ^ n, then (r(m) o-(n). 

We shall see later that this fact could also be expressed by stating that 
0 - IS a one-to-one correspondence, or that a* is a function [see (10.2.2)]. 

Next we note that, among the counting numbers, there is a special 
number “one” which is not “next after” any other number. This fact 
can be paralleled in our abstract system by including a special element 
of I in the basis, which element may be denoted by 1, and then assuming 

for every me/, (j{m) 9 ^ 1. 

The third and final property of the “successor” function which it is 
desired to convert into an axiom concerning (/, 1, o-) is somewhat more 
difficult to formulate. The intuitive fact we have in min d is that con¬ 
tinued counting, that is, continued passing to the “successor,” starting 
with “one, ” eventually gives any desired number. This means that the 
counting numbers constitute a single chain, without side branches, 
gaps or detours (to mix metaphors thoroughly). 

In order to put this intuitive fact in a form suitable for abstraction, 
we note that continued taking of successors ^dll generate a set of counting 
numbers, with the property that the set contains the successor of any 
number in it. “Starting with *one^” can be assured by demanding 
that “one” be in the set. Intuitively, then, any set of counting numbers 
which (a) contains “one,” and (b) contains the successor of any number 
in it, must be the entire set of all counting numbers. Accordingly, for 
the abstract basis (7,1, a-), we require the following; 

Let /f be a subset of I such that 

(a) l^H; 

(b) for every qtHj (r(j) e H. 

Then H = I. 
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We have been led to the io\\ov^m% foundation for the theory of positive 
integers: 

Basis: (/, 1, tr), where / is a set, 1 is an element of /, and <r is a func¬ 
tion on I to I. 

Axioms: 

I. For every m, n c 7, if m n, then a{m) 9^ ff(n). 

II. For every m e I, a{m) ^ 1. 

III. Let 7/ be a subset of 7 such that 

(a) leT/; 

(b) for every g e 71, <r(g) t H. 

Then H ^ I. 

Any system (7, 1, a) satisfying Axioms I, II, III is called a basic 
system of positive integers. Elements of 7 are called positive integers. 

Remark: The third of these axioms is called the axiom of induction 
and is the powerful member of the trio. The method of using III is 
almost always the same and should be observed in the proofs that follow. 
It is desired to prove that some statement is true for every eletnent of 7. 
One defines a subset H oi I as the subset consisting of all these elements 
of 7 for which the given statement is true. Then one proves that this 
subset H satisfies the requirements (a), (b) of III. From this, one is 
guaranteed by III that H = I. Hence the set of elements for which the 
statement is true is all of 7; in other words, the statement holds for 
every element of 7. 

In the last chapter, the concept of consistency of a system of axioms 
was introduced; it should be recalled that the only kno^vn assurance 
of the consistency of a system of axioms is the exemplification of the 
basis by an instance which does satisfy the axioms. The best instance 
for a basis (7, 1, o-) satisfying I, II, III is (counting numbers, "one,*^ 
“is next after”). Such an instance as this is not as satisfactory an 
exemplification of the basis as those given in the case of groups, inasmuch 
as our knowledge of counting numbers is intuitive and insufficiently 
precise for us to prove that the axioms are true. Nevertheless, it is the 
best instance available. It is not too unreasonable, then, that some have 
doubted that the abstract statements I, II, III do accurately picture the 
intuitive facts which suggested them; in fact, the consistency of I, II, HI 
has not been universally accepted. Nevertheless, the vast majority of 
mathematicians have a strong belief in the consistency of the a^doms 
for positive integers. And in any case, the system (7, 1, a) has been used 
to great advantage in mathematics without any contradictory conse¬ 
quences having been found as yet. Since almost all mathematics uses 
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positive integers in some way, it is rather unfortunate that their existence 
must remain a conviction rather than a certainty. 

We shall now proceed to an investigation of the mathematical system 

tairpn h ^een suggested, the entire direction 

taken by this mvestigation is determined by mathematical history and 

m particular by the development of the intuitive instance of the count¬ 
ing numbers. However, it cannot be overemphasized that no specific 
reference to this mstance shaU occur in the body of the theory, and that 
all our theorems are proved, and thus are valid, for any basis (I, 1, <r) 
satisfying I, II, HI, To focus attention on this fact, we have used the 
rather unusual terminology “counting numbers” for the elements in the 
mtuitiye instance, and shall consistently use the phrase “positive inte¬ 
gers for the elements of any set 7 which, together with some element 
i e i ana some function o- on / to /, satisfies Axioms I, II, III. 

I of Positive Integers. [Basis: (7, 1, <r); Axioms; 

’ convenience of reference, we restate the foundation for 

positive mtegers. 


Basis: (7, 1 , < 7 ), where 7 is a set, 1 « 7, and <r is a function on 7 to 7 
Axioms: 

I. For every m,nel, with m n, then ff(m) <T{n). 

11. For every me/, (j{m) 1. 

III. Let H <z I such that 

(a) 

(b) for every <r{q) e H. 

Then H ^ I. 

^ In this section, we shall prove two facts concerning the positive 

integers which are so fundamental that it is quite surprising that it is 

not necessary to include them among the axioms. The first of these 

facts states, for the intuitive instance, that no counting number is 
*next after itself. 


(8.3.1) Theorem: For every <j{n) 9 ^ n. 

Remark: The proof of this theorem affords a typical example of the 
use of III. It is essential for the reader to follow the proof very care¬ 
fully, so that he thoroughly understands the procedure, since a great 
many of the proofs in the remainder of the chapter follow the same 

pattern. 

Proof of (8.3.1) : Let H be the set consisting of every element nel 
for which a(n) 9 ^ n; that is, define 

(1) 


H = [nel; <r(n) n] C 7. 
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We shall prove, with the help of III, that H ^ I. To do this, we must 
show that the requirements Ill(a), Ill(b) are satisfied for the particular 

set H defined by (1). 

First, 

( 2 ) 

since o-(l) 9 ^ 1, by II. Hence H satisfies Ill(a). 

To show that H satisfies Ill(b), let qtH. Then, by (1), 

(3) ^ 9- 
But, from (3) and I, 

(4) ff((r( 9 )) 5*^ ff(9). 

Now (4) shows, in view of (1), that <r{q) c H. In short, 

qtH implies <r( 5 ) t H, 

and III( 6 ) is verified. 

We have shown that the set II, defined by (1), satisfies the hypotheses 
(a), (b) of III, so that the conclusion H = I follows. Thus 


But this implies 
whence 
that is, 


I = [a; (T{n) 7^ n]. 

I C [w; c(n) 9^ 

ntl implies n < ^ n], 

for every n « 7, cr(n) ^ n. 


This completes the proof. 


The second fact to be proved in this section states, for the intuitive 
instance, that “one” is the only counting number which is not **next 
after” some other number. 


(8.3.2) Theorem: Let m € 7 and vi 1. Then (here exists pel stick 

that <r(p) = VI. 

Remark: We wish to prove that every positive integer is either a 
“successor” or is 1. Thus the set which is to be proved equal to 7 is 
the set consisting of all successors and the element 1. 

Proof op (8.3.2): Define 

(1) H = [1] + [n e 7; there exists pel for wliich a(j)) — n] C J. 
Clearly 

1 €//, 

since [ 1 ] c: 7f by ( 1 ). 

Now let q eH. We wish to show that < 7 ( 9 ) c H. But this is obvious 
from ( 1 ), since there exists p (namely, p = q) for which (r(p) = o{q). 
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We have shown that the set H satisfies (a), (b) of III, so that III gives 
H = I. Thus 

(2) / = [!] + In; there exists p 6 7 for which a{p) = n]. 

Now let 7n e 7 and m ^ 1, so that 

"Til- 

Then, from (2), 

m e [n; there exists p € 7 for which < 7 (p) = nj 
This completes the proof. 

The further investigation of the positive integers does not readily 
suggest itself and entails the introduction of new relations, functions 
and operations. Specifically, there are two operations that can be de¬ 
fined in terms of a, which have proved to be of immeasurable importance, 
both for the further development of mathematics and (in the instance 
of the counting numbers) in everyday life. These are the operations to 
which the names plus and times have been given. The remainder of this 
chapter will be devoted to the definition of these operations and the 
investigation of their nature. 

(8.3.3) Project: Let (7, 1, O’) satisfy I, II, III. DefineJs7-[l] 
and the function tp thus :<p ^ (o- (n); n e J). Prove that ^ is on J to / and 
that (/, ff(l), ^) satisfies I, II, III. 

8.4. Operations and Sequences. [Basis: (7,1, tr); Axioms:!, II, HI.] 

The major task now confronting us is the introduction of two binary 
operations +, X, corresponding to the intuitive concepts of “adding" 
and “multiplying." Now + (or X) is to provide a mechanism for 
associating with every m, n e 7 a imique corresponding element of 7; so 
it is clear that + will be an operation on 7 X 7 to 7. In view of the ap¬ 
parent meagemess of our tools (Axioms I, II, III), it may be far from 
clear how our task can be accomplished. In order to bring the problem 
closer to the axioms, it is desirable to obtain a more complete under¬ 
standing of operations generally than was achieved in Chapter 5. What 
We have to say in the next paragraphs may be formulated quite generally, 
but we prefer to keep the ^scussion as special as possible for the present 
purposes, in the interest of clarity and definiteness. 

To accomplish our purpose we shall require the concept sequence. 
The word “sequence" (or “series") is used popularly to indicate a 
continued succession. Thus in a “sequence" there are a “first," a 
second," “and so on," This loose description is clearly not sufficiently 
precise to define the term for mathematical purposes. Not only does it 
depend on the intuitive counting numbers, but it contains the words 
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“and so on,” a vague concept which we do not wash to include in the 
logical basis. 

In order to obtain a precise mathematical concept which wdll serve the 
purpose of an intuitive “sequence,” it is sufficient to replace the counting 
numbers by 7. Then we consider a relation which “pairs” every ele¬ 
ment of I with a particular “term” of the “sequence.” But for each 
element of I there is a unique “corresponding item” of the “sequence.” 
Thus the relation described is actually a function on I. 

We are led to the following: 

(8.4.1) Definition: Let ^ be a set. Then a function on 7 to A is 
called a sequence in A, or a sequence of elements of A. In particular, a 
function on 7 to 7 is called a sequence of 'positive iniegcTS^ or simply a 
sequence. 

(8.4.2) Definition: The set of all sequences (of positive integers) is 
denoted by S. 

Remark: Note that S is a very august set; each element of S is a se¬ 
quence (function on 7 to 7). It should be observed that we already know 
two elements of S, namely <j and E {E being the identity relation on 
7 X 7). 

We now show that any operation on 7 X 7 to 7 can be associated with 
a particular sequence of sequences, or sequence in S. Let o be any given 
binary operation on 7 X 7 to 7, and let m € 7 be any element, which is 
to be regarded for the moment as fixed. Then 

(8.4.3) (won; n e 7) 

is clearly a function on 7 to 7, in accordance wdth the notation for func¬ 
tions introduced in (5.4.9). Thus (8.4.3) is a sequence. Remembering 
now that m is any element of 7, we may conclude that, for every 7w « 7, 
there has been specified, with the help of the operation o, a unique 
element of S, that is, a unique sequence, given by (8.4.3). But the speci¬ 
fication, for each me I, of a unique element (sequence) of S defines a 
function on I to S. For the domain 7 has been specified, and, for each 
m e I, the correspondent in S under the function has been set forth in 

(8.4.3) . In the notation of (5.4.9), this function on 7 to S may be de¬ 
noted by 

(8.4.4) ((wi o n; 7i e 7); 7H € 7). 

To sum up, we have shown that a binary operation on 7 X 7 to 7 
leads us to a certain function (8.4.4) on 7 to the set S of all sequences. 
Thus we are led to a sequence of sequences. This is a difficult idea and 
must be thought about quite carefully. It must bo remembered that 
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the correspondent, under the function (8.4.4), of every element of / is 
itself a function. 

It is important to show now that the entire process can be reversed. 

In other words, not only does every operation on / X 7 to / lead to a 

sequence in S, but every sequence in S defines an operation on 7 X 7 to 7. 
To see this, let 

{fpm'iinti) 

be any function on 7 to S. Thus the correspondent of m e 7 under the 
function (8.4.5) is the sequence denoted by Since, for every m c 7, 
<Pm is a sequence, it should be noted that, for every <pm{n) is an 

element of 7. Let us define an operation o by first specifying the domain 
to be 7 X 7, and secondly specifying that, for every (m, n) e 7 X 7, 

(8.4.6) yyj Q ^ 

Since mon = ^„(n) e 7, the operation o is on 7 X 7 io 7. Thus the 
function (8.4.5) on 7 to S leads to an operation o. We shall refer to o 
as the assodaled operation to the sequence (8.4.5). 

It is now considerably easier to attack the problem of introducing 
operations. Instead of dealing mth them directly, we work with 
sequences in S, passing over to the associated operations later. It 
should be recalled that a function is defined when the domain is set 
forth, and all correspondents under the function are specified. Hence, 
to define a function on 7 to S, we specify the domain to be 7, and then 
show, for every m € 7, what element of $ (sequence) is to be the corre¬ 
spondent of m. Since something is to be done for eveiy m e I, the 
techmque using Axiom III suggests itself: A set H, of all w e 7 for which 
the job can be done, is defined; it is shown by III that H — I. The next 
two sections put this program into action in the execution of our task. 

8.6. The Operation -}- (Plus). [Basis: (7,1, <r); Axioms: I, II, HI.] 
Let us review briefly the intuitive background of the operation '‘plus.” 
Suppose one has two counting numbers m and n in mind. Each of these 
can be thought of as representing the “manyness” of some collection 
of objects. Thus one may imagine two (disjoint) sets of objects such 
that, on appl 3 dng the counting process to the elements of these sets, 
one arrives at the noises “m” and “n,” respectively. Then a natural 
question is, “at what noise would one arrive if one counted the collection 
obtained by ‘lumping together' the two original sets?” The answer 
to this question is a counting number, which is commonly called the 

“sum of wand n.” 

The intuitive meaning of “plus” shows that it is closely connected 
with the set-theoretic sum. This connection explains the somewhat 
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unfortunate use of the same symbol + to denote both set-theoretic sum 
and the operation plus on / X / to /. 

The process of introducing, by definition, an operation on / X / to 
I which wll parallel, abstractly, the intuitive operation just described, 
is quite similar to finding an axiomatic foundation for an intuitive con¬ 
cept. The procedure is to select a few of the properties of the intuitive 
idea and use them as defining properties. All remaining properties are 
then proved from the chosen few. 

There are two properties of the intuitive “plus” which are evident, 
and which we shall employ. The first is that, for any counting number 
m, the number “m plus one” is the same as the “ne.xt after in” The 
second is that, for any counting numbers m and the “next after 
m plus n” is the same as “m plus the next after n” In terms of the 
operation + on / X / which we wish to define, these requirements are 
as follows: 

7« + 1 = <r(//2); 

m + <r(n) = <j{m + n). 

Since we plan to deal first with a sequence in S, and introduce + later 
as the associated operation, we must translate the above requirements 
into corresponding demands for a sequence in S. Let a sequence of 
elements of S be denoted by («„; m € /). Since + is to be the associated 
operation, we shall have am(7*) = in + n, for every m, n e 7. Accord¬ 
ingly, the requirements given for + correspond to the following demands 
for 

(^>') am(l) = o'(m); 

W «m((r(n)) = <^(a„(n)). 

Our first step wll be to prove the existence of a sequence in S satisfying 
(a) and (b). The second task is to prove the uniqueness of such a 
sequence in S. The existence is shown by producing, for each wi e 7, 
a unique sequence (element of S), which will be the correspondent of m. 

(8.5.1) Theorem: For every in € 7, there exists a sequence {of positive 
integers) a e S, such ihal 

a(l) = <r(m); 

W for every n c 7, a(<r(n)) = <r(a(70). 

Proof : Define 

(1) H ^[m\ there exists a < S satisfying (a), (b)] C 7. 

First we show To do this, we prove the existence of acS 

wliich satisfies (a), (b), with 77i = 1. To tliis end define a s <r. Then 

«(1) = (r(l), 
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so that (a) is satisfied. Also, for every n e ly 

(x{<r{n)) = a{(7{n)) = <T{a{n))y 

SO that (b) is satisfied. This shows that, for w = 1, there exists an 
appropriate a, namely ol = a. Hence, by (1), 1 e 

Next, suppose q^H. This means, according to (1), that there is a 
sequence e S such that 


( 2 ) 

(3) 


/3(1) = o-(g); 

for every n e /, ^(ff(n)) = ciSin)). 


We wish to show that <T{q) e H. To this end, define a e S by the require¬ 
ment that, for every n e /, 


(4) 

Then 

( 5 ) 

Moreover, for every n « 7, 


a(n) = 


ad) = <r03(l)) 


( 6 ) 


= cr(ff(p{n))) 
= 


[by (4)] 
[by (2)]. 

[by (4)] 
[by (3)] 
[by (4)1. 


But (5) and (6) are (a) and (b) with m — (T{q). Hence it has been sho™ 
that, for m — <x{q)y there exists a sequence a satisf 3 dng (a) and (b). 
Thus (r(g) € H. We have proved that if ^ e 7f then a-(g) « H. 

From the preceding, Ill(a) and Ill(b) are true of H. Hence, by III, 
H ~ ly that is, 

for every m^Ij there exists a satisf 3 dng (a) and (b). 

This completes the proof. 

(8.5.2) Theorem : Lei w e 7. If a, ^ t $ are such that both satisfy {o) j 
(b) of (8.5.1), then a = ^. 

Proof: Letw€7. Suppose a and ^3 both satisfy (a) and (b) of (8.5.1), 
so that 


( 1 ) 

( 2 ) 

(3) 

Define 


a(l) = a(m) = ^(1); 
for every n e 7, a(<r(n)) 
for every n € 7, /9(<r(n)) 


<r(a(n)); 


H = [n\ a{n) = /3(n)1 C 7. 


Then 16 H, by (1). 
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Suppose (7 € i/, so that 


(4) 

• 

II 



Then 




(5) 

(6) 

«(ff($)) = ff(a(9)) 

/3(<r(g)) = <y(/3((/)) 

[by 

[by 

(2) 3, 

(3) 3, 

so that 




(7) 

«(*^(5)) = /3(ff(5)) 

[by (4), (5). 

(6)3. 

Hence <T{q) i 77. 

By III, 7/ = 7. 

This shows that, for every ml, 




a{n) = /3(n). 


The proof is complete. [See (5.4.7).] 

(8.5.3) Definition: We define a function on J to S as follows: For 
each mil, the correspondent of m under the function is required to be 
the unique sequence satisfying (a) and (b) of (8.5.1). The correspondent 
of m is denoted by am, and the function by (am; mt I). 

Remabk: The function (am; tn € 7) has by definition these properties: 
Its domain is 7. Also, 

for every m e I, am (1) = aim)] 

for every mil, and for every ml, am((r(n)) = a(am(n))* 

It has not yet been asserted that such a function on 7 to S is unique. 
That this is true is now easily seen. If (/3m; m i I) is another such func¬ 
tion, then for each mil, the sequences am, /3m satisfy the hypotheses of 
(8.5.2) (in place of a, /3), and so must be equal. But am = /3m for every 
mil yields equality of the functions (am; m i I), (/3m; m e 7) by (5.4.7). 

(8.5.4) Definition: We define the operation + on 7 X 7 to 7 as the 
associated operation to the function (am; mil) on 7 to S. Thus for 
every m, m I, 

7n + 71 = +(771, 77 ) = am(7i). 

The basic properties of the operation + are now to be developed. 
For a reason to be given later, we pi*efer to use, for a wliile, the notation 
+ (m, n) rather than the more familiar 771 + 71 . 

(8.5.5) Theorem : For crcTT/771 € 7, 

M +(w, 1) = <r(77i); 

(b) +(l,77i) — ( 7 ( 777 ). 

Proof: Part (a) is simply a restatement of (8.5.1.a) in tlie new 
terminology. 
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To prove (b), we must show that, for every me/, ai(m) = <j{m) 
But this wiU be proved when it is sho^m that ax = a. It is kno^vn that 
ai has the properties (a), (b) of (8.5.1) with m = 1, that is, 

(1) aid) = <r(l); 

<2) for every n e /, ai(o-(n)) = < 7 (ai(n)). 

But clearly c also has these properties: 

(r(l) = ff(l); 

for every n e 7, fl-(<r(n)) = £r(ff(n)). 

Hence the equality of ai and o- follows from (8.5.2). This completes the 
proof. 

(8.5.6) Theorem: For every m, n e Ij 

+(m, ff(n)) = <7-(+(m, n)); 
w +((r(m), n) = n)). 

Proof: Part (a) is a restatement of (8.5.1.b). 

To prove (b), let me I. We recall that, by (8.5.4), 

(1) for every n e 7, +(cr(m), n) = a„(„)(n). 

Let us define a sequence /8 as follows: 


^ d(a„(n));ne7), 

so that, 

(2) for every nel, /3(n) = c{am{n)) = <7(+(m, n)). 

We wish to show that ^ = a^(„). Now, by (8.5.3), 

(^) «ffCm)(l) = o-(o-(m)); 

W for every n c 7, a„(„) (<r(n)) = (n)). 

But we shall show that also satisfies these conditions. First, 

® iS(l) = (r(a™(l)) [by (2), with n = 1] 


Moreover, 

( 6 ) 


= <r(,(T{m)) 


[by (8.5.3)]. 


[by (2)] 
[by (8.5.3)] 
[by (2)]. 


for every n e 7, /3(<7(n)) = <7{am{<rin))) 

= <rWn)) 

Thus, by (5), (6), 

d) je(l) = 

(8) for every nel, 

Comparison of (7), (8) \vith (3), (4) shows that /3 and satisfy the 
hypotheses of (8.5.2); thus 

(9) 


^ — a^(n») 


[by (8.5.2)]. 
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Now 


+ ((T(7n), n) — 

= ^{n) 

= <r(+(w, n)) 


[by (8.5.4)] 
[by (9)] 
[by (2)]. 


This completes the proof. 

( 8 . 5 . 7 ) Theorem; For every m,n€ I, 

+ (n, m ) = -\-( 7n , n). 

Proof : Let me I. Define 

H = [n; +(n, m) = H-(m, n)] 


First, \ eH,hy (8.5.5). 
Now let q € H, so that 


( 1 ) 

Then 


+ {q, m) = +(m, q) 


+ (<7{q),m) = 


= ff(-l-(g, m)) 

= ff(+(m, ^)) 

= +(m, <7{q)) 


[by (8.5.6.b)] 

[by (1)] 

[by (8.5.6.a)], 


so that <T{q) « H. Thus q e H implies a{q) e H. 

It follows from III that H = /, whence, for eveiy m, +(n,m) 
+ (m, n), for every n. This completes the proof. 

( 8 . 5 . 8 ) Theorem : For every ni, n, p € 7 , 

+ (+(?«. «)» p) = +(»«> +(h, p)). 

Proof: Let m, n € 7. Define 

7/ = [p; +(+(?«, n), p) = +(?«, +(n, p))] C 7. 


First, 1 e 77, since 


+ (+(w» 1) = 


Now let 9 € 77, that is, let 


<r(+(m, n)) 

+ (m, ff(/0) 

+ (?n, +(«, 1)) 


[by (8.5.5.a)] 
[by (8.5.6.a)] 
[by (8.5.5.a)]. 


( 1 ) 

Then 


+ (+(w, n), q) = +(?«, +(«, 9 )) 


+ (+(w, n), <j{q)) = 


<r(+(+(w, n),9)) 

ff(H-(m, +(n, 9))) 
+ (m, ff(+(n, q))) 

+ (m, +(/i,ff(9))) 


[by (8.5.6.a)] 

[by (1)] 

[by (8.5.6.a)] 
[by (8.5.6.a)], 


.so that <j{q) € 77. Thus (/ € 77 implies a( 9 ) « 77. 
By III, H ^ If and the proof is complete. 
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Remark; In the two preceding theorems we have chosen to use 
+ {m, n) rather than m + n in order to avoid the contempt for these 
theorems that the reader’s familiarity with them, in the latter notation, 
might breed. Henceforth we shall use m-\-n instead of +(w 2 , n). 
Expressed in this more usual notation, (8.5.7) and (8.5.8) state: 

(8.5.9) Theorem: For every n « 7, n + w = m + n. 

(8.5.10) Theorem: For every m, n, p e I, (m + n) p= m+ (n + p). 

The two theorems (8.5.9) and (8.5.10) are expressed verbally by saying 
that the operation + is commutative and associative. As an illustration 
of the use of these theorems, we prove here a result which will be needed 
later. 

(8.5.11) Lemma: For every m, n, p, 5 c 7, 

(yn + n) + (p + g) = (m + p) + (n + g). 

Proof: We have 

(m + n) + (p + g) = w + (n + (p + g)) [by (8.5.10)] 

= m + ((n + p) + g) [by (8.5.10)] 
= m 4" ((p + "h g) [by (8.5.9)] 
— m{p (nq)) [by (8.5.10)] 
= (m + p) + (w + g) [by (8.5.10)]. 

Remark: The statement (8.5.5), translated into the familiar notation, 
is 

(8.5.12) for every n e 7, a(n) = n -f 1. 

The fact expressed by (8.5.12) is particularly significant, since it pro¬ 
vides a description of the basic function a in terms of the opeiation +. 
This description makes possible a useful reformulation of the axioms: 

: For every m, u e I, ii m ^ u, then m \ ^ ri 
IV : For every m « 7, m -j- 1 5^ 1* 

III': Let i7 c 7 such that 

(a) \ 

(b) for every g c 71, g + 1 e 7^- 
Then 77 = 7. 

We conclude this section with the proof of an exceedingly important 
theorem about the operation +. The proof wiU use the reformulation 

of the axioms. 

(8,5.13) Theorem: Let m,nel. If m 9 ^ n, then, for every pel, 

m-\r p ^ n-^r p. 
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Proof: Let m, n 1 1 such that m ^ n. Define 


H = Q>;m+p?^n + p]. 


Now, since m ^ 1 ^ n 1, by I ; hence lei/. 

Suppose q € H, that is, m + g n + 9. Then, by I', (m + g) + 1 ^ 
+ 1 . Hence, by (8.5.10), m + {q + \) ^ n + {q + 1). Thus 

We have sho^^'n that H satisfies the hypotheses of IIP, whence H = 1 
by III'. This completes the proof. 


(8.5.14) Corollary: Let m , nel . If there exists pel srich that 
w + p = n + p, then m — n . 

Remark: This corollary is a precise statement of one of the “rules of 
cancellation” which elementary students sin against so often. 

Proof: This corollary is really a contrapositive of (8.5.13) and so ne^s 
no proof. However, it might be instructive to see how a contrapositive 
statement of a theorem may be proved from the theorem. 

The proof is indirect. Lot tti, n el. e show that if the conclusion, 
m = n, is false, the hypothesis cannot be true. Thus suppose 7n n. 
Then, by (8.5.13), for every peI,7n-\- p 9 ^ n + p. Hence there does 
not exist pel for which + p = n + p, contrary to the hypothesis. 
This completes the proof. 


(8.5.15) Corollary: For evenj m, p e I, 7n 9 ^ mp. 
Proof: Suppose there e.xist vi, p e I such that m = 771 + p. 


Then 


But then 


m + 1 = (w + p) + 1 
= 771 + (p + 1) 

1 = P+ 1 


This contradicts IP. The proof is complete. 


[by (8.5.10)]. 
[by (8.5.14)]. 


8.6. The Operation X (Times). [Basis: (/, 1, <r); Axioms: I, II, III.] 
We now proceed to the introduction of the other fundamental opera¬ 
tion on 7 X / to /, the operation X (times). 

Intuitively, the operation X beai's the siune relation to the (set- 
theoretic) cartesian protluet jis -|- beai's to the set-theoretic sum. Hence, 
if 771 and n are counting numbers which ilenotc the “manyness” of two 
sets Af and W, then 771 X a is the “nianyness” of the set M X N. The 
reader might try this out on two simple sets, for example, those in 
(4.8.8). 
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The method used to introduce X is similar to the method of intro¬ 
ducing +. Again we seek defining properties, that is, properties of X 
from which all others may be deduced. And again these properties 
are formulated for the appropriate function on I to S. After proving the 
existence and uniqueness of this function, we shall define X as the asso¬ 
ciated operation. The only difference between the procedures of this 
section and those of the preceding lies in the defining properties. 

(8.6.1) Theorem: For every m e I, there exists a sequence /ii e S, sxLch 
(hat 

(a) g(l) = m; 

(b) for every nel, y{n + 1) = u(n) + Tn, 

Proof: Define 

(1) H = [m\ there exists g e S satisfying (a), (b)]. 

First we show that To this end, define g as the identity func¬ 

tion on J to 7 (that is, the identity relation on 7 X 7), so that, for every 
pe7, g(p) = p. Of course, g c S, and g(l) = 1, so that (a) holds. 
Moreover, for every n e 7, 

g(n + 1) = n + 1 = g(«) + 

and (b) is established. Therefore 1 c 77. 

Next, suppose q e H. This means that there is a function X e S such 
that 

(2) X(l) = q; 

(3) for every n € 7, X(n + 1) — X(n) + q. 

Now define g € S by the requirement that 

(4) for every n « 7, g(n) = X(n) + n. 

Then 


(5) m(i) = ^(l) +1 

= g + 1 [by (2)]. 

Moreover, for every n e 7, 

(6) + 1) = +!)+(»+!) I>y (4)] 

= (\(n) + 9) + (n + 1) [by (3)] 

= (X(n) + «)+(?+ 1) Cby (8.5.11)] 

= n(.n) + (g + 1) Hby (4)]- 


But (5) and (6) are (a) and (b) with m = g + 1. Hence, for to = g + 1, 
there exists a function m « S satisfying (a) and (b), so that g + 1 e H. 
Thus g £ H implies g + 1 £ H. By III', H = I. This completes the 

proof. 
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(8.6.2) Theorem: Let me I. If fi, \eS both satisfy (a), (b) of 
(8.6.1), then ^ 

Proofs Let tn € I. Suppose and X both satisfy (a), (b) of (8,6.1), 
so that 


( 1 ) 

( 2 ) 

(3) 

Define 


/j(l) = = X(l); 

for every n e I , + 1) 

for every n e I, X(n + 1) 


/i(n) + m; 
X(n) “h m. 


H = [n e I; n{n) = X(n)] 


Then 1 € H by (1). 
Suppose q e H, so that 

(4) 

Then 

(5) 

( 6 ) 

so that 
(7) 


fx{q) = \{q). 


y{q + 1 ) = m(9 ) + ^ 

\(q -f 1) = X(g) + m 


[by (2)3 
[by (3)], 


+ 1 ) = + 1 ) 


[by (4), (5), (6)3 


Hence g + I 6 H. 

By III', H ~ I. This completes the proof. 

(8.6.3) Definition: We define a function on 7 to S as follows: For 
each m ely the correspondent of m under the function is the unique 
sequence satisfying (a) and (b) of (8.6.1). The correspondent of m is 
denoted by Hm, and the function by (/xm; c 7). 

Remark: As in the case of (am;wi€7) [see (8.5.3)3, the function 
(m^; m € 7) is the unique function with certain properties, namely, 

for every m e I, /im(l) = w; 

for every me I, and for every n « 7, Mm(n + 1) = ym{n) + m. 

(8.6.4) Definition: We define the operation X on 7 X 7 to 7 as 
the associated operation to the function (m™; me I) on 7 to S; thus, for 
every my n ely 

m X n = X(w, n) = Mm(n). 


(8.6.5) Theorem: For every me ly 


(a) 

(b) 


X(m, 1) = m; 
X(1, m) == w. 


Proof: This is left for the reader. 
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(8.6.6) Theorem: For every m, n e I, 

X (m + 1, n) = X (m, n) + n. 

Proof; This is parallel to the proof of (8.5.6.b) and is left for the 
reader. 

(8.6.7) Theorem : For every m, n el, 

X (w, 71 + 1) = X (m, n) + m. 

Proof: This is a restatement of ( 8 . 6 .l.b) in the new terminology. 

We show next that the operation X is commutative. 

(8.6.8) Theorem: For every m, ne I, X(n, m) = X{m, n). 

Proof: Let me/. Define 

H = [n; X(n, m) = X(m, n)]. 

First, 1 e/^ by (8.6.5). 

Now let qtH, that is, let 

(1) X(<?, m) = X(m, q). 

Then 

X(g + 1, m) = X( 9 , m) + m [by ( 8 . 6 . 6 )] 

= X(m, 3 ) + m [by (1)] 

= X(m, 3 + 1) [by (8.6.7)], 

so that 3 + \ eH. Thus qeH implies 3 + \ eH, 

It follows from IIP that H = /, so that, for every me/, and for every 
We/, X(n, m) = X(m, n). This completes the proof. 

The next theorem expresses a fundamental joint property of + and X. 

(8.6.9) Theorem : For every m, n,p€ /, 

X(m, n + p) = X(m, n) + X (m, p). 

Proof: Let m,n el. Define 

(1) /f = [p; X(m, 71 + p) = X(m, Ti) + X(m, p)]. 

First, 1 € /f, since 

X(m, n + 1) = X(m, n)m [by (8.6.7)] 

= X(m, n) + X(m, 1) [by (8.6.5.a)]. 

Now let qeHj that is, let 

(2) X(m, 71 4* ?) = X(m, ti) + X(m, 3 ). 
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X w "h (5 ^)) “ ^ + 9 ) H" 1) 

= X(w, n-\- q)-\- m 
= (X(w*, n) + X(m, q)) + m 
= X(m, n) + (X(m, q) + m) 

= X(?n.n) + X(w, g + 1) 


[by (8.5.10)] 

[by (8-6.7)] 
[by ( 2 )] 
[by (8.5.10)] 

[by (8.6.7)], 


so that g + 1 f //. Thus q € f/ implies <7 + 1 e 77- 
Thus H = 7 by IIT. This completes the proof. 

Finally we prove that X is associative. 

(8.6.10) Theorem: For every m, n, pc 7, 

X(X(m, n), p) = X(m, X(n, p)). 


Proof: Let m, n e I. Define 

H = [p; X(X(» 2 .n),p) = X(m, X(n, p))]. 


First, 1 € 77, since 

X(X(m, n), 1) = X(wi, n) [by (8.6.5.a)] 

= X^i, X(h, 1)) [by (8.6.5.a)]. 

Now let q c 77, that is, let 

(1) X(X(m, n), 5 ) = X(m, X{n,q)). 


Then 

X(X(m, n),g+ 1) = X(X(m, 71 ), 9) + X(77i,n) 

= X(m, X(7i, 9 )) + X(m, n) 
= X{m, X(n, q) + n) 

= X(7n, X(n, g + 1)) 


[by (8.6.7)] 
[by (1)] 
[by (8.6.9)] 
[by (8.6.7)], 


so that q-\- 1 c 77. Thus c 77 implies 9 + 1 c 77. 

Hence 77 = 7 by IIP. Tliis completes the proof. 

The reader has probably realized, particularly in view of the preceding 
section, that the results (8.6.5), ( 8 . 6 . 8 ), (8.6.9), (8.6.10) are facts which 
he has repeatedly heard or seen asserted in the notation wherein XC»i, ») 
appears as m X n. Actually, in X n is usually written in * Ti or even inn. 
This last notation, although somewhat unfortunate, does not actually 
lead to any ambiguity, since no significance has been attached to the 
juxtaposition of two symbols for elements of I. However, we prefer to 
avoid the notation mn and generally shall use the dot notation m • n. 


(8.6.11) Definition: • =X. 
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Thus, for every m, n € /, w ■ n = w X n = X(m, n). Translating the 

results (8.6.5), (8.6.8), (8.6.9), (8.6.10) into this notation gives the 
familiar looking statements that follow. 

(8.6.12) Theorem: For every me/, m*l = l-m = m. 

% 

(8.6.13) Theorem: For every — n • m. 

(8.6.14) Theorem: For every m, n, pel, m ' {n-\- p) = (m • n) + 
(m • p). 

(8.6.15) Theorem; For every m, n, p e I, (m • n) • p = m • {n • p). 

The theorems (8.6.13) and (8.6.15) state that • is commutative and 
associative. The more complicated (8.6.14) is usually expressed by 
saying that • is distributive with respect to +. 

It should be mentioned that the analogue, for the operation *, of 
(8.5.13) is valid, but it is more conveniently proved with the help of 
some of the results of the next chapter. Accordingly, we postpone it 
until (9.2.16). 


(8.6.16) Project; Prove (8.6.5.). 

(8.6.17) Project: Prove (8.6.6). 

8.7. Notation. [Basis: (/, 1, o-); Axioms: I, II, III.] We conclude 
this chapter with remarks concerning certain notational usages and the 
mtroduction of special symbols for certain particular positive integers. 
Let m,n,pe 7. Then the S 3 anbol 

(S-7.1) m + n + p 

has no meaning at the moment. There are, however, two ways of in¬ 
serting parentheses into (8.7.1) to make it a meaningful symbol, the 
results being 

(m + 7i) -h p and m + (w + p). 

Now, by (8.5.10), these two elements are actually the same, whence it 
IS reasonable to use (8.7.1) to represent the common meaning of (m + n) 
+ p and m + (n + p). Thus 

m + n + p = (m + w) 4- p = w + (n + p). 

Similar considerations for the operation • lead to the definition 

m • n * p = (m • n) • p = m • (n • p). 


Let us consider now the s 3 rmbol 


( 8 . 7 . 2 ) 


m + n • p. 
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This also has no meaning as it stands; however, there are, as before, two 
ways of introducing parentheses into (8.7.2), yielding 

(8.7.3) ("1 + ”) • P 


and 

(8.7.4) m + (n ■ p). 

It should be observed that (8.7.3) and (8.7.4) are not always equal. 
For if w = 1, n = 1, p = <r(l) = 1+1, then 


m + (n • p) = 


1 + (1 . (1 + 1 )) 
1 + (1 + 1 ) 


On the other hand, 


[by (8.6.12)] 


(m + n) • p = (1 + 1) • p == p • (1 + 1) [^y (8.6.13)] 

= (p * 1) + (p * 1) [t>y (8.6.14)] 

= p+p [by (8.6.12)] 

= (1 + 1) + (1 + 1) [since p = 1 + 1] 
= (1 + 1 + 1) + 1 [by (8.5.10)] 

= (r(l +1 + 1) [by (8.5.12)], 


Since cr(l + 1 + 1) (1 + 1 + 1), by (8.3.1), it is seen that, at least 

in the particular case considered, {m + ?)) • p m + (a • p). Despite 
the fact that (8.7.3) and (8.7.4) are not necessarily equal, it is convenient 
to use the notation (8.7.2) to mean one of these two things. General 
mathematical custom dictates that m + n • p be used to denote 
w + (n • p). A similar agreement is made with respect to m ■ n + p 
or w • n + P • 9 ; in all cases the operation • is “performed” first. Thus 
the conclusion of (8.6.14) could be written 


m • (n + p) = 7 n • ii + 7n • p. 

There are a few positive integers whose occurrence in what follows 
is so frequent that it is convenient to introtluce special symbols for them. 


(8.7.5) Definition : 


(a) 2 = l + l( = <r(l)); 

(b) 3^2+1; 

(c) 4^3+1; 

(d) 5 = 4+1; 


(e) 6 = 5+1; 

(f) 7 = 6+1; 

(g) 8 = 7+1; 

(h) 9 = 8+1. 


Remark: While in (8.7.5) no definition except (a) is meaningful by 
itself, each acquires meaning with the help of the preceding definition(s). 
Thus 4 = 3+1 = 2+1 + 1 = 1 + 1+1 +1. 


It is possible now to prove the familiar rules which the positive inte¬ 
gers 2, 3, 4, 5, 6, 7, 8, 9 obey. The next theorem is an example. 


the positive integers 

(8.7.6) Theorem: 2 • 2 = 4. 

Proof: 2 ■ 2 = 2 • (1 + 1) 

= 2.1 + 2.1 
= 2+2 
= 2 + ( 1 + 1 ) 

= ( 2 + 1 )+ 1 
= 3+ 1 
= 4 

Remark: The proof just given shows also that 2+2 
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[by (8.7.5.a)] 
[by (8.6.14)] 
[by (8.6.12)] 
[by (8.7.5.a)] 
[by (8.5.10)] 
[by (8.7.5.b)] 
[by (8.7.5.C)]. 

= 4. 


(8.7.7) Project: Prove that, if m, n,p,qt 7, then 

(a) (?» + n + p) • 5 = m • 5 + n • g + p ■ 5 ; 

(b) (to + n) • (p + q) 

(c) (wi + n) • (m + ??) = m • m + 2 • m • n + n • n; 

(d) (m + n) • (m + n) • (m + n) 

= m*m*m+3*7n*7n‘n + 3*7w*n‘n + n*n‘n. 


(8.7.8) Project: Prove each of the following: 

(a) 3 • 2 = 6; (b) 4 • 2 = 8; (c) 3 • 3 = 9; 

(d) 3 + 2 = 5; (e) 5 + 2 - 7; (f) 6 + 3 = 9. 


8.8. Conclusion. [Basis: (7, 1, a)\ Axioms: I, II, III.] It has been 
seen that each of the operations +, • is associative. Let us recall that 
associativity is one of the requirements for group operations (Axiom I 
for groups). It is natural to inquire whether the set 7, together with 
either of the operations +, •, is a group. The answer is unfortunately in 
the negative, since Axioms II and III (for groups) are not satisfied for 
either operation. For example, there is no element xtl such that 


x-\- I — 

as II' states. Similarly, it is easy to show that there is no positive 
integer y such that 

y‘2 = 1. 

The proof of this fact is left for the reader. 

That neither (7, +) nor (7, •) is a group is a serious drawback and 
limits the usefulness of the positive integers; because of this handicap, 
there are many purposes for which the positive integers are unsuited. 
Accordingly, other “number systems” have been developed which 
jargely eliminate this failing. Some of these systems will be describee 
in subsequent chapters. 

(8.8.1) Project: Prove that there exists no element y cl such that 
2/*2 = 1 . 
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FUNDAMENTAL RELATIONS ON THE 

POSITIVE INTEGERS 

9.1. Introduction. [^Basis: (/, l,(r); Axioms: I, II, HI.] It \\as 
proved in (8.8) that it is not true that, for every m,nelj 

(9.1.1) there exists xel such that m + x = n; 

it was also proved that it is not true that, for every ttif n e I, 

(9.1.2) there exists y e I such that m • y — n. 

However, it may well happen that there exist pairs (m, n) of positive 
integers for which (9.1.1) or (9.1.2) holds. For example, if m = 1, 
n = 2, then (9.1.1) is true, since x = 1 is effective. Similarly, if m = 1, 
n = 1, then (9.1.2) is true, since ?/ = 1 is effective. It appears that the 
set of pairs {rn, n) € 7 X 7 for which (9.1.1) holds is a non-empty proper 
subset of 7 X 7. This subset is, of course, a relation on 7 X 7; as such 
it is given the name is less than. Similarly, the proper non-empty subset 
of 7 X 7 consisting of those pairs ( 7 / 1 , n) for which (9.1.2) holds is a rela¬ 
tion called divides. These relations derive their importance from the 
fact that they distinguish those pairs to which the group processes 
embodied in the group axioms II, III are applicable. That these rela¬ 
tions occupy a central position in the theory of positive integers will be 
seen from the exposition of them to be given in the remainder of the 
present chapter. In particular, the significance of regarding <7 as a 
mathematical description of the intuitive “succession” in which the 
counting numbers occur will be investigated through our study of the 
relation is less thati. 

9.2. The Relation < (Is Less Than). QBasis: (7,1, <r) ; Axioms: I, II, 
III.] 

(9.2.1) Definition: 

< = [](7n, n); there exists p 11 such that m + p = n]. 

Hence one Avrites m < n (read “ 7/1 is less than 7i”) if and only if there 
exists p € 7 such that 7 n-\- p = n. 

Remark : It is clear that, for every viy pelf (w, 7/1 + p) e <, whence 

7)1 < 7)1 + p. 

In particular, for every 7 n c 7,7 )i < 771 + 1. 
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(9.2.2) Definition: We define relations >, ^ on 7 X 7 by the 

requirement that, for every m, n e 7, 

(a) m> n if and only if n < m] 

(b) m ^ n if and only if w < n or m = n; 

(c) m n if and only if m > n or m = n. 

Remark: These definitions could be expressed more compactly with 
the help of the notations introduced in (5.3) as follows {E is the identity 
relation on 7 X 7): 

(a) > = <*; 

(b) ^^<+E; 

(c) 

(9.2.3) Notation: The negatives of the relations <, >, ^ are 
written respectively <, >, ^. 

Remark: Note that the statement m $ n means m < n and m 9^ n. 
The notations <' and — <, which, in accordance with (5.3), might be 
used to indicate the negative of <, will never appear, in deference to 
mathematical custom. 

Remark: We suggest that at this point the reader remind himself of 
the important theorem (8.5.13) and the corollaries (8.5.14) and (8.5.15) 
because of their significance for the relation <. For example, (8.5.14) 
implies that, for every m, nel, there is at most one p e7 such that 

^ "h p = n. In fact, if w + P = ^ w + 5 = w, then wi + p — 
^ + q, and so p = g by (8.5.14). This unique p, if it exists, is called 

the difference between n and m. [_A few properties of this difference vdll 
be studied in (9.5).] It has been pointed out that there need not exist 
such a p. Our next theorem implies that p cannot exist U m = n. 

(9.2.4) Tuboheu: For every m e 1, 7n < m. 

Proof : Suppose there exists m e I such that m < wi. Then t ere exis s 
P € 7 such that m + p = w. But this contradicts (8.5.15). The proof 
is complete. 

(9.2.5) Theorem: 7/ m, ntl such that there exists qel for which 

^ < q and q < n, then m < n. . , 

Proof: Let m,n,qel such that m <qoxidq<n. Since m < g, there 

exists p e 7 such that 

(1) m 4" P = ?• 

Since ? < n, there exists r e 7 such that 

(2) g + r = n. 
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From (1) and (2) we have 

(m + p) + ?■ = 

or, since + is associative, 

w* + (p + 0 = 

whence m < n by (9.2.1). 

Theorem (9.2.5) expresses that the relation < is transiiivB. 

(9.2.6) Corollary: Lcf m, n € /. TheUy 

(a) if there exists q e I for which m < q and q ^ n, then m < n; 

(b) if there exists q e I for which m ^ q and q < n, then m < n; 

(c) if there exists q e J for which m ^ q and q ^ n, then m ^ n. 

Proof of (a): The proof is very simple but is given in detail because 

it is our first example of a proof by “considering cases.” Let m, n, g € J 
such that 

m < q and q ^ n. 

Since q ^ n, we have either q < n or q ^ n. These possibilities are 
treated separately. 

Case 1: 7 < 7t. Since m < q^ we have m < n by (9.2.5). 

Case 2: 7 = n. Since m < q, we have m < n. 

Proofs of (b) and (c) : These are left for the reader. 

(9.2.7) Theorem; If m, n c / such that ni < then n < m. 

Proof: Suppose there exist ni, n €l such that m < n and n < in. 

Then m < m by (9.2.5). But this contradicts (9,2.4). 

(9.2.8) Theorem: If niy n^I such that m ^ n ar^d n ^ m, then 
m = n. 

Proof: This is an immediate consequence of (9.2,7), as the reader 
may show. 

(9.2.9) Theorem: For every mtly cither 1 = m or 1 < ni. 

Proof: Let m tl. Then, cither 1 = m or \ ^ in. In the latter case, 
by (8.3.2), there exists p € I such that 


thus 1 < m. 


m = a{p) = p4-l = l + p; 


Remark: A more compact form for (9.2.0) is this; 

for every m € /, 1 ^ 7/? (or, equivalently, m ^ 1). 
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(9.2.10) Theorem: Let m,nel. Then, 

(^) if m < n 1, then m ^ n; 

(b) if m < n, then m + 1 ^ n. 

Proof of (a) : Let w < n + 1. Then there exists r € 7 such that 

(1) m + r = K + 1. 

By (9.2.9), 1 = r or 1 < r. If 1 = r, then m ~ n by (1), (8.5.14), so 
that m ^ n is true in this case. If 1 < r, there exists s e 7 such that 
1 + s = r. From (1) we have 

(2) w + 54“1 = w+1, 

whence, by (8.5.14), m + s = n, and m < n. Thus, in this case also, 
m ^ n. 

Proof of (b): This is left for the reader. 


(9.2.11) Theorem: If m, n el such that m < n, then, for every r el, 
m + r < n-\- r. 

Proof: Let m, n el such that m < n. Then there exists pel such 
that 

m p = n. 

Therefore, for every r el, 


whence 
so that 


(m + p) + r = n + r, 
(m + r) + p = n + r, 


m + r < n + r. 

(9.2.12) Corollary: If m, n, p, qel sitch that m <n and p ^ 
then m + p < n + g. 

Proof; If p = g, this is (9.2.11). Suppose p < g. Now, since m < n, 
(1) m+p<n+p [by (9.2.11)]. 


But, since p < g, 

(2) n+p = p + n<g+n = w+ g [by (9.2.11)]. 

But (1) and (2) yield m+p <nH-gby (9.2.5). 

(9.2.13) Theorem: Let m,nel. If there exists rel such that 
in-\- r < n + r, then m <n. 
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Proof: Let m,ntl such that there exists r e 1 with m + r < n + r. 
Hence there exists p € / such that 


or, equivalently, 


(m + r) + p = n + 

(w + p) + r = n + r. 


Then, by (8.5.14), w + p = n, whence m < n. 

(9.2.14) Theorem: If rriy n e I, then m = n or m < n or n <. m. 
Proof: Let m e I. Define 

// = [n; m = n or m < n orn < m]. 

Now 1 € H, since 1 = wi or 1 < wi by (0.2.9). 

Suppose that q e IJ. Then there are three cases to consider, namely, 
tn ~ q, in <C. q, q m. \\ e shall show that, in all cases, q 1 e H. 
First, if ? = Ttt, then, by (9.2.1), m < w + 1 = ^ + 1; hence g + leH. 
Secondly, if m < q, then, since g < g + 1, we have m < g + 1 by 
(9.2.5). Hence again g + 1 « //. 

Finally,ifg < w, then, by (0.2.10.b), g-j-1 ^ m. Buttheng+ 1 <m 

or g + 1 = m, whence g + 1 € //. 

Thus we have sho\\Ti that q € II implies g + 1 € H. 

Now IIP yields H = I, that is, for every in, n e 7, either w = n or 

m < n or n < in. 


Remark: Theorems (9.2.5), (0.2.7), and (9.2.14) state the most 
important properties of <. In (15.4) it will be seen that (9.2.5) and 

(9.2.7) show that I is partially ordered by the relation <, and that (9.2.14) 
expresses the fact that 7 is linearly ordered by <. In view of (9.2.4) and 

(9.2.7) , it is seen that, for every in, n € 7, no more than one of the three 
statements m = n, in < n, n < in is true. Thus (9.2.14) implies that 
exactly one of these three statements must be true. 

Since, for every pair {in, n)» exactly one of the statements wi < n, 
m > n, m = n is true, the three relations <, > , E constitute a “sub¬ 
division” of the set 7 X 7 of all pairs (m, n)- That is, every pair 
{m, n) el X 7 is in cither the set <, the set > or the set E, and the set- 
theoretic product of any two of these sets is 0. Such a subdivision of 
7 X 7 is very useful in proofs. Often, when it is desired to prove some 
assertion “for every in, n e 7, it is true that • * •” (“for every element 
{m, n) « 7 X 7, it is true that • • *”), it is convenient to consider the 
three “cases” in < n, in > n, in = n separately, applying a (possibly) 
different method in each case. The proofs of (9.2.16), (9.2.21) \vill 
illustrate this technique. 

(9.2.15) Theorem: If m, n e I such that m < n, then, for every p«7, 


m • p < n * p. 
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Proof: Let w < n, so that there exists r e 7 such that m + r = n. 
Then n • p = (m + r) • p = • p + r • p, whence m • p < n * p, 

(9.2.16) Corollary: If m, nel such that m ^ n, then, for every 
pel, 

m * p 7^ n • p. 

Proof: Let m 9 ^ n. Then, by (9.2.14), either m <n or n < 7 n. If 
m < n, then, for every p e 7, m • p < n • p, and so m • p 9 ^ n • p by 
(9.2.4). If n < m, then, for every pel, n • p < m * p, and again 
n • p 9 ^ m * p. 

Remark: These last two results, (9.2.15) and (9.2.16), are the ana¬ 
logues for • of (9.2.11) and (8.5.13), respectively. 

(9.2.17) Corollary: Let m,neL If there exists pel such that 
m • p — n * p, then m — n. 

Proof: This is a contrapositive of (9.2.16) and so needs no proof. 

(9.2.18) Corollary: Let m,p el such that m = m ‘ p. Then p = 1. 

Proof: If m = w • p, then 1 * m = p • m, and 1 = p by (9.2.17). 


(9.2.19) Corollary: If m,p e 7, then m ^p. 

Proof: If p = 1 then m * p — m. If p 5 *^ 1 then 1 < p by (9.2.9), 
whence 1 • m < p * by (9.2.15), or m < m • p. 

(9.2.20) Corollary: If m,p e I such that m • p = 1, then to = 1 and 

p = 1. 

Proof: Let m * p — 1. Suppose to 1. Then 1 < to by (9.2.9), 
and so p < TO • p by (9.2.15), or p < 1. This contradicts (9.2.9), so 

that TO = 1. Then 1 = to • p = p- 

(9.2.21) Theorem: Let m,nel. If there exists pel such that 
m • p < n ‘ p, then m < n. 

Proof: Let ni,n el such that there exists p such that m • p < n ^ p. 
Then, by (9.2.14), either to = n or to < n or n < to. If to = n, then, 
for eveiy p e I, m ' p ~ n ^ p, contradicting the assumption that there 
exists pel such that m * p < n • p. If n < to, then, for every p e 7, 
n ■ p < TO • p by (9.2.15), again contradicting the assumption in view of 

(9,2.7). Thus m < n, 

(9.2.22) Theorem: If m,n,p,qel such that m < n and p ^ q, then 
m • p < n • q. 

Proof: If p = this is the same as (9.2.15). If p < ^, then 

TO * p n • p [^by (9.2.15)]], 


and 

Hence 


n • p < n • q 
m • p < n • q 


[by (9.2.15)]. 
[by (9.2.5)]. 
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(9.2.23) Project: Determine the domain and range of the relations 

<r Which, if any, of the relations <, >, ^ are functions? 

Why? 

(9.2.24) Project: Let m, n, p, qel such that m n = p q. 
Prove that, if m < p, then q < n. Also prove that, if m ^ p, then 
q ^ n. 

(9.2.25) Project: Prove (9.2.6.b), (9.2.6.c). 

(9.2.26) Project: Prove (9.2.8). 

(9.2.27) Project: Prove (9.2.10.b). 

9.3. Least and Greatest Elements. [Basis: (J, 1, c); Axioms: I, II, 
III.]] In this section we continue the study of the relation <, with par¬ 
ticular reference to its behavior on subsets of /. The system (7, 1, <r) is 
one of many “number systems” which arc fundamental in mathematics. 
For each of these systems there is a relation which satisfies most of the 
properties which were shown to hold for the relation < on 7 X 7. In 
fact, the similarities are so numerous that it is customary to use the 
same symbol < for all these relations. However, most of the results of 
the present section have no valid analogues for the other “number 
systems” to be discussed. Thus this section will present some of the 
important distinguishing features of the relation < on 7 X 7. 

(9.3.1) Definition : Let jS C 7. An element m e 7 is a least {clcmcyit) 
in S in case 

(a) me S; 

(b) for every q e S, m ^ q. 

(9.3.2) Corollary; Lei S cz 7. If m and n arc leasts in S, then 
m — n. 

Proof: Suppose m, n are leasts in S. Then, since m is a least in S and 
since neS, we have, by (9.3.l.b), 7 n ^ n. Similarl}^ since n is a least, 
n ^ m. But then m = nhy (9.2.8). 

(9.3.3) Definition : Let S (Z I. An element m e 7 is called a greatest 
(element) in S in case 

(a) meS; 

(b) for every q e S, m ^ q. 

(9.3.4) Corollary: Let 5 C 7. If m and n are greatests in jS, then 
m = n. 

Proof: Similar to the proof of (9.3.2). 

Remark: Notice that it has not been asserted that every set S has a 
least and a greatest. It might be observed that, according to (9.2.9), 
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the set I does have a least, namely, 1. On the other hand, it can easily 

be seen that I does not have a greatest. In fact, if ?n is a greatest in 7, 

then, for every p e 7, p ^ m and, in particular, w + 1 S m. But 

m m + 1 by (9.2.1), so that m < m by (9.2.6.a). This contradicts 

(9.2.4). 

(9.3.5) Definition : Let me I. Then define 

Im = \_k',k m]. 

(9.3.6) Lemma: For every qe I, 

(a) 75+1 = 7 , [g + 1]. 

Moreover, 7i = fl]. 

Proof: We recall that two sets are equal in case each is a subset of the 
other [(4.6.4)]]. Let us prove first that 

(1) 7, + [? + 1] <z 7,+i. 

If e [g + 1], then obviously = 9 + 1 , and k e 7,+i. If fc e 7^, then 
k S q. But q < q I by (9.2.1). Hence, by (9.2.6.b), fc < g + 1, so 
that k € 7,+i. This proves the inclusion (1). 

The reverse inclusion, 

(2) Iq+i c= 7g + [g + 1], 

is verified next. If A: c Iq+i, then A: = g+ lorA:<g+l- In the first 
case, A:€[g+ 1]. In the other case. A; < g + 1, so that A: ^ g by 
(9.2.10.a), whence k e Iq. In both cases, 

A: e 7g + [g + 1], 

and (2) is proved. The two inclusions (1) and (2) yield (a). 

Evidently [ 1 ] cz h. To prove the reverse inclusion, let k e 7i, 
whence A: ^ 1. But A: ^ I by (9.2.9). Hence A: = 1 by (9.2.8), 
whence k e [I]. This proves 7i C [1]. Therefore 7i = [1], 

Remark: It has already been mentioned that a subset of 7 need not 
have a greatest; in particular, 7 itself has no greatest. The next two 
theorems show that a non-empty subset of 7 does have a greatest pre¬ 
cisely when it is a subset of Im, for some me I. 

(9.3.7) Theorem: Let me I. For every c: 7^ siick that 5 0, 

there exists a greatest in S. 

Proof; The proof uses the induction axiom III'. Define 

(1) 7/" = [m; if jS <z Im and S 9 ^ then there exists a greatest 

in iSG- 
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First we show that 1 e //. To see this, note that, by (9.3.6), 

(2) /i = [1]. 

Now, by (2), Ix has only two subsets, 0 and [1]. Thus if jS C /i and 
5 7 *^ 0, then S = [1], and S docs have a greatest, namely, 1. This 
shows that 1 € II. 

Now, suppose q € //. We shall show that q lei/. To this end, let 

(3) S C and jS 0. 

We consider two cases, according as q 1 e S or ^ + 1 e' 5. (Recall 
that 7 + 1 e' >S means (? + 1 is not an element of S.) 

Suppose first that q 1 € S. Now, since S C /,+i by (3), for every 
k € S it is true that k e /,^i. Thus A: ^ <7 + 1 by (9.3.5). Then q I 
is a greatest in S by (9.3.3). Accordingly, in this case there is a greatest 
in 5. 

Now consider the alternate case, q 1 e' 5. From (3) and (9.3.6), we 
have 

Hence, for every k e S,k € IqOrk = q 1 . But A* — 7 + 1 is impossible 
since </ + 1 e' ^S; hence k e Iq. Thus 

(4) S C Iq. 

But q ( H. Then, since <S c: /, by (4), and *S 0 by (3), there is a 
greatest in 5 by ( 1 ). 

We have shown that, if <7 € //, then (3) implies that there is a greatest 
in S. But this shows tliat <7 -1- 1 c //. Hence qtll implies 7 + \ eH. 

Now nr gives H = I; that is, for every 7 n € /, if 5 C and 5 5 ^ 0, 
then there is a greatest in S. This completes the proof. 

(9.3.8) Theorem: Let Sc/ such that there is a greatest in S. Then 
there exists me 1 such that S C /,„. 

Proof : Let Sc/ and suppose S has a greatest element m. Then, by 
(9.3.3), for every keS, k ^ ?«. Thus 

S C [A; fc ^ m] = /„. 

Remark: The last two theorems have showm the conditions under 
which a subset of I has a greatest. The next theorem states that every 
non-empty subset of / has a least. This fact expresses that I is tveU- 
ordered by the relation <, as ^^'iII be seen in (15.4). 

(9.3.9) Theorem: Let S C J and S ^ Then there is a least in S. 
Proof: Let S c / and S 5 ^ 0. Define 

(1) T = [m € 7; for every keS, in 5 A]. 
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We show first that T has a greatest. First, T in fact, 1 € T, since 
1 ^ A: for every k e 7, by (9.2.9). Now, since S there exists n e S. 
Then, for every me T,m ^ nhy ( 1 ). Hence 

T cz In = [m; m g n]. 

Thus T satisfies the hypotheses of (9.3.7), and so there is a greatest 
element q'm T. 

It will now be sho^vn that 5 is a least in S. Since qeT, it follows from 

( 1 ) that 

(2) for every k e S, q ^ k. 

In view of (9.3.1), it remains only to show that 

(3) q e S. 

This is proved indirectly. Suppose that q e' S. Then, for every ke S, 
q 7 ^ k; thus, by (2), q < k, whence $ + 1 ^ by (9.2.10.b). Thus, 
for every k e S, q-\- I ^ k, so that g + 1 € T by ( 1 ). But, since 
g < g + 1, this contradicts the definition of g as a greatest in T. Thus 
(3) is true. 

From ( 2 ) and (3) it is seen that g is a least in S. This completes the 
proof. 

Remaek: Theorem (9.3.9) is a very “powerful” result. In fact, it is 
“equivalent to” the induction axiom III, in the following sense: From 
Axioms I and II, the basic properties of <, and (9.3.9), the induc¬ 
tion axiom can be proved. Correspondingly, an argument based on 

(9.3.9) can be used, in future proofs, to replace the usual “induction” 
argument. 

(9.3.10) Project: Prove (9.3.4). 

(9.3.11) Project: For each of the following sets S (Z I, determine 
whether a least exists and whether a greatest exists. Find all leasts 
and greatests that do exist. In (b), (c), (e) treat all cases. 

(a) 5 = [1,2, 4]; 

(b) ^ = 7 — [n] (n being any element of 7); 

(c) S = — In (m, n being any elements of 7); 

id) S = 12 •h;ke]^; 

(e) S = I — In (n being any element of 7). 

(9.3.12) Project: Let S c: I,S and let be a function on 
5 to 7 such that 

m,n€S,m<n implies ^(w) ^ ^(n). 

Define T = range of <p. Prove: 

(a) if 7 ?io is a least in 5, then is a least in T; 

(b) if Tio is a greatest in 5, then ^(«o) is a greatest in T. 
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(9.3.13) Project: Let S (Z I, and let m be a greatest in S. Define 

T = e I; p € S implies k > p~]. 

Prove that w -f~ 1 is a least in T. 


9.4. The Relation | (Divides). [Basis: (/, 1, a)\ Axioms: I, II, III.] 
In this section, we introduce and study briefly another relation on J X /; 
it is defined in ternis of the operation • in the same way that < is defined 
in terms of the operation -p. It will be seen that, in spite of the paral¬ 
lelism of the definitions, many of their properties are quite different. 

(9.4.1) Definition: Define a relation | on 7 X / thus: 

I — C(w» there exists p € 7 such that m * p — 7i]. 

Corollary: If m, n e 7, then m \ n (read “m is a divisor of or “m 
divides n ”) if and only if there exists pel such that m • p — n. 

Proof: This is obvious, since m | n means (ni, n) e |. 

(9.4.2) Notation: The negative of | is written 

(9.4.3) Theorem: For every 7n e I, 7n\ m. 

Proof: This is clear since 7 n • I = m. 


(9.4.4) Theorem: If m, ntl such that there exists qel for which 

m I q afid q \ n, then 7n \ 7i. 

Proof: Since m \ g, there exists pel such that 
(1) 7n • p — q. 

Since q \ n, there exists r e I such that 


( 2 ) 

From (1) and (2) we have 
or 

whence m [ n. 


q ‘ r ^ n. 


(m • p) • r = n, 
m • (p • r) = 71, 


(9.4.5) Theorem: If ryi , nel such that 7n \ n, theri ni ^ n. 

Proof: If m\ /i, then there exists pel such that 7 U • p = n. But 

7n ^ 7n • p = 71, by (9.2.19). 

(9.4.6) Theorem: If 771 , 71 e I such that 7n | n and 71 1 r?*, then m = n. 
Proof: Let tr | ti and 77 ] 771 . Then 7/1 ^ n and 7 i ^ 771 by (9.4.5), 

whence m = 7ihy (9.2.8). 

(9.4.7) Theorem: If 7n, qel such that m | (71 + q) and m | n, then 
771 \ q. 
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Proof: Since m\ (n + 9 ), there exists re/ such that 

( 1 ) m • r — n-\- q) 
since m | n, there exists s e I such that 

( 2 ) rn ‘ s = n. 

Now n + 9 > w, so that m • r > m ‘ s. Hence, by (9.2.21), r > s. 
Thus there exists t e I such that 

(3) r = 5 + / 

Then 

n + 9 = w r [by ( 1 )] 

= w ■ (s + 0 [by (3)] 

— m • s + m * t 

= [by ( 2 )]. 

Thus, by the cancellation rule (8.5.14), 

q = m • t, 

so that m \ q. This completes the proof. 

The reader should have observed one striking difference between the 
relation | and the relation <, namely, that m | m wliile m < m. Actually 
I behaves more like ^ than it does like <. Notice that, in view of 
(9.4.4), I does have, in common with both < and ^, the property of being 
transitive [see (9.2.5) and (9.2.6.c)]. However, the analogy between 
I and ^ breaks down very quickly. In fact, according to (9.2.14), for 
every m, n e /, either m — n or m < n ov n < m) thus either m ^ nor 
n m. However, it is not true of every m, n that either m\novn\m. 
This can be seen by a simple example. Let w — 2 , n = 3. Since 
n — m < n. But if n\in, n ^ m by (9.4.5). Thus n\'m. 

If w I n, then there exists 9 « / such that m • q = n. Hence 2 • 9 = n. 
If 9 = 1 , we have 2 = 2*l=n = 3, which is a contradiction. If 
9 1 , then 9 = s + 1 , for some s; and we have 

n = 2'(s+l) = 2'sd-2*l, 
or 

2 + 1 = 2 + 2 • s, 

whence 

1 = 2 • s [by (8.5.14)3, 

so that 2 = 1 by (9.2.20), contrary to 1 < 2. Thus m \' n. 

If we call m € I 8 l divisor oi n € I \i 'm\n, then every n el such that 
n ^ \ has (at least) two divisors, namely, n and 1 , since n \ n and 1 | n. 
Those positive integers (^ 1 ) which have no more than two divisors are 
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distinguished from those which have additional divisors by the following 
definition, which we now state for reference. 

(9.4.8) Definition: Let n e I. Then n is called a prime (number) if 
n 9 ^ I, and if, for every m such that m \ n, it is true that m = 1 or m = n. 

Although a considerable part of the study of the set I is devoted to 
the investigation of the properties of prime numbers, we shall not 
consider them here; in (12.5) a fundamental theorem concerning primes 
is treated. 

We now prove an exceedingly important theorem ^dth many uses 
both in practical computation and for the further theory of positive 
integers. 

(9.4.9) Theorem: If m, n tl such that m < n and m |' n, then there 
exist unique elements q, r 11 such that 

(a) n = m ' q r and r < m. 

Proof of Existence: Define 


(1) S = [_s; m • s < n]. 

It will be shown that *S has a greatest. First, 5 0; in fact, 1 € S, since 

m • I = m < n. Next, for every s e jS, 

s ^ w • s [hy (9.2.19)], 

and 


m * s < n 


[by (1)]. 


SO that 


(2) s < n [by (9.2.6.b)]. 

But, since (2) holds for every s e *S, we have 

<S C 7„ = [s; s S n]. 


It has been sho^^^l that S satisfies the hypotheses of (9.3.7), whence 
there is a greatest element q in S. 

Since q t S, 

m-q <n [by (1)], 

whence, by the definition of <, there exists r el such that 

(3) n = 7n • 7 + r. 

It must now be showm that r < 

Since, by (9.2.14), either r = m or r > yn or r < it is sufficient to 
show that r = m and r > yn are false. If r = »*, then, by (3), 

n =5 m • + w = 


w • 9 + m • 1 =» m • (g + 1), 
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whence m \ n, contrary to the hypothesis m\' n. li r > m, there exists 
t € I such that r — m+ t. Then 

n — 

= l)-\- t, 

whence w • (g + 1) < n and qI € S hy (1). But g + 1 > q. Thus 
q-\- I eS contradicts the fact that ^ is a greatest in S. Consequently 
r > m leads to a contradiction and is false. Then r < m, as the only 
remaining possibility, has been demonstrated. This completes the proof. 
Proof of Uniqueness: Suppose q,r,u,v€ I such that 

(4) ?i = m • g "h r, and r < m; 

(5) n = m • u V, and v < m. 

It will be proved that q = u and r = v. 

We prove q = u again by considering the alternatives q — u, q < u, 
q> u. If q < Uf then there exists p such that u = q p. From (5), 

n = m • (^ + p) + y, 
or 

(6) n = m*q + in‘p-\-v. 

But, from (4) and (6), 

m^q-j-r — 7n'q-{‘m'p-^v. 

Then, by (8.5.14), 

r = m • p + V, 

whence 

(7) r > m * p. 

But 

(8) m • p ^ m [Iby (9.2.19)]. 

From (7) and (8), 

r>m [by (9.2.6.b)]. 

This contradicts part of (4), and so ? < w is impossible. The case 
q> u leads to a contradiction in a similar way (in fact, simply inter¬ 
change q, r with u, v in the above argument). It follows that q — u. 
But then, by (4) and (5), 

n = m*q-\-r = m‘q-\-v, 

whence r = vhy (8.5.14). This completes the proof of the theorem. 



138 


THE ANATOMY OF MATHEMATICS 


(Ch. 9 


Remark: Let ?/?, » e / and m < n. Then either m\n or m\' n. If 
m I' 71 , then, by (9.4.9), there exist unique elements q and r such that 

71 = in • q r and r < m. 

Tlie unique element q is called the quotient (or, better, incomplete quo- 
tient) of n by rn, and r is called the remainder. In the other case, m | n, 
there exists q such that 

n — m ' q. 

It is easy to see from (9.2.17) that this q is also unique. In this case, q 
is called the quotient of n by w, and it is said that there is no remainder. 
Much time is spent in elementary school learning manipulative rules 
for determining q and r for special m, n, in terms of the particular sjTn- 
bolism for elements of I which goes under the name “Arabic notation.” 
But the fact that they exist and are unique for every m, n is, of course, 
never proved. 

We close this section by proving a converse of (9.4.9). 

(9.4.10) Theorem: If m, n € I such that there exist q, r e I for which 

n = ?« • 7 -j- r and r < m, 

then m\' n. 

Proof: The proof is indirect. Suppose 7 n \ n. Then in \ {m • q r). 
But clearly in \ (m ■ q). Hence, by (9.4.7), m \ r. But then, by (9.4.5), 
m ^ r. This contradicts r < m. The proof is complete. 

(9.4.11) Project: Of the positive integers 1, 2, 3, 4, 5, 6, 7, 8, 9, 
which pairs arc in the relation |? 

(9.4.12) Project: Prove that, if in, n, q^I such that | n and 
m I q, then m | (n + q). How is this result related to (9.4.7)? 

(9.4.13) Project: Prove that, if in, n, q el, then in \ n or m \ q im¬ 
plies m I (n • q). Is the converse valid? 

(9.4.14) Project: Prove that, if in\ 1, then in = 

(9.4.15) Project: Determine wliich of the positive integers 1, 2, 3, 
4, 5, 6, 7, 8, 9 are primes. 

(9.4.16) Project: Show that (9.4.9) applies if m = 3, 7 i = 5. De¬ 
termine q, r. 

9.6. Even and Odd. [B.\sis: (7, 1, <r); Axioms: I, II, III.] In Uiis 
section we discuss briefly the definition and properties of and odd 

positive integers. Since the positive integer 2 is essentially involved, 
we recall its definition. 
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(9.5.1) Definition: Define 2=1+1. 

It is important to note that 1 is the only positive integer less than 2, 
as we show next. 

(9.5.2) Lemma: Let me I and m < 2. Then m = 1. 

Proof: Let w < 2 = 1 + 1. By (9.2.10.a), m ^ 1. But w < 1 con¬ 
tradicts (9.2.9). Hence m = 1. 

(9.5.3) Definition: An element m e 7 is called 

(a) even, if 21 m; 

(b) odd, if 2 I' 7n. 

Remark : Clearly, every element of I is either even or odd, and not 
both. 

(9.5.4) Theorem : Let me I. Then 

(a) m is even if and only if there exists qel such that 

m = 2 • q; 

(b) m is odd if and only if either w = 1 or there exists qel such that 

m — 2 • q 

Proof: Part (a) is obvious from (9.5.3.a) and (9.4.1). 

To prove (b), notice first that 1 is odd. In fact, 2 |' 1 since 2 J 1 
[see (9.4.5)]. So we consider only the case m 1. Let m be odd and 
Then, by (9.5.2), m < 2. Also m 9 ^ 2 since 2 I'm. Hence 
2 < m. Since 2 I'm, we may apply (9.4.9), and find that there exist 
QfTel such that 

m = 2 ‘ q -\- r and r < 2. 

But r < 2 implies r = 1 by (9.5.2). Thus 

m — 2 • $ + 1. 

This proves the “only if” part of (b). 

To prove the “if” part of (b), suppose 

7n = 2 • 9 + 1. 

Since 1 < 2, it follows that 2 |' w by (9.4.10). Thus m is odd. This 
completes the proof. 

(9.5.5) Theorem : Lei 7w, w € 7. Then, 

(a) if m is even and n is even, then m-\- n is even; 

(b) if mis even and n is odd, then m-\~ n is odd; 

(c) if m is odd and n is odd, then m-\- nis even. 
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Proof: We prove only the most difficult part, (c). Let th, u el be 
odd. There are the following cases to consider: 

m = 1 , n = 1 ; 
m — If n \ 

m 5*^ 1, 71 = 1; 

m \y n ^ 

In case (1), tw + n = 1 + 1 = 2 , and m + 7 i is even. 

In case (2), by (9.5.4.b), there exists qel such that n = 2 * q+ 

Then 

m+n = l+ (2*^+1) 

= 2 *g+l + l 

= 2 • g + 2 
= 2 • (g + 1). 

Hence m + nls even. 

Case (3) is the same as case (2) with 7 ?i and 7i interchanged. 

In case (4), by (9.5.4.b), there exist Py q c I such that 

m = 2 *p+l, n = 2 - g+l. 

Then 

m + n = (2 • p + 1 ) + (2 • g + 1 ) 

= 2 *p + 2 *g +2 
= 2 .(p+g+l). 

Again, m + ti is even. 

The proofs of (a) and (b) are left for the reader. 

(9.5.6) Theorem: Let tr, 7i e I. Then, 

(a) if 7n is eve7i and 7i is cvcfi, thcri ni • n is cvc7i; 

(b) if m is even a7id n is odd, thoi 7n • n is even; 

(c) if m is odd a7\d ?i is odd, then 7n • 7i is odd. 

Proof: Again we prove only part (c). For this case, if either m == 1 
or n = 1, the result is obvious. Hence suppose 7 ?i 5 *^ 1, n 5 ^ 1. Then, 
by (9.5.4.b), there exist p, q (I such that 

m = 2*p+l, 7i = 2»g+l. 

Then 

m • n = (2 • p + 1 ) • (2 • g + 1 ) 

= (2 . p + 1 ) . (2 . g) + (2 . p + 1 ) 

= (2 • p) • (2 • g) + 2 • g + 2 • p + 1 
= 2 • (2 • p • g + g + p) + 1 . 

Hence 7 n • ti is odd by (9.5.4.b). 

Parts (a) and (b) are obvious from (9.5.4.a). 


( 1 ) 

( 2 ) 

(3) 

(4) 


(9.5.7) Project: Prove that h =* [1, 2, 3], U - [1, 2, 3, 4], 
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(9.5.8) Project: Name the even positive integers among 1, 2, 3, 4, 5, 
6, 7, 8, 9. Prove your answer correct. 

(9.5.9) Project: Prove (9.5.5.a), (9.5.5.b). 

(9.5.10) Project: Prove (9.5.6.a), (9.5.6.b). 

9.6. The Operation - (Minus). [Basis: (7,1, c); Axioms: I, II, IIL] 
In Chapter 8 we defined and studied in some detail the fundamental 
operations plus, times, both on 7 X 7 to 7. We now discuss briefly a 
secondary operation, that called minus. It is usual to define m — n as 
that element pel such that n p = m. Since the existence of such an 
element p means, by definition, that m > n, it will be necessary to limit 
ourselves to pairs (m, n) e >. The uniqueness of p, when it exists, has 
already been proved, but we shall restate the results that we need. 


(9.6.1) Lemma: If m, ne 7, and m> n, there exists a unique element 
P^l such that n-\- p — m> 


Proof: The existence of p follows from (9.2.2) and (9.2.1). If 
^+p = m, n-\- q = m, then n + p — n-\- q, whence p = q hy 
(8.5.14), and the uniqueness is proved. 


(9.6.2) Definition : If m,nel, m> n, we define m — n as the 
unique pel given in (9.6.1). Thus m n = p, where n + p = m. 


Remark: It is clear that — is defined as an operation on > to 7 by the 
following: 

— = (m — n; (w, n) € 7 X 7, m > n). 


(9.6.3) Corollary; If m, n, p e I such that m n = p, then p > n 
and p — n = m. 

Proof: Let m-\- n = p. Then, by (9.2.2) and (9.2.1), p> n. More¬ 
over, by (9.6.2), 

n + (p — n) = p 

= 7n + n 
= n-\- m. 

But then p — n = mhy (8.5.14). 

(9.6.4) Remark: The definition (9.6.2) and corollary (9.6.3) may be 
summarized as follows: 

(a) if m, n € 7, then (wi + n) — w = 

(b) if m > n, then {m — n) n = m. 

(9-6.5) Theorem : Lei m,n,pe I. Then, 

(a) if n > p, then (w + n) — p = w + (n — p); 

(b) if m> w + p (or equivalently, if m > n and m w > p), then 
(w — n) — p = m — (n + p); 

(c) if m> n and n > p, then (m — n) + p = “ p)* 
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Remark: These are “mixed” associative laws. Note that each 
equality is true only under appropriate hypotheses, namely, hypotheses 
which insure that the s>Tnbols involved are defined. A more complete 

list of such laws is found in (9.6.6). 

Proof of (a): Clearly, by (9.6.4.b), 

m-\- {n — p)p = m + n. 

Hence, by (9.6.3), 

m-\- {n ~ p) ^ {m + n) — p. 

Proof of (b): We have 

({m - n) - p) + (« + P) = ('i + P) + ~ n)~ p) 

= {{n + p) + (w - n)) - p [by (a)] 

= (p + (« + ("1 — w))) “ P 

= (p + w) — p 

= m. 

Then, by (9.6.3), 

(m — n) — p = m ~ (n + p). 

Proof of (c) : Evidently 

(m — n) + p + (n — p) = (m — n) + n 

— 7/2. 

Then, by (9.6.3), 

(//i — n) + p = m — (/I — p). 


(9.6.6) 

Corollary 

: Let 7/2, 72, p € I. 

Then 


(a) 

(7/1 + 


1 

7/1 + (/2 — 

P) 

if n > p 


72) — 

P = 1 

, 7/1 — (p — 

72) 

if p > 71 and 77i > 

p — 72,• 

(b) 

{m — 

7l) — 

P = 

1 771 •— (71 + 

[ (771 — p) - 

P) 

- 72 

2/ 772 > 72 + p 
if m > p and 771 — 

P > 72; 





(771 + p) - 

- 72 

if 772 > 72 


(c) 

(m — 

n) + 

P = ] 

772 — (72 — 

P) 

if 7/2 > 72 atid 72 > 

P 




1 

772 + (P — 

72) 

if 772 > 72 a 72d p > 

72. 


Proof; These are cither restatements of (9.6.5) or immediate conse¬ 
quences. Details of proof arc left to the reader. 

Remark: Recall that, if 7/2,72, p € /, it is customary to assign a meaning 
to 771 + n + p, namely, 

771 + 71 + p = (771 + 7i) + p = 772 + (72 + p). 

In a similar way, it is customary to assign meanings to expressions such 
as 771 — 71 + p. However, as is seen from (9.6.6), it is necessary to be 
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more cautious in the insertion of parentheses in this case. For it is easy 
to see that 

{m — n) p 9^ m — (n + p). 

The rule, roughly speaking, is that one should avoid inserting paren¬ 
theses in such a way that the symbol — (minus) appears immediately 
in front of the first parenthesis. Specifically, we have the following: 


(9.6.7) Notation: Let m, n, p € /. Then 


(a) 

7n+n — p = (m+n) — p 

if 771 + n > p 


=. m + (n — p) 

if 71 > p; 

(b) 

n + p = (m+p) — n 

if 771 + p > n 


= (777 — n) + p 

if 777 > 7i; 

(c) 

m — n — p = {m — n) — p 

if 777 > n + p. 

We have presented only a very few results 

concerning the operation —. 


To carry the theory further, however, would serve no useful purpose, 
■ since the results can be obtained more conveniently as special cases of 
results concerning the real numbers ^see Chapters 19 and 20]. 


(9.6.8) Project: Prove (9.6.6). 

(9.6.9) Project; Prove that, if m, n, p e /, then, 

(a) if m > p and n > p, then m < n if and only \im~ p < n — p, 

(b) if p > 7n and p > n, then m < n if and only H p — m > p n, 

(c) if ?n > 71, then (tw — n) • p = w * p — • p. 


9.7. Conclusion. [No Basis.] In the last two chaptere, we have pre¬ 
sented the beginnings of the theory of positive integers. This theory has 

been very considerably developed, and many rather large 0° ® 
been devoted to its exposition. What we have given are only the farst 
steps. However, we have presented enough of the basic results to form a 
background for the use of the positive integers in subsequent investiga- 

In (8.2), a system (7, 1, <r) satisfying Axioms I> HI was called a 

basic system of positive integers. As we have ® 

ters however, most of the important results in t e ® ' 

concern the Operations • on 7 X 7 to 7 Se 

notation a can be replaced by after + is 

(8.5.12)]. Accordingly, it is more usual to consider the inathemat c^ 

system (7, 1, <, -j-, •) as system of positive integers, mce o r 
for positive integers is (7, 1, <r), we distinguish this Vill\e 

a basic system of positive integers; the system ( » > > » 

referred to as an algebraic system of positive integers. 
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Since the positive integers are of great importance in almost all of 
mathematics, we shall adopt the following: 

(9.7.1) Convention: In the remainder of the book, whenever a basis for 
a mathematical theory is presented, a system (/, 1, tr) satisfying Axioms I, 
II, III of Chapter 8 is tacitly assumed to be appended to that basis. Free 
use of the entire theory of (I, 1, ff), and hence of {1,1, <,+,*)» always 
be made. 

9.8. Project. [Basis: (7,1, <t) ; Axioms: I, II, III.] Develop a theory 
parallel to that in (9.6), in which • replaces + and |* replaces >. First 
prove 

(9.8.1) Lemma: If m, n € I, and m\* n {that is, n \ m), there exists a 
unique element pel suck that n • p = m. 

Next, introduce an operation on |* to 7: 

(9.8.2) Definition: If m, n € 7, m |* n, define m n as the unique 

pel given in (9.8.1). Thus m n ~ p, where n • p = m. 

From this point, using (9.6) as a guide, state and prove appropriate 
theorems about 4-. 



Chapter 10 
FINITE SETS 

10.1. Introduction. [No Basis (except {I, 1, a)).] In the last two 
chapters we saw that it is possible to develop an abstract mathematical 
system of which the intuitive counting numbers constitute an intuitive 
instance. In this section it will be showm that the abstract system 
(/, 1, a) can replace the counting numbers for enumeration purposes. 
Intuitive counting aims at ascribing, in accordance with certain (intuitive) 
principles, a counting number to a set; the counting number answers the 
question “how many elements?” To replace this process by a mathe¬ 
matical counting process it will suffice to ascribe an element of I to an 
abstract set in accordance with mathematical rules reflecting the intui¬ 
tive ones. Thus the intuitive concepts 

“three stones,” “three objects” 
are to be replaced by a mathematical concept 

“3 elements,” 

where 3 = l+l-l-l€7. 

In order to see how this may be accomplished, recall that the intuitive 
counting process consists of pairing or associating a particular counting 
number with each member of the set to be counted, making sure that all 
counting numbers up to and including a specific one are used. To obtain 
a mathematical notion parallel to this intuitive process, we shall, of 
course, replace the counting numbers by elements of L The require¬ 
ment that all counting numbers to a certain one be used can be paralleled 
by employing those elements of I which constitute one of the sets /n cz /, 
where, for n « 7, 

7„ = [m € 7; m ^ n]. 

Finally, it will be necessary to find a precise formulation of the 
“pairing” or “association” that occurs in the intuitive process. Clearly, 
if S is the set to be enumerated, the intuitive “pairing” of elements of S 
with counting numbers can be paralleled by a relation on X 7. But 
the type of relation to be used is restricted. For, in the intuitive in¬ 
stance, an element of S is associated -with only one counting number. 
This means that in the mathematical analogue we should use a relation 
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of the kind called functions [see (5.4)]. Moreover, in the intuitive proc¬ 
ess, distinct elements of iS are always associated with distinct counting 
numbers. This may be paralleled by requiring that the transpose rela¬ 
tion [see (5.3)] also be a function. But relations which are functions 
and whose transposes are also functions are precisely those relations 
which are called one-to-one correspondences [see (5.5)]. Accordingly, 
it is indicated that the intuitive process of counting the elements of a 
set S can be paralleled by the mathematical requirement of determining 
an n e / for which there exists a one-to-one correspondence between S 

and the set /«• 

The preceding discussion suggests three definitions. 

(10.1.1) Definition: If S, T are sets, we say that S is equivalent to 
T, and write S ~ if there exists a one-to-one correspondence between 
iS ’and T. The negation of the statement S ^ T is written S T. 

Remark: If S, T are subsets of a set IE, it is natural to ask whether 
S'^T IS meaningful if S or T is empty. Reference to (5.4.1) and (7.4) 
shows that tlic empty subset of W X ^V is a function with empty do¬ 
main and range, since (5.4.1) is vacuously satisfied. Because 0* = 0, 
this function is a one-to-one correspondence, so that 0^0. Moreover, 
if 5 0, the existence of a function on S to 0 is impossible, whence 

>S^0 implies S = 0. The reader should verify that if 5 = [x], 
T = [y], then S T. 

(10.1.2) Definition; Let 5 be a set. Then 5 is^»(7c if there exists 
ne I such that /„ S. On the otlier hand, *S is infinite if S is neither 
empty nor finite, that is, if S 0 and if, for every n € /, /« ~^ 5. 

Remark: The remark after (10.1.1), together with the fact that, for 
every a e 7, In 9 ^ (■4, shows that a finite set cannot be empty. It is 
perhaps more usual to ilefine finite in such a way ns to include the empty 
set, but our definition which excludes this seems convenient. It is 
seen that a set must fall in only one of the three chisses, empty, finite or 
infinite. Intuitive experience with sets might lead one to expect that 
every non-empty set is finite. However it will later be shown that this 
is not the case; specifically it will be shown that the set 7 is infinite. 

(10.1.3) Definition: Let S be a set and let a « 7. Then 5 has 
(exactly) n elements in case 7„ ^ S. 

Remark: Comparison of (10.1.2) and (10.1.3) shows that a set with ri 
elements is finite, and, on the other hand, that, for every finite set S, 
there exists n e 7 such that S has n elements. 


It might be instructive to indicate in a simple case that the definition 
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(10.1.3) does indeed adequately parallel our intuitive requirements for a 
counting process. Our intuition dictates that 

Cyou, I, the lamp-post], 

[Tom, Dick, Harry], 

(10.1.4) [a, h, c] (where a 9 ^ h, b 9 ^ c, c a) 
are sets with **three” elements, while 

[Tom, Harry], 

[X-], 

[1,2, 3, 4], 

[(a, 6), c] 

are not such. It will now be shown that (10.1.4) is a set with 3 elements 
in accordance with the definition (10.1.3). 

(10.1.5) Theorem: If S = [a, b, c], where a 9 ^ b, b 7 ^ c, c 9 ^ a, 
then S. 

Proof: Since 3 = 1 + 1 + 1, it is easily seen that me I, m < S 
implies w = 1 or m = 2. [See Project (9.5.7).] Thus 

h = [1, 2, 3]. 

Now define a relation R on S by R = [(1, o), (2, b), (3, c)]. This 
relation can be represented by the follo\ving table: 

c 

b 

a 

1 2 3 

It is easy to verify that 17 is a function with domain Iz and range S, and 
that R* is a function on S to Iz. Thus is a one-to-one correspondence 
between 1 3 and Sy so that Iz'^ S. 

The converse of (10.1.5), that a set with 3 elements is of the form 

(10.1.4) , is quite evident and is left for the reader. It is hoped that this 
discussion has made (10.1.3) acceptable to the intuition of the reader. 

(10.1.6) Project: Prove that if *5 = [x], T = [y], then 
and, conversely, if = [x] and S Ty then T is of the form 

(10.1.7) Project: Prove that if S-^Iz, then S is of the form 
[a, h, c], that is, prove that there exist a, 6, c «>5 such that a 7 ^ b, b 9 ^ c, 
C 9 ^ Qy and such that S = [a, b, cj (This is the converse of (10.1.5).) 

(10.1.8) Project: Prove that if ^ST = [a, &], with a 9 ^ b, then S has 
2 elements, and conversely. 
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10.2. Equivalent Sets. [No Basis.] From the definitions (10.1.2) 
and (10.1.3), it is apparent that any discussion of finite sets will require 
some examination of the content of the assertion of equivalence of two 
sets. Also, a further study of the sets U is necessary. The next sections 
will be devoted to these investigations. In this section there mil be 
given several results concerning one-to-one correspondences, which 
results are frequently convenient in establishing the existence of one-to- 
one correspondences between sets, that is, in establishing the equiva¬ 
lence of sets. 

(10.2.1) Theorem: Let S, T he sets, and let F be a one-to-one corre¬ 
spondence between S and T. {Thus doniaiii of h — S, range of F — T, 
and F, F* arc functions.) Then, 

(a) for every x € S, F*{F{x)) = x; 

(b) for every y eT, F(F*{y)) = y. 

Remark: In (a), F*{F{x)) denotes the F*-corrcspondcnt of F(j); this 
is meaningful, since F* is a function on 7 to S, and since F{x) tT. A 
similar comment applies to (b). 

Proof of (a): Suppose x e S. The statement F*{F(x)) = x means 


or, equivalently, 


F{x) F* X, 
X F F{x ); 


this last is evident since F(x) is the (uniciue) clement ytT such that 
X F y [see (5.4)]. 

Proof ok (b): This is similar to the proof of (a). 

(10.2.2) Theorem: Let S, T be sets and F a function with domain S 
and range T. Then the following statements arc equivalent: 

(a) F is a one-to-one correspondence; 

(b) Xi,X 2 €S, -Ti X2 implies F{x\) 9^ Fixf); 

(c) there exists a function G on T to S such thatj for every xeS, 
G{F{x)) = X, and, for every yeT, F{G{y)) = y. 

Proof: There are six implications to be established, namely, 


(a) implies (b); (b) implies (a); 

(b) implies (c); (c) implies (b); 

(c) implies (a); (a) implies (c). 


Only three of these will be proved, namely, 

(a) implies (c); (c) implies (b); (b) implies (a). 

The remaining three can then be inferred; for example, since (a) implies 

(c) and (c) implies (b), it follows that (a) implies (b). 
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First, suppose (a) is true. Define G = F*. Then (c) is true by 
(10.2.1). Hence (a) implies (c). 

Next, assume (c) holds. To prove (b) indirectly, assume that there 
exist Xij xzeS such that xi ^ x^ and such that F{x-^ ~ F(xz). By (c), 

xi = G{F{x,)) = G{F{x,)) = 


contradicting Xi 9 ^ x^. Thus (b) is true, and we have shown that (c) 
implies (b). 

Finally, let (b) hold. It will be shoTO that F* is a function. Suppose 
2/ € r, Xi, X 2 e S and 

yF*xi, yF*X 2 ) 

we prove xi = X 2 . Now 


XiFy, XzFy, 


or 


whence 


y = F{xi)y y = F{x 2 )y 


F{x0 = F(x 2 ). 


If xi 9 ^ X2, then, by (b), F(xi) 9 ^ F(x^y which is false. Hence x\ = X 2 . 
This shows F* is a function, so that (a) holds. Thus (b) implies (a). 
The proof is complete. 


(10.2.3) Corollary: Let T he sets and F a function with domain S 
and range T. If (10.2.2.c) holds, then G as in (10.2.2.c) is unique and 
equal to F*. 

Proof: Since (10.2.2.c) implies (10.2.2.a), F* is a function. Let G be 
any function as in (10.2.2.c). Now G, F* have T as domain. Let y tT 
and define 

xi = F*(y), X 2 = G{y). 


Then y F* Xi, whence Xi F y, and y = F(xi). Therefore 

X 2 = G(y) = G(F(xi)) = xi. 


It has been shown that 


y eT implies G(y) = F*(y), 

whence F* = G by (5.4.7). This completes the proof, since if Gi, G 2 are 
any functions as in (10.2.2.c), then (7i = F* = G 2 by our argument. 

The statements (10.2.2.b) and (10.2.2.c) will serve as useful criteria 
by which it may be ascertained whether or not a function F is a one-to- 
one correspondence. 

(10.2.4) Theorem: Let S, T, U be sets, then 

(a) S^S; 

(b) S ^ T implies T ^ S; 

(c) if S'^T and T then S U, 
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Proof of (a): The identity E on S to Sis a, one-to-one correspondence 
(since E* = E), whence S S. 

Proof of (b) :lf S T, there exists a one-to-one correspondence F 
between S and T. Then F* is a function with domain T and range S. 
Since (F*)* = F, {F*)* is a function, whence F* is a one-to-one corre¬ 
spondence between T and S. Therefore T S. 

Proof of (c) : U S T and T U, there exist functions F, G such 

that 

F is a one-to-one correspondence between S and T ; 

G is a one-to-one correspondence between T and U. 


Define a function H on S to U so that, 

for every x e S, //(x) = G{F{x)). 


First, we prove 
and 


that U is the range of H. Let z « U. 

X = F*{G*{z)) € S. 


Then 


H{x) = G{F(F*(G*{z)))) 
= G{G*iz)) 


z 


Then G*(z) € T, 


[by (10.2.1.b)] 
[by (10.2.1.b)]. 


The existence of x € S such that H{x) = z jdelds that U is the range of H. 

It will now be showm that H is a one-to-one correspondence by applica¬ 
tion of (10.2.2.C). To this end, define K on I* to S so that, 


for every 2 € L\ K{z) = F*{G*(z)). 


Then, for every z < U, 


H{K{z)) - G(F{F*{G*m) 

= G(G*{z)) 


and, for every x € 5, 



K{H(x)) = F*{G\G{F{xm 

= F*{F{x)) 


[by (10.2.1.b)] 
[by (10.2.1.b)]; 


[by (10.2.1.a)] 
[by (10.2.1.a)]. 


Thus, by (10.2.2.c), H is a one-to-one correspondence between S and U, 
This establishes S U and completes the proof. 


Remark: If, in a given mathematical theory, all sets under discussion 
are subsets of one set A , then (10.2.4) is of particular significance. Let us 
define as the set of all subsets of -4; that is, let the elements of be 
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subsets of A, and let every subset of A appear as an element of SO?. The 
relation 

i? ^ [(S, T) e SD? X SO?; S ^ T] 
on SO? X SO? has the property 

SRT if and only if S'^T; 

so far as the theory in question is concerned, statements about general 
equivalence of sets become statements about /?. In particular, (10.2.4.a) 
yields that R is reflexive^ (10.2.4.b) that R is symmeiriCf and (10.2.4.c) 
that R is transitive fsee (15.2.3)]]. The importance of these properties of 
R ^vill be discussed in (15.2). 

(10.2.5) Theorem: 7/jS, T, 7/, V are sets such that 

S .f = U ‘V = Q, T'^V, 

ihenSA-T^U+V. 

Proof: If S ^ U and T there exist functions F, G such that 

F is a one-to-one correspondence between S and U ; 

0 is a one-to-one correspondence between T and V. 

Define a function 77 on + T to 7/ + F so that, for every x «iS + T, 




ifxeS 
if xeT. 


(Note this application of ‘‘piecewise definition” of a function as de¬ 
scribed at the end of (5.4).) 

First we prove that 7/ + F is the range of 77. Let z e U + F. Then 
either zeU or z eV. If 2 e 77, then 


and 


If 2 e F, then 
and 


X = F*(2) € S, 

H{x) = F(x) 

= F(F*(2)) 


X ^ G*(z) e T, 

H{x) = G{x) 

= G{G%z)) 


[by (10.2.1.b)]]. 


Q^y (10.2.1.b)]. 


In either case it follows that, for 2 c 77 -|- F, there exists x e 5 + T such 
that 77 (a:) = 2. Hence 77 + F is the range of 77. 
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It will now be sho^vn that // is a one-to-one correspondence by applica¬ 
tion of (10.2.2.b). To this end, let Xi, X2 « *S + T \vith Xi 9 ^ X2. There 

arc four cases to consider: 

(a) xi,X 2 €S; 

(b) xi, X2 cT; 

(c) xi € 5, X2 € T; 

(d) « T, X2 € S. 

In case (a), f7(xi) = F{xi) and //(X2) = F(x2) by (1). But F{xi) 9 ^ 
Z'Xxo) by (10.2.2). Hence //(xi) //(X2). In case (b), 77(xi) = G(xi) 
and 77(xi) = GCxs) by (1). But G(xi) ^ G(x2) by (10.2.2). Hence 
7/(xi) 77 (x2 ). In case (c), 77(xi) = ^(xi) « U and 7/(x2) = G(x2) e T 
by (1). Hence 7/(xi) 77 (x2 ) follows from T • T = 0. Case (d) is 
treated exactly as is case (c) unth xi and X2 interchanged. It has been 
shown that, if Xi, X2 « *S + T with Xi 9 ^ X 2 , then 77(xi) 9 ^ 77(x2). Thus H 
is a one-to-one correspondence between S T and U V by (10.2.2)- 
This completes the proof. 

(10.2.6) Theorem ; If <p is a one-to-one correspondence between sets S 
and T, and if U (Z S, then 

yp = (v>(x); X€ to 

is a one-to-one corrcspoiuJcnce between U and ^(C), and U ~ ^(C)- 
Remark: The notation (p(U) was introduced in (5.4.8) to mean 

[v?(x); X € t/]. 

Proof: Clearly yp has domain U and range ^(C) and satisfies the 
criterion (10.2.2.b) because satisfies the same criterion. Hence ^ is a 
one-to-one correspondence between U and ^(I’)> whence U ~ 

(10.2.7) Theorem: If ip is a one-to-one correspondence between sets S 
and 1\ and if U C S, then ip(S — U) = T — <p(V). 

Proof: Let y€tp(S— V). Then there exists x € S-- U with y = 
(p{x). Thus y 6 T. U y i ^(f ')> there exists x' e U with y = ip{x'). But 
since x c' U, x' e U, we have x 5*^ x'; but this contradicts 

X = ^*{y) = x'. 

Hence y tT — v>(C), and we have proved 

ip{S- V) C T - ip{V). 

Conversely, suppose y^T—ip{lJ). Define x = ip*(xj), whence xeS, 
y — ^(x). Suppose x « V. Then y = ^(x) € •p{V)j contrary to y c' ^(t/). 
Thusx e (S — (/, and y « ip{S — V). This establishes 

T - ip{U) c ip{S - U) 

and completes the proof. 
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(10.2.8) Corollary: If <f> is a one-to-one correspondence between sets 
S and T, and if U ^ S, then <p{U) § T. 

Proof: Evidently (piU) C T. If <piU) = T, then T — (p{U) = 0, so 
that, by (10.2.7), p{S - U) =0. But S - 1/ ~ <p{S - U) by (10.2.6), 
whence S — U = 0. Thus U = S, contrary to the hypothesis. 

(10.2.9) Project: Let 5, T be sets, F a function \vith domain S and 
range T, and G a function on T to aS. Assume that, for every x e aS, 
G{F{x)) — X. Prove: 

(a) E is a one-to-one correspondence between S and T] 

(b) for every yeT, F{G{y)) = y; 

(c) G = F*. 

How does this result differ from those in (10.2.2) and (10.2.3)? 

(10.2.10) Project: Let aS, T be sets, and F, G be functions on aS to T 
and on T to aS, respectively. Suppose that, for every x G{F(x)) = x, 
and that, for every y eTy F{G{y)) = y. Prove that the range of F is T, 
that G = F*, and that F is a one-to-one correspondence between S and 
T. How does this result differ from those in (10.2.2) and (10.2.3)? 

(10.2.11) Project: Prove the following false: If S, T are sets, if F 
and G are functions on aS to T and on T to aS, respectively, and if for every 
xeSj G{F{x)) = X, then F is a one-to-one correspondence between S 
and T. 

(10.2.12) Project: Let aS and T be sets, and let ^ be a function on 
^toT. Lett/, PeAS. Prove: 

(a) <p{U-\-V) =<p(U)-\-<p{V); 

(b) if t/ C P, then ^(t/) C <p{V); 

(c) <p{U)-<p(V)cz^(U-V); 

(d) <p{U . P) c <p{U) • ^(P). 

If V? is a one-to-one correspondence between S and <piS), how may these 
results be strengthened? 

(10.2.13) Project: Extend (10.2.5) to six sets. 

10.3. Equivalence and the Sets /„. [No Basis.] This section will be 
devoted to preliminary results concerning the sets In which will pave 
the way for the proof of the fundamental theorems on fimte sets to be 
presented in the next section. 

(10.3.1) Lemma: Let ne I, p e /n+i- Then In In+i ~ [p]- 
Proof : Define 

H = \nel]pt 7n+i implies /„ Jn+i — [p]]- 

To prove 1 cH, let p€/2. Then p == 1 or p = 2. If p = 1, then 
^2 - [p] = [2], Ji = [1], so that - [p]- If P = 2, then 
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_ [jjJj whence again I 2 — Ep]- Suppose now that q e Hf 

so that 

(1) k € Ig+i implies Iq ^ Iq+i — M- 

To prove that q I e H, let p € Iq+ 2 - If p « ^q+u then, by (1), 

(2) h -^9+1 ” M- 
Now obviously 

(3) C? + 1] C? + 2], 


and 

(4) /,•[?+!]= (^9+1 “ M) * [9 + 2] = 0; 

by (2), (3), (4) and (10.2.5), 

Iq+l = /« + [9 + 1] ^ (^9+1 “ M) + [7 + 2] = Iq+2 — [p]- 
Finally, let p Iq+i^ Then p = g + 2, and 

/^i ^ /^^-l = Iq+2 Eg "H 2]] = Ig+2 Ep3' 

Hence g + 1 « H. By IIT, H ^ I, and the proof is complete. 

(10.3.2) Lemma: Let n e 7, n > 1. Then h /«. 

Proof: If h h, there exists a one-to-one correspondence sP between 
In and /i. Clearly ^(1), <p{n) « 7i, so that ^(l) = v>(/0 = 1. But by 
(10.2.2.b), v’(l) 5^ v>(a)- This contradiction completes the proof. 

(10.3.3) Lemma: Ifyn, n € 7, in > 1 and n > 1, then 7„ ~ 7„ tmphVs 
7m-l 7„_I. 

Proof: Since Im ~ 7„, there exists a one-to-one correspondence ip be¬ 
tween Im and In- Then, by (10.2.6), (10.2.7), 

Im-l ^{Ln-l) = In — Ev^(^^0]- 

But, by (10.3.1), 

In — EV?("0] ~ In-\- 


Thus 7„,_i ^ 7„_i by (10.2.4.c). 

(10.3.4) Lemma: If m, a, k € 7, m > k, n > fr, then Im ~ 7„ implies 

Im—k In—k> 

Proof: Define 


H = [k €l]m, 71 € 7, in, n > k, Im ^ In implies 7m-* 7n-*]. 


Clearly 1 e 77 by (10.3.3). Suppose g « 77, and let m, n « 7, 77) > g + 1, 
n > g + 1, Im'^ In- Then in, n > q, so that Im-q ^ In-q- Now 
m > g + 1 yields the existence of r € 7 with ?7i = g + 1 + r, whence 
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7n — 5 = l + r> 1. Similarly n — g > 1. By (10.3.3), ^ 

I(n-q)~i- This means, by (9.6.5.b), that Jm-iq+i) ^ In-ig+i)', therefore 
$ + I eH. Thus, by III', H = I, and the proof is complete. 

(10.3.5) Theorem \ If m, nel and Im ^ In, then m = n. 

Proof: By (9.2.14), w = n orm < n or m > n. Suppose that m < n. 
If 7n = 1, we have Im In by (10.3.2), contrary to the hypothesis. 
Hence m 9 ^ and m > 1. Define A: = w — 1. Then m > k, n > k, 
whence, by (10.3.4), 

Im-k In~k- 

But m = A: + 1, whence m — k = 1, and we have 

(1) /l - In-k. 

lin — k 9 ^ 1, then (1) contradicts (10.3.2), so that n — k = 1. Thus 

n = k-\- \ — niy 

contrary to our assumption that m < n. This contradiction proves that 
w < n. Similarly m > n. Hence m = n, and the proof is complete. 

(10.3.6) Project: In (10.3.1) determine explicitly a one-to-one corre¬ 
spondence between and /n+i [?>]■ Treat all cases. 

10.4. The Counting Process. [No Basis.] Enough information con¬ 
cerning the properties of sets, and in particular the sets In, wth respect 
to equivalence has now been presented to enable us to proceed with the 
fundamental results on the counting process as defined by (10.1.3). 
Intuitive counting suggests that, for every finite set, the number of its 
elements should be unique. With the results of the previous sections it 
is now trivial to show that this is the case. 

(10.4.1) Theorem: Let S he a set having m elements and having n 
elements. Thenm — n. 

Proof: By the definition (10.1.3), we have SIm and S'-^In- 
Hence, by (10.2.4), But then m ^ nby (10.3.5). 

(10.4.2) Corollary: If S is finitSy then there exists a unique n e I 

such that S has {exactly) n elements. 

Proof: Existence of n follows from (10.1.2) and umqueness from 

(10.4.1). 

(10.4.3) Definition: Let jS be a finite set. Then n{S) is defined to 
be the unique ntl given by (10.4.2), and is called the order of S. 

(10.4.4) Theorem : iS, T se/s. Then, 

(a) if S is finite and S'—' T, then T is finite; 

(b) if S, T are finite, then S ^ T if and only if 

n{S) - n(T). 
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Proof of (a): Since -S is finite, there exists n e I with S ~ 7„. By 

(10.2.4) , T ^ /n, whence T is finite. 

Proof of (b): Suppose S, T finite and S ~ T. By (10.4.3), S ~ /„(s), 
rwWe by (10.2.4). Thus n(S) = n(r) by 

(10.3.5) . This proves the forward implication. Now suppose re(iS) - 
n{T). Then since 

S IniS) — ^n{T) T, 


it follows from (10.2.4.c) that S'^T. 

(10.4.5) Lemma: Let me I. If S d then either S — Q, or S is 

finite and n{S) ^ m. 

Proof: Define 

7/ = [w € / ; 5 C /m, S 5*^ 0 implies 5 is finite and 7i(S) ^ 7n]. 

Let S C/i, S 9 ^Q. Then S = lu whence S-^h, and n(S) = 1. 
Therefore 1 «IL Suppose q € 11, ami let S d /q+i, 5 0. If S <Z 7«, 

then S is finite (since q e H), and /i(5) ^ 7 < ? + 1. Suppose S ct Iq. 

Then 5 + 1 e 5 and 

S — [7 + I] ^ 

Then (again since 9 e H) S - [5 + 1] = 6 or S - [5 + 1] is finite and 

(1) n{S — [7 + 1]) = 7- 

In the former case, S = [9 + 1] and n(S) = 1 < 9 + 1- In the latter 


case, 

But 


iS — C7 + 

[9 + 1] ~ Cn(S - [9 + 1]) + 11 


and 

(S - [9 + 1]) • [9 + 1] = I..s-|,+U) • C«(-S - [9 + 1]) + 1] = ®. 

SO that (10.2.5) applies, yielding 





Hence, by (10.1.3), (1), (9.2.11), 

?7(S) = n{S - + 1]) + 1 ^ + 1. 

In all cases, n(S) ^ q + 1, so that g + I ell. By IIP, II = /, and the 
proof is complete. 

(10.4.6) Lemma: Let 7n el. If S d Imt ^ thcti S = /«. 
Proof: Define 

77 = [ni €l\SdI„,yS'^ Im implies S = Im~\. 
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Then 1 € since S Cl Ii yields = /i or jS = 0, and S h yields 
jS 7*^ ©. Suppose 5 €and let 5 C 7^+1,/S/g+ 1 . Now it is impossible 
that S C Iq, since othenWse, by (10.4.5), *S = 0 (contrary to /S 7g+i) 
or n{S) ^ q, contrary to n(iS) = g + 1 in view of jS Iq+i. Hence 
^ + l€*S. Now there exists a one-to-one correspondence (p between 
S and 7g+i. By (10.2.6), 

— [g + 1] <piS — [g + 1]). 

But, by (10.2.7), 

“ [g + 1]) = -^9+1 ” ¥*([? + ^3) = -^9+1 ~ "i" !)]• 


Thus 

By (10.3.1), 
whence 


S — [g + 1] Iq+i — \jp{.q + 1)]. 

^ -^9+1 “ Cv’Cg + 1)]; 
jS — [g + 1] ~ 7g. 


Since S — [g + 1] c 7g, we have (since g € 77) 

,S — [g + 1] = 7g. 

Thus S = 7g+i, and g + 1 c 77. By IIF, 77-7, and the proof is com¬ 
plete. 

(10.4.7) Theorem: Let S be a finite set, and let T Cl S. Then T = 0^ 
or T is finite and n{T) ^ n{S). Moreover, n{T) = n(*S) if and only if 

T = S. 

Proof: Let S be finite, and let T cz S, T 0. Since S is finite, there 
exists a one-to-one correspondence <p between S and 7„(s). Hence, by 
( 10 . 2 . 6 ), 

( 1 ) T^<p{T). 

But <piT) d 7„(s) and <p{T) © by (1). Hence, by (10.4.5), <p{T) is 

finite and 

n(<p{T)) ^ n{S). 


But, by (1), (10.4.4), T is finite, and 

(2) n{<p{T)) = n{T), 


so that 
Ifn(r) 


n{T) ^ n{S). 

n(.S), then n(.<p(.T)) = "(-S) by (2), whence, by (10.4.4.b), 

tp(T) S IniS)- 
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By (10.4.6), <p{T) = H T ^ S, then, by (10.2.8), ^{T) 9 ^ /„(5). 

This contradiction proves T = S. Finally, the converse, 

T — S implies n(T) = n(»S), 

is obvious. 

(10.4.8) Theorem; If S, T are finile sets, and if S ■ T = Q, then 
S + Tis finite, and ^ + n(T). 

Proof; The proof will only be sketched; details may be supplied by 
the reader. We have 7 

iS ^ in(S)» J -tnlD- 

But it is easily proved that 

/n(D = [n{S) + p; p € IniT)'], 

since the function 

(n(5) + p; P e IniT)} 

has appropriate domain and range and satisfies (10.2.2.b). Hence, by 
(10.2.5), _ „ , ... 


S + T ^ 7n(S) + «/ = 7„(S)+n(D» 
so that the desired conclusion follows. 

(10.4.9) Theorem: If S, T are finite sets, and if S (ZT, then either 
T — S = Qy or T — S is finite and 

n(r - 5) - n(T) - n(S). 

Proof: The proof is left for the reader. 

(10.4.10) Theorem: If S, T are finite, and if S * T 9 ^ Q, then S • T 
and iS + T are finite and 

n(S 4- T) + n{S • T) - n{S) + n{T), 


Proof: Again the proof ^vill only be outlined. Define A = 
If A =0, then S Cl T, whence the result follows readily. 
(10.4.9) applies, yielding 

(1) h(A) = n(iS0 — n{S • T), 

Now it is easily shown that A • T = 0, whence, by (10.4.8), 

(2) n(A + T) = n(A) + 7i(T). 

Since A + T = 5 + T, (1) and (2) yield 

n{S +T) = n{S) + n{T) - n(S • T), 
whence the desired result follows. 

Two further results are stated without complete proof. 


5 - s • r. 

Otherwise, 
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(10.4.11) Theorem: If S, T, U, V are sets, then S T, U im¬ 
plies *sr X t/ ~ T X F. 

Proof: If <p, ^ are one-to-one correspondences \vith T = (p{S), 
V = ^(C7),then 

<T = ^{y)) ;{x,y)eS X U) 

may be proved to be a one-to-one correspondence between S X U and 
T XV. 

(10.4.12) Theorem: If S, T are finite sets, then S X T is finite and 

n(S XT) = n{S) ■ n{T). 

Proof: It is established first by induction that 

In(S) X In(T) In(.S)‘n(Df 

whence the result follows by (10.4.11). 

Remark: The theorems (10.4.8), (10.4.9), (10.4.12) show how the 
operations plus, minus, times relate to the counting process. The 
intuitive remarks in (8.1), (8.5) and (8.6) have now been completely 
expressed in mathematical terms. 

(10.4.13) Project: Prove (10.4.8). 

(10.4.14) Project: Prove (10.4.9). 

(10.4.15) Project: Prove (10.4.10). 

(10.4.16) Project; Prove (10.4.11). 

(10.4.17) Project: Prove (10.4.12). 


Chapter 11 

INDUCTIVE DEFINITION AND THE 
PRINCIPLE OF CHOICE 

[No Basis] 

11.1. Tuples and Sequences. In the last three chapters we have seen 
that it is possible to develop an abstract mathematical system which can 
replace the intuitive counting numbers. In particular, in the last chap¬ 
ter it was shown that the use of the counting numbers for enumeration 
can be replaced by a precise mathematical enumeration process. 

Now there is one other intuitive use for the counting numbers in 
addition to answering the question “how many?” namely, to provide 
an “order of precodoncc.” This use is so important that special words 
“first,” “second,” “third” arc used to replace “one,” “two,” “three 
when it is desired to indicate that the counting numbers are being used 
to establish an “ordering.” The intuitive nature of the “ordering” 
process is that the labels “first,” “second,” and so on, are associated 
with or assigned to the objects to be “ordered.” The mathematical 
analogue of this process would first of all replace the designations “ first, 
“second” by elements 1. 2 of /. Then the “association” of elements of 
I with elements of the set A under consideration would be accomplished 
by defining a function on 7 X A. If the set A is finite, then the domain 
of the function could be the sot 7„ui). H the domain of the function is 
7, then this function becomes what we have already called in (8A.1) 
a sequence and replaces the intuitive notion of a “continued succession. 

If the domain of the function is a set 7„, for n e 7, the function might be 
called a finite sequence, but we shall prefer to call a function on 7« to A 
an ordered n~iuple or, simpljq an n-tuplc in A. 

(11.1.1) Definition: Let A be any set and let n c 7. An n-tuple in 
A, or an n-tuple of elements of A, is a function (omi nt« Jn) on 7„ to A. 
The set of all a-tuples is denoted by A". A tuple in A is an n-tuple for 
some ne I\ that is, a tuple in -I is a function on 7 X A for which there 
exists n e 7 such that 7„ is the domain of the function. 

When convenient, a more picturesque notation for ?*-tuples is some¬ 
times used; for example, the 3-tuple (o,,,; me 7s) is also denoted by 
(oi, 02 , Os). This suggests that the concept of n-tuple is a generalization 
of the basic concept of ordered pair. It is of interest to note in what sense 
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this is true. Consider the meaning of 2-tnplc as a function on h to A. 
To specify such a 2-tuple, one must give the element Oi of A which is 
the correspondent of 1, and the clement Oo which is the correspondent of 
2. Then, clearly, (ai, Oo) is an ordered pair. Conversely, every ordered 
pair in i4 X ^ determines, in an obvious way, a unique 2-tupIe. In 
short, the set A^ of all 2-tuples and the set ^4 X of ordered pairs in A 
admit a one-to-one correspondence between them. While our point of 
view necessitates regarding 2-tupIes and ordered pairs as distinct con¬ 
cepts, no harm will be done in subsequent work if these concepts are 
treated as though they were the same. Even simpler is the concept 
\~tuple. In fact, the set A'^ of all 1-tuples in A admits in an obvious way 
a one-to-one correspondence between itself and A. 

In this chapter we shall consider in some detail the concepts of tuples 
and sequences in ^4. In particular, we shall be concerned with an im¬ 
portant method of defining tuples and sequences in A ; the method is 
kno^vn as inductive definition. 

(11.1.2) Project: Prove that, if ^4 is a set, then 

A^ = [[(l,a)]; aeAy, 

= [[(1, a), (2, h)]; (a, h) eA X AJ 

(11.1.3) Project: Prove that, if A is a set, then A A^. 

(11.1.4) Project: Prove that, if ^4 is a set, then ^ X ^ ^ A^. 

11.2. “ and so on.” In order to clarify the procedure to be de¬ 
veloped, let us consider first a special problem of defining a sequence in 
I. Suppose that k is any given element of I. By means of the operation • 
on / X / to /, it is possible to speak of the element k k € I. Moreover, 
as we have seen, the fact that • is associative makes it possible to define 
fc • fc • fc as the common value oi k • (k * k) and {k • k) • k. Let us call 
k - k a “product ^\^th *two^ factors k,” and k • k • k a “product with 
Hhree^ factors fc,” where, of course, “two" and “three ^ are counting 
numbers. Going backwards for a moment, let us call k itself a product 
with *one’ factor k.” Thus, starting with the element k of /, we have 
defined a particular element of I corresponding to each of the first 
“three” counting numbers. The following table shows this corre¬ 
spondence ’ ’: 


Counting number 

Name of concept 

Concept in symbols 

one 

product \Wth one factor k 

k 

two 

product with two factors k 

k • k 

« * 7 

three 

product ivith three factors k 

k • k • k 


(11.2.1) Table 
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Intuitively, it seems reasonable that the “correspondence indicated 
above can be “extended.” and that the concepts which appear are only 
the beginning of a “chain of concepts.” Indeed, it is quite natural to 
introduce, as the next step in the “chain,” the concept “product wth 
‘four’ factors A',” or A • A • A • A as the common value of (A • A • A) • A 
and A • (A • A • A). Hence, intuitively, one is tempted to put “and so 
on ” under the table (11.2.1) and claim that an entire “ chain of concepts” 

has been defined. 

But we have resolved to eliminate the counting numbers from mathe¬ 
matics and replace them by elements of /. Thus we should replace the 
table (11.2.1) by the following: 


Element of T 

“Corresponding” element of 7 

1 

k 

2 

k • k 

3 

it • fc • fc 


(11.2.2) T.\blb 


This table specifies, for each of the elements 1, 2, 3 of 7, a unique corre¬ 
sponding element; that is, (11.2.2) defines a 3-tuple. But the table 
(11.2.2) is admittedly only part of what is wanted; if one can imagine 
the table completed, it would specify, for every element of 7, a unique 
corresponding clement of 7. But such a specification would define a 
sequence a on 7 to 7. Tliis se(|ucnce a should be such that 

«( 1 ) = 

^ a(2) = 7* • A:, 

ai'2-3) a(3)=A.A.A, 

“and so on.” 

However, we cannot accept (11.2.3) as a definition of a sequence a. 
For the concept “and so on” is quite vague, and we do not wish to in¬ 
clude it in the logical language basis. Although it is unlikely that any¬ 
one would go seriously astray concerning what is intended by “and so 
on” in such a simple case as (11.2.3), in more complicated cases the 
intent may be by no means clear. And, perhaps even more to the point, 
whenever the content of the use of “and so on” is really clear, there is a 
way of stating the process which avoids the objectionable phrase. 

Now the phrase “and so on” in a situation like (11.2.3) is intuitively 
clear exactly when one can discern some “rule” for proceeding from any 
step to the next. For example, in (11,2.3) it is clear that each «(«) is 
obtained from the preceding by “multiplying” the preceding by k; 
symbolically, 

(11.2.4) 


for every n € 7, a(n + 1) == A* • a{n). 
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This requirement, together with 

(11.2.5) a(l) = 

says everything that is contained in (11.2.3) without the use of the am¬ 
biguous “and so on.” 

Now we come to the central question. Do (11.2.5) and (11.2.4) 
define a sequence a? According to our principles, we may define a 
sequence a as the unique sequence satisfying (11.2.5) and (11.2.4), 
provided we first prove that there is a unique sequence satisfying (11.2.5) 
and (11.2.4). It happens that we can prove the unique existence of a 
sequence satisfying (11.2.5) and (11.2.4), using the induction axiom for 
positive integers. Accordingly, we can use (11.2.5) and (11.2.4) to 
define a sequence; this and similar definitions are called inductive 
definitions because of the use of the induction axiom in the preli m i n ary 
proof of justification. 

Actually we can prove the unique existence of a sequence in a very 
general case which includes the case just discussed. Since instances 
similar to the specific one discussed occur repeatedly in mathematics, 
it is uneconomical to justify each individually. Instead, we shall give a 
general treatment in the next sections that will include all the cases that 
will arise. When the general theory is fimshed, we shall return to the 
specific case discussed, that of “repeated multiplication.” It might 
interest the reader to note that, when the unique existence of a satisfying 

(11.2.5) , (11.2.4) has been proved, we shall be led to what appears in the 
algebra books as the “theory of exponents.” In fact, the usual notation 
for a{n) is fc”. 

It has been seen that, in order to make possible the definition of cei- 
tain sequences, we must develop some precise mathematical principle to 
replace the phrase “and so on” in (11.2.3). Conceptually such a prin¬ 
ciple might be unnecessary for the definition of an n-tuple rather than a 
sequence, provided n has been specified. In this case, (11.2.3) is thought 
of as extending, not indefinitely, but to a definite termination point. 
Thus a 3-tuple is completely defined by (11.2.2); a 4-tuple would be d^ 
fined by adding one line to the table (11.2.2). But when n is not specified, 
our point of view is such that a principle is required. In tlus case, the 
definition is accomplished by what is sometimes ca e mcomp ete 
induction,” to distinguish it from the “complete induction applicable 

to the definition of sequences. 

11.3. Inductive Definition. We consider first the problem of “com¬ 
plete” induction, that is, we assume that it is desired to define a sequence 
in 4. In generalizing the situation of the last section, we mention first 
that a may be allowed to be a sequence in an arbitrary set A, and not 
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necessarily a sequence in 7. Then the significant features of (11.2.5) 
and (11.2.4), stated heuristically, are the following: 

(11 3 1) a(l) is a specified element of A ; 

in.Z.2) for every n e 7, a(n + 1) e A is “determined’’ when a(n) « A 

is known. 

Another formulation of (11.3.2) is this: 

(11.3.3) for every n e 7, and for every a(n) eA, there is a unique 

“corresponding’’Q:(n ri" 1)€^1. 

» 

But the existence of a unique a(n + 1) e ^ “corresponding” to a(n) £ A 
will be assured if we can refer to some initially given function F on ^ to A 
and then demand the following: 

(11.3.4) for every n e 7, a(n + 1) = 7’(a(w)). 

Finally, a generalization of (11.3.4) is possible which preserves the 
essential feature of (11.3.3). This is obtained by referring not to a sin¬ 
gle function F, but rather to various functions, one “corresponding” to 
each nel. Thus we should assume there to be given a sequence 
(F„; ntl) of functions on A to A and replace (11.3.4) by the require¬ 
ment that 

for every n c 7, a{n 1) = 7’n(a(«)). 

If it happens that n ^ m implies F. = F„, then our requirement reduces 
to (11.3.4), in which F is the single function equal to all F^ for n e 7. In 
the case of the preceding section, for example, F = (k •m;m«7) is 

effective. 

We have now arrived at the precise statement of our problem. We 
wish to prove the following: 

(11.3.5) Theorem: Lei A he a set, and let (F„; n el) he a sequence of 
functions on A to A. Finally, let .r c A. Then there exists a xnuque se¬ 
quence a in A such that 

(a) a(l) = x; 

(b) for every n c 7, a(a + 1) = Fn(a(n)). 

We have taken special pains to arrive at the statement of (11.3.5) 
gradually, because the result possesses considerable generality. Theorem 

(11.3.5) justifies definition by complete induction. If it is desired to 
define an n-tuple rather than a sequence, then the appropriate theorem 
of justification is the followng: 
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(11.3.6) Theorem: Let A he a set, let n e I, and let (F^; me I) he a 
sequence of functions on A to A. Finally, let xe A. Then there exists a 
unique n-twple a in A such that 

(a) o:(l) = x; 

(b) for every m < n, a{m + 1) = F„(a(w)). 

The next section will be devoted to the proofs of (11.3.6) and (11.3.5). 

11.4. Justification of Inductive Definition. It might be thought that 
(11.3.6) is simply a special case of (11.3.5); actually it is convenient to 
prove (11.3.6) first and then extend this result to the “complete” 
theorem (11.3.5). Both the original proof of (11.3.6) and the extension 
to (11.3.5) require the use of the induction axiom. 

First, the existence part of (11.3.6) mil be demonstrated. For con¬ 
venience, we state this as a lemma. 

(11.4.1) Lemma: Let A he a set, and let (F,„; me I) he a sequence of 
functions on A to A. Finally, let xe A. Then, for every n el, there exists 
a function /3 on In to A such that 

(a) /3(1) = x; 

(b) for every m < n, ^{m + 1) = Fm{^{m)). 

Proof: Define 

(1) H = ^n el‘, there exists a function ^ on /„ to A such that 

(a) and (b) are true]. 

It will be proved, with the help of III^ that H — I. 

First, to show 1 € H, we must prove the existence of a function ^ on /i 

to A such that 

(2) 0(1) = a:; 

(3) for every m < 1, 0(wz + 1) = Fm{^{rn)). 

But, by (9.3.6), Ji = [1], so that the domain of 0 contains only the ele¬ 
ment 1. Hence 0 is defined by the specification of 0(1). We define 
0(1) ^ a:. Then (2) is satisfied. But (3) is vacuously true, since w < 1 
is not true for any m € /, by (9.2.9). Thus (3) requires that a certam 

equality hold for every element of the set [[m €^ l],'vhic is empty. 

(This situation illustrates strikingly the importance of recogmzmg the 

truth of vacuous statements.) . 

Now suppose q e H, that is, suppose there exists a function y on I, to 

A such that 


(4) 

(5) 
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It is to be sho^Ti that q+l.H. To this end, define p on to A so 
that, for every m e Iq+i = ^« + L? + 


( 6 ) 


J 7 W for me/, 

/3(m) - I for m = 5 + 1. 


It is now to be shown that 
( 7 ) / 3 ( 1 )= 3 -; 

(g) for every m < 7 + 1» "r U 

But, since 1 e/„ ^( 1 ) = ^(1) 

= X 


= F„(d(»r)) 


[by (6)] 

[by (5)] 
[by (6)]. 


[by (6)] 
[by (6)] 


[by (6)] 
[by (4)], 

and (7) is verified. To prove ( 8 ), note first that, if m < q+ 1. then 
m g g by ( 9 . 2 . 10 .a), so that either m < q or m = q. If m < q, then 

m + 1 e/, by ( 9 . 2 . 10 .b), and 

p{tn + 1 ) = y(m + 1 ) 

= F„(.y{m)) 

= F„(j3(m)) 

If m = a, then , , _ 

P{m + 1 ) = P(q + 1 ) 

= F,(.y{q)) 

= FqiPiq)) 

= F„(j3(m)). 

Thus ( 8 ) is satisfied. The existence of (3 on 7,+i to A satisfying (7) and 

( 8 ) shows that g + 1 « //, in view of ( 1 ). 

It has been shown that 1 e// and that, if 5 e//, then q-r lei/. 

Hence, by III', H = I. This completes the proof. 

Next it will be shown that, for every n € /, the function proved to exist 
in (11.4.1) is unique; this will establish the uniqueness part of (11.3.6). 

(11.4.2) Lemma: Let A he a set^ and let (/’«,; vi e 7) he a sequence of 
functions on A to A, Further, let x € A and n € 7. Finally, lei y he 
functions on /« to A such that 

(a) /3(1) = X, 7(1) = x; 

(b) for every m < n, j3(m + 1) = Fm{^{ni)), 

7 (w d- 1) = Fm{y(m)). 

Then = 7 . 

Proof: Define 

( 1 ) H = [n€ I for every j3, 7 , which are functions on 7« to A 

satisfying (a), (b), it is true that ^ — 7l. 


It is to be shown that 77 = 7. 
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To show that \ eH, let 7 be functions on Ii to A satisfying (a) and 
(b) with n = 1 . Since h ~ [1], to prove ^ = 7 it is sufficient to show 
that /3(1) = 7 ( 1 ). But this is obvious from (a). 

Suppose now that 5 € so that, 

(2) if jS', y' are functions on Iq to A such that 

(2a) /3^(1) = :r, y'{X) - x, 

(2b) for every m < q, /3'(m + 1) = and 

y(m+ 1) = FJy'im)), 

then jS' = 7 ^ 

Now let )3, 7 be functions on Iq+i to A such that 

(3) j8(l) = X, 7 ( 1 ) = x; 

(4) for every w < 5 -b 1, I3(m + 1) = ^m(^(?w)), and 

y{m + 1) = F„,iy(m)). 

To prove that ^ 1 c we show that /3 = 7 . Define /S', 7 ' as functions 

on Iq to A so that, 

(5) for every m c /3'(m) = /3(w); y\rn) = y{rn). 

Thus /3' = (/ 3 ( 7 n); m e/g) and 7 ' = (y{m)\ m e Iq). Now it will be 
shown that /3', 7 ' satisfy (2a) and (2b). First, since 1 e /g, 

^'(1) = ^(1) 0>y (5)] 

= X [by (3)], 

and similarly for 7 '. Also, for every m < g, m + 1 e /g, by (9.2.10.b), 

and so _ 

/3'(m + 1) = Km + 1) [by (5)] 

= FMm)) [by (4)] 

- FKK(m)) [by (5)], 

and similarly for 7 '. Thus /S' and 7 ' satisfy (2a) and (2b); accordingly, 
by (2), /S' = 7 '. In view of (5), this shows that 

( 6 ) for every m e Iq, Km) = y{m). 

Since 1^1 = Jg+ [g+ 1 ] by ( 9 . 3 . 6 ), in order to prove ^ = 7 it is 
sufficient to show, in addition to ( 6 ), that 

(7) ^(?+ 1) = 7(?+ !)• 

But (7) is clear from (4) and ( 6 ) with m = g. This completes the proof 

that /3 = 7 and shows that g+lcH. 1117 

It has been shown that 1 e H and that, if g « 77, then g + c 

Hence, by III', H == I. This completes the proof. 
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The preceding two lemmas establish the existence and uniqueness 
parts of (11.3.6) and so constitute its proof. For convenience of refer- 

ence, we restate (11.3.6). 

ril 4 3) Theorem: Lei A he a set, let n e I, and let (F™; m e I) he a 
sequence of functions on A to A. Finally, letxeA. Then there exists a 

unique n-tuple a in A such that 


(a) 

(b) 


a(l) = x; 

for every m < n, a{m + 1) = Fm{ot{m)) 


(11 4 4) Definition: Let A be a set, xeA,neI,a.nd let (F„; me J) 
be a sequence of functions on A to A. Then the unique n-tuple a in A 

such that 

a(l) = X, 

for every m < n, oc^m + 1) = Fm(a(w)), 

is called the n-tuple in A defined inductively by x and (F^; m e I). If (£« 
is often the case) all functions F. arc the same function F, the n-tuple is 

said to be defined inductively hy x and F. 

It is now rather easy to prove the main theorem (11.3.5) on complete 
induction. First we restate the theorem. 

(114 5) Theorem: Let A be a set, and let (F„; n € 7) be a sequence of 
functions on .1 to A. Finally, let xe A. Then there exists a unique se¬ 
quence a in A such that 


(a) 

(b) 


a(l) = x; 

for every n el, a{n + 1) = F«(«(»)) 


Proof of Existence: Define, for every in e I, 

( 1 ) am ^ the unique function of Im to A such that 

(la) am(l) = x; 

(lb) for every n < m, + 1) = Fn(am(n))* 


(The unique existence, for every m e 7, of such on ?n-tuple otm was esta^ 
lished in (11.4.3).) Now define a as a sequence in A (function on 7 to A) 

by 

(2) a = (a„(m);?n€7). 

Thus, for every me I, Q!(m) = o(m(m). It is to be shown that (a) and 
(b) are true. 

.( 1 ) - «(t) [by 

= X fby (la)], 


SO that (a) is true. 
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To prove (b), it is first sho\vii that 

n € I implies a„+i(n) = a„(n). 
To show this, let n e 7 and define y on 7„ to A thus: 

(^) y = (ofn+iCm); 

so that y(m) — an+i(m) for every m e 1^. Since 1 « 


7(1) = <xn+iil) [by (3)] 

= a: [by (la)]. 

Also, for every p < n, p + 1 e 7„, and so 

7 (p + 1) = ctn+iip + 1) [by (3)] 

= Fp(a„+i(p)) [by (lb)] 

= F'piyip)) [by (3)]. 


Thus 7 is a function on In to A such that 

7 ( 1 ) = x; 

for every p < n, y{p + 1) = Fp{y{p)). 
But, by (1), oin is also a function on In to A such that 


ttn(l) a:, 

for every p < n, an(p + 1) = Fp(ocn{p))- 

Thus, by (11.4.2), y = a„. Therefore, for everypein, y(p) = ocn(p). 
In particular, for p = n, 

(4) anin) = y(n) 

= an+i{n) [by (3)]. 

Now, from (4), it is easy to prove (b). In fact, for every n e 7, 


a(n + 1) = «„+i(n + 1) [hy (2)] 

= 7’„(aM-i(«)) Cby (lb)] 

= Fn(an(n)) [by (4)] 

= Fniain)) [by (2)]. 


This completes the proof of existence. 

Proof op Uniqueness: Let a, /3 be sequences in A, both satisfying 

(a) and (b). Define 

H = [n el; a(n) = /3(n)]. 

Now 1 6 by (a). Suppose that ? « f7» so that 

(5) a(q) = J3(ff)- 
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Then, by (b), 


whence, by (5), 


Hence q 1 e 


a(g+ 1)= 

j3(9-h 1) = 

a{q + 1 ) ~ ^(9 

By H — I- This completes the proof of unique¬ 


ness. 

On the basis of (11.4.5), we may make the following definition: 

(11 4 6 ) Definition; Let .4 be a set, i« 4, and let (F„, ra «1) be a 
sequence of functions on 4 to 4. Then the unique sequence « m 4 

such that 

a(l) = ^, 

for every n € /, a(n + 1 ) = Fn{ct{^))i 


is called the sequence in A 
functions F „ are the same 
inductively by x and F. 


defined inductively by x and {Fy nel). If all 
function F, the sequence is said to be defined 


Before concluding this section, let us examine (11.4.3) entically. If, 
for example, n = 3, then the unique 3-tiiple a has the properties 


a(l) = I, a(2) = F,(a(l)) = F,(r), 
a(3) = F.(a(2)) = F2 (F,(i)). 

While the hypothesis gives a sequence (F„; m € 7) of functions on 4 to 
4, only F, and l'\ are employed in the full determination of «. N°wtere 
do the funetions F„, with in > 2 appear. It is natural to suspeet that the 
hypothesis is too strong, that perhaps in it the sequence (F„, m e 7) m y 
be replaced by the 2 -tuple (F,„; m e h). The next theorem shows that 

this weakening of the hypothesis is possible. 

(11,4.7) Theorkm; Let A be a set, let 71 e 7, n > 1, a 7 id let (Fmi W€7«-0 
he an (n - \)-tuple of functions on A to A. Finally, let xtA, cn 

there exists a unique n-tuplc a in A such that 


(a) 

(b) 


«(i) = -t; 

for every m < n, a(i« + 1 ) — Fm(o(in)). 


Proof ; Define a sequence (F'.; in « 7) of functions on 4 to 4 so that 


( 1 ) 


F' = 

* m 




if m < n 
if m ^ n 


In accordance with (11.4.4), let a be the n-tuple defined inductively by x 
and (F;.; m e I). F.vidently (a) liolds, and (b) follows since m < n im- 
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plies = F'^. This proves the existence. To prove the uniqueness, 
let /3, 7 be n-tuples satisfying (a), (b). Again, define {FU\ w «/) as in (1). 
Then 

^( 1 ) = z, 7(1) = x\ 

for every m <n, + 1 ) = F'„S3{yri)'), 

7(m+l)=n(7(w)); 

hence, by the uniqueness in (11.4.3), /3 = 7 . 

Remark: In (1), the definition of F'^ for m ^ n might seem artificial; 
this is indeed the case. In fact, any definition here would have been 
equally effective. (One may prove that in (11.4.3) two sequences 
{Fm\ mtl), {Fla’, m €l) give rise to the same n-tuple a whenever m ^ n 
implies Fm = Fla.) The hypothesis w > 1 in (11.4.7) is needed, since the 
symbol /„_! is involved. 

(11.4.8) Definition: Let A be a set, are A, ne7, n> 1 , and let 
{Fn,', m € 7,^_i) be an {n l)“tuple of functions on A. to A.. T'hen the 
unique n-tuple a in A satisfying (a), (b) of (11.4.7) is called the n-tuple 
in A defined inductively by x and {F^', m e /n-i). If all the functions F„, 
are the same function F, the n-tuple is said to be defined inductively by 
X and F. 

(11.4.9) Project: Let A be a set, are A, and let (F„;ne7) be a 
sequence of functions on A to A. Construct a table like (11.2.2) show¬ 
ing in the right column the correspondents of 1, 2, 3, 4, 5, 6 under the 
sequence a in A defined inductively by ar and (F„; n el). 

(11.4.10) Project: Let A^be a set, ar e A, and E the identity function 
on A to A. Determine the sequence a in A which is defined inductively 
by X and E. 

(11.4.11) Project: What sequence a in 7 is inductively defined by 1 
and <r? By 1 and F = {n-\-k;k el) {n being any element of 7)? 

11.6. The Principle of Choice. In spite of the extreme generality of 
the result (11.4.5), this theorem is not sufficient for all purposes. Spe¬ 
cifically, it is sometimes necessary to find a sequence a in A in terms of 
an element ar of A and a sequence of relations {Ra‘,n el) on A X A, which 
relations are not necessarily functions. In order to treat this still more 
general case, we are forced to discuss first a rather subtle question of 

logic. 

It has been our avowed intention to accept all logical concepts as 
primitive, and thus to avoid the need of setting forth an explicit language 
basis for them or of formally stating any logical principles. As long as 
our intuitions with respect to these matters agree reasonably well with 
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he logicaU'onccpt of existence. Moreover, these drfferences m 
aUitui may be great enough to cause difficulty m the commumcation 
of mathematical ideas. We shall therefore analyze in some detail the 

wav in which we think of assertions of existence. 

In order to lead up to the problem wo wish to discuss, let us first pve 

a particular existence theorem belonging to the theory of positive 
integers. 

(11 5 1) Theorem: Lfl Rbca non-absunl relation on I X I (.that is, Ut 
R I X L R ^ function F on the dotnain of R 

Prow : Th*c^proof is made, as we have made many betorCj^by dioivmg 
how F may bo defined, that is, by producing a particular F which ivil 
fill the bill. Let D be the domain of R, so that D For every n t D, 

S 3 [m iI-,nR /a] 

is not empty, by the definition of the domain of a eolation [see (5^37)1 
Now, by (9.3.9). (9.3.2), the set S has a unuiue least clement L Let us 
define a function F on O to / so that the correspondent under of eve^ 

„ . D is this uniiiue k. It follows that, for every « e D, F(n) e S, ^Ulence 
n R F{n). This last statement means that F cz R. This completes the 

proof. 

The really striking thing about the proof is that (9.3.9), (9.3.2) were 
used only to secure for every n e D some unique element k of N. 1 he 
fact that this k was the least m such that » R m was nowhere needed, 
indeed, this fact might seem completely extraneous. All that is required 
of k is that it be an element of the non-empty set S. This suggests an 

alternate proof of (ll.o.l) as follows: 

Altern.ite Proof of (U.r).l); Let D bo the domain of R, so that 
5 »£ 0. For every » € D, the set 


S = [w tl;n R 

is not empty, by the definition of the domain. For each n « D, let k be 
any element of S. Now tlcfine a function F on D to / so that the corre¬ 
spondent under it of every a € D is this k. Then, as before, F C i?. 

The logical point to be discussed is the question of the validity of this 
alternate proof. There arc many mathematicians and logicians wlm 
do not accept it as a valid demonstration. The particular step objected 
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to is the “selection” of an arbitrary k eS and the use of this k in the 
definition of F; the attitude being that one must, in some way, display a 
unique ke S (as was done in the first proof) before having the right to 
use k for further work. Some say that, if only one set 0 were in¬ 
volved, the selection of an arbitrary keS would be pei-missible; but, 
since, for each n « D, there is a corresponding set 5, and hence (as, for 
example, when D — I) there may be needed a vast number of “simul¬ 
taneous selections,” the selection process is not valid. Others feel that 
in no case does the assertion 5 0 give one the right to select an element 

of S for subsequent use, even if only one set is involved. Tliose who 
accept the validity of the alternate proof claim that the assertion 5 f^ 0 
of itself justifies the selection of k e S, and that the non-uniqueness of k 
merely means that the F eventually defined is also non-unique. 

It may be observed that until now we have avoided raising this issue 
even implicitly, by carefully" proving the uniqueness of any elements 
we wished to use in a subsequent definition. Thus, for example, before 
defining in the proof of (11.4.5), w'e proved [in (11.4.3)] the unique 
existence of the functions required. 

Of course the entire argument is avoidable in the specific case of 
(11.5.1), since a completely unassailable proof has been given, and the 
validity of (11.5.1) is not in question. However, if, in (11.5.1), w'e 
replace the relation 72 on 7 X 7 by a relation on A X B, where A and B 
are arbitrary sets, then the first, unassailable proof can no longer be 
given. For in arbitrary sets there is no analogue for the theorems 
(9.3.9), (9.3.2) by means of which a unique keS is determined. The 
alternate proof, however, would apply equally well to any sets; it em¬ 
ploys no special properties of the set 7. Hence, when it is desired to 
generalize the-theorem (11.5.1) to relations on arbitrary sets, the very 
validity of the result is in question if the alternate proof is not acceptable. 

We do not take sides on the question of the acceptability of the alter¬ 
nate proof. Such proofs wall be avoided because they are not universally 
accepted. But as to the validity of the generalization of (11.5.1) w’e do 
take sides. This result seems vital for some important mathematical 
theorems, since no proofs have been devised avoiding its use. Hence 
we incorporate it into our attitude toward existence by asserting it 
(without proof, of course) in the following form. 

(11.5.2) Principle of Choice: If A and B are {non-empty) sets and 
R is any relation on A X B whose domain is Ay then there exists a function 

F on A to B such that T’ c 72. 

The principle of choice is ascribed to Zermelo and is generally 
the “axiom of choice.” Whether w'e “believe” (11-5.2) or not is beside 
the point. If we do, then we believe propositions w^hose proofs seem to 
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require it; if not, then (11.5.2) is regarded as constituting part of the 
hypotheses of these propositions. At any rate, whenever (11.5.2) is 
used in a proof, that fact will be clearly stated. 

There are many equivalent ways of formulating the principle of choice; 
some dozens of formulations exist in the literature. We give an indica¬ 
tion of the variety of statements possible by stating another formulation 
which will be proved equivalent to (11.5.2). 

(11.5.3) Alternate Principle of Choice: If A and B are (non¬ 
empty) sets and (/?„; n el) is a sequence of relations on A X 5, each having 
domain A, then there exists a sequence (F„; nel) of functions on A to B 
such that, for every n e I, Fn 

Proof of Equivalence: Clearly (11.5.3) implies (11.5.2) as a special 
case. It will be shown that (11.5.2) implies (11.5.3). DefineSand (Rby 

S = [^all functions on A to 5]; 

(R = [(/i, F) e I X S] F CZ i?„]. 

Then (51 is a relation on 7 X S. First, it is shown that 31 has domain 7. 
To do this, we prove that, for every n e 7, there exists F e S such that 
F <Z Rn. But this follows from (11.5.2) with R = R„. It is now evident 
that S 5*^ 0. 

Now apply (11.5.2) with A, B, R replaced by 7, S, 31, respectively. 
Then (11.5.2) yields that there exists a function on 7 to S such that 
(F C 31. For every nel, define 

7\ ^ JF(h) 6 S. 

Since J c 31, (ii, JF(n))« 31. Thus Fn = 5(«) ci This completes 
the proof. 

A further indication of how it is possible to rephrase the principle of 
choice can be obtained by noticing that no special properties of 7 were 
used in the proof of (11.5.3) from (11.5.2). Hence it is possible to re¬ 
place 7 by an arbitrary set. The particular statement of (11.5.3) is 
chosen because it is best adapted to the first application of the prin¬ 
ciple of choice to be given. 

(11.5.4) Project: The principle of choice is often stated thus: Let 
Tl be a (non-empty) set whose elements arc 7wn-cmpty subsets of a set T. 
Suppose that S\, S 2 e 9)?, Si 9 ^ S 2 implies Si * S 2 — 0. Then there exists a 
subset U of T such that, for every S e U • S is finite arid has exactly 1 
element Show that this statement is implied by (11.5.2). 

11.6. General Inductive Definition. At the beginning of Section 4, it 
was mentioned that a more general theorem on inductive definition 
would be needed. It was necessary first to discuss the principle of choice 
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because the proof of the more general result uses this principle. The 
general theorem on inductive definition may now be stated and proved. 

(11.6.1) Theorem: Lei A he a (nori’empiy) set, and let (R„; n el) be a 
sequence of relations on A X A, each having domain A. Finally, IctxeA 
Then there exists a sequence a in A, such that 

(s-) “(1) = x; 

for every n e I, a(n) a(n + 1). 

Proof: By (11.5.3) udth B = A, there exists a sequence (F„; n e 7) of 
functions on A to A such that, for every nel, cz Rn. Then, by 
(11.4.5), there exists a sequence a in A, such that 

(1) a(l) = x; 

(2) for every n e I, a(n + 1) = L„(a(n)). 

But (2) may also be written 

. , a(n) Ln a(n + 1), 

or, equivalently, 

(ain), a(n + 1)) e Fn. 

Then, since Fn C Rn, (a(n), a(n + 1)) 6 Rn, or 

(S) a(n) Rn a(n + 1). 

Thus (a) and (b) are true by (1) and (3). This completes the proof. 

The two theorems (11.4.5) and (11.6.1) should be carefully compared. 
Notice, in particular, that (11.4.5) is not a special case of (11.6.1), since 

(11.6.1) says nothing about the uniqueness of the sequence which is 
proved to exist. Moreover, the proof of (11.4.5) does not require the 
use of the principle of choice, while the proof of (11.6.1) apparently does. 

(11.6.2) Definition: Let .4 be a set, xeA, and let (7?„; nel) be a 
sequence of relations on 4. X 41 with domain A. Let a be any sequence 
in A such that 

a(l) = x; 

for every nel, a(n) Rn a(n + 1). 

Then a is said to be a sequence in A defined inductively by x and 
(Rn ',n el). If all relations Rn are the same relation R, a is said to be a 
sequence in A defined inductively by x and R. 

The next chapter will be devoted to some applications of (incomplete) 
iuductive definition. 

(11.6.3) Project: Let me I. Prove, without using (11.6.1), the 
existence of a sequence a in 7 which is inductively defined by m and <. 

establishing the existence of another sequence ^ with ^ 9 ^ a, show 
that in (11.6.1) uniqueness is impossible. 
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EXTENDED OPERATIONS AND APPLICATIONS 

[No Basis] 

12.1, Introduction. It has been seen that binary operations on AX A 
to A, where A is a set, play a considerable role in mathematics; for 
example, group theory centers about such an operation, and most of 
the theoiy of positive integers involves essentially the operations +, • 
on / X / to 7. Associated with a given operation o on A X A to A are 
certain “extensions,” which may be introduced with the help of the 
machinery of inductive definition. 

If Oi, 02 € A, then 010 02 6 A, so that, if alsoose A, then ( 01002 ) oos € A. 
We have thus associated with the elements Oi, 02 , 03 e A the unique 
element (oi o 02) o 03 of A. This association clearly has the character of 
a function whose domain is the set A® of all 3-tuples in A, and whose 
range is a subset of A. Now if oi, 02,03,046 A, then ((01002) 003) 004 € A, 
so that we have a function on A^ to A. We shall be concerned ^^ith the 
precise definition and the study of the properties of the entire chain of 
functions suggested by the initial steps indicated. The functions on 
A" to A forn c 7 so obtained will be the desired extensions of o. 

It should be noted that, after the beginning stage oi o 02 in the con¬ 
struction of the extensions, a certain latitude is possible in selecting the 
mode of continuation. Thus one might elect to associate oi o (02 o as) 
rather than (ui o a^) o oz with (oi, 02, aa) ; and corresponding to (ai, 02, 
03,04) one might specify, for example, Oi o ((02 o Os) o 04). However, 
under certain circumstances, these various choices lead to the same 
extensions. Operations having but one extension may be sho^vn to be 
those called associative, in accordance with the following: 

( 12 . 1 . 1 ) Definition: If A is a set, and if o is an operation on A X 
to A, then o is associative if 

a, 5, c € A implies (a o 6 ) o c = o o (6 o c). 

The extensions of associative operations are more significant for the 
applications to be made than those for non-associative operations, and 
so most of our attention is devoted to these operations. (It will be 
recalled that group operations and +, • on 7 X 7 to 7 are associative.) 

There is another source of latitude in the construction of extensions 

176 
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of an operation o. Indeed, at the outset, where a function on ^2 to ^ 
IS introduced, it would be possible to select o ai, rather than o 
as the element to be associated with (m, a^) eA^. Increasing latitude 
exists at the subsequent stages; for example, associated with 
(ai, 02 , Os) e might be (02 o Oi) o 03 or 03 o (oi o oo), or any of several 
other possibilities. Again, for certain operations, the multiplicity of 
extensions is considerably reduced; this is true, in particular, for those 
operations called cominutative, in accordance with the following: 

(12.1.2) Definition: If A is a set, and if o is an operation on A X A 
to A, then o is commutative if 

a, 6 e A implies a oh = ho a. 

Particularly significant results are obtained for operations which are 
both associative and commutative, as are + , • on / X / to /. (Of course, 

such results will apply to group operations only in the case of commuta¬ 
tive groups.) 

Although the aim of the present chapter is to obtain properties of 
certain particular operations, it is more economical to make the treat¬ 
ment general, so that application may easily be made to each desired 
special case; thus the need for proving similar theorems for the special 
operations separately is obviated. 

12.2. Extensions of Operations. 

(12.2.1) Lemma: Suppose A is a set and o is an operation on A X A 
to A. Let ntl and (a*; ki 7„) he an n-tuple in A. Then there exists a 
unique n-tuple ( 6 „; m e 7„) such that 

(a) hi = ai; 

for every m < n, hm+i = 6m o a„+i. 

Proof of Existence; If n = 1 , define (&„; m eh) so that 61 = gi. 
Then (a) holds, and (b) is vacuously true. Let n > 1, and define an 
(n - l)-tuple (E„; m € 7n-i) of functions on A to A as follows: 

for a e A, me 7„_i, Fmiu) = ao a^+i. 

Then, by (11.4.7) with X = oi, there exists a unique function a on 7„ to 

A such that 

( 1 ) a(l) = Gi; 

(2) for every m < n, a(m + 1) = Fm(<x(m)) = a{m) o a^+i. 

Befine, for every m e 7„, hm = a(m). Then (1), (2) yield (a), (b). 

Proof op Uniqueness: If n = 1 , uniqueness is evident in view of (a). 

If n > 1 , n-tuples ( 6 ^; m c 7„), (cm; m e 7„) satisfying (a), (b) are func- 
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tions 7 on to A satisfying (1), (2). Hence they are equal by 
(11.4.7). 

(12.2.2) Definition: Suppose yl is a set and o is an operation on 

A X A to A. Let n f / and (a/.-; k e /„) be an ?i-tuple in A. Then the 
unique n-tuple (6^; m e/„) whose unique existence was proved in 
(12.2.1) is called the o-associate of For every mein, the 

element 6m is given the notation 

Q„(fl*; k € In). 

(12.2.3) Corollary: If A is a set, if o is an operation on A X A 
to A, if n el and if (a*; k e In) is an n-tuple in A, then, for every rn e h, 

k e In) ~ k € I m) • 

Proof: Lemma (12.2.1), applied to the «-tuplc (a^rj k e In), yields that 
there exists a unique «-tuple (6jt', k e In) such that 

4 

(1) 6i = nr, 

(2) for every k < n, bk+i — hk o ak+\. 

But, if TO < n, (12.2.1) applied to the w-tuple (at; k e Zm) >delds that 
there exists a unique m-tuplc (c^; k e Zm) such that 

(3) Cl = oi; 

(4) for every k < m, Ci+i = Ck o a^+i. 

Since m ^ n, from (1) and (2) it is seen that the 7n-tuple (6^; k e I„) 
satisfies the requirements uniiiuely determining (cj.-; k e Zm); thus 

(5) for every j e Zm, 6/ = Cy. 

But, by the definition (12.2.2), 

bj = k e In), Cj == k elm)- 

Hence, from (5) with j = 

k e In) ~ k e Zm). 

This completes the proof. 

The notation introduced in (12.2.2), while convenient, is not custom¬ 
ary. The usual notation is introduced in the next definition. 

(12.2.4) Definition : If/I is a set, if o is an operation on .4 X .4to*4, 
if n € Z, and if (a^; k e In) is an ?i-tuple in *4, then 

fl 

i - 1 



Sec. 2] 


EXTENDED OPERATIONS 


179 


( 12 . 2 . 5 ) Corollary: If A is a set, if o is an operation on A yc, A to A, 
if m, ne ly m ^ n, and if (a*; k e In) is an n-tuplc in A, then 


m 


(a) 

In particular, 

(b) 


C^ mjdk I k e In)- 


k=l 


Qcik = ai. 


k^l 


Proof: By the defioition (12.2.4), 


m 

^ € Ijn^* 

k^l 

Hence (a) is an immediate consequence of (12.2.3), Then (b) follows 
from the definition of 

(12.2.6) Corollary: If A is a set, if o is an operation on A X A to A, 
if n € I, n > 1, and if (a*; k e In) is an nduple in A, then 

n /n-l ^ 

i-1 \A;=.l / 

Proof: This follows immediately from (12.2.5) and the fact that 

€ /n) = ^^^n)o a„. 

Remark: When the operation o is denoted by +, it is customary to 

n 

use ^ (for “sum”) in place of Q- Hence means the element hn 

m » 1 

in the unique n-tuple (6m; rn e In) such that 


6i = ai; 

for every m < n, h,„+i = 6m + dm+u 


n 


2 (Xm is called the sum of (a™; m 6 In)- Similar^, if o is denoted by • or 

-|V 

X, then JT (for “product”) replaces the symbol Q. Hence \\am means 
the element c„ in the unique n-tuple {Cm\ mein) such that 


Cl = oi; 

for every m < n, Cm+i = Cm * dm+u 

n 

JJom is called the product of (um; m e /„). 

We illustrate the use of (12.2.6) by proving an important result on 
sums of positive integers. 

( 12 . 2 . 7 ) Theorem: Let ?i, j e I. Then 

»l - I 
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W 

Remark: The notation means, of course, the sum of the n-tuple 

m» i 

(j;m € In) or, more explicitly, the sum of the n-tuple (am, me In) which 
is defined by the requirement that, for every mein, = j- Such an 
n-tuple is called a constant n-tiiple. 

Proof: The proof is by induction. Let j ^ I, and define 

// = fn e7; ^ ^ 


Now 1 e H, since, by (12.2.5.b), 


Suppose q e H, so that 

( 1 ) 

Then 


j 1 

m- I 


V 


= g • J 


m -1 


tf+l / ^ \ 

- 2^) 
m - 1 - I / 


+j 


= 9 • j + 1 • i 

= (9+ 1) -j 


[by (12.2.6)] 

[by (1)] 

[by (8.6.14], 


whence q+ltH. It follows from III' that H = 7, and the proof is 
complete. 

Remark: The theorem (12.2.7) is a statement of the connection be¬ 
tween “multiplication” and “repeated addition” which is generally 
used as the “definition” of “multiplication” in elementary school. 


We close this section by proving one more result concerning the exten¬ 
sion of the operation + on 7 X 7 to 7, a generalization of the distributive 
law. 


( 12 . 2 . 8 ) Theorem: Let nel and (am’,mel,) be an n-tnple m 7 . 
Finallyy let keL Then 

(a) '^(k • fl„.) = k • 

m • I m • 1 

Proof: Let 

H = [n € 7; for everj'^ k e I and every (a,n; m e In), (a) is true3* 

It will be shown that 77 = 7. First 1 e 11 y since 

1 t 

2(^ * Rm) ^ k • ai ^ k • 
m * 1 - 1 
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^sow suppose q c H, so that, for every k e I and every (am', 'in e /g), 


( 1 ) 

Then 


V ^ Q 

^(k - am) = k - 


m-l 


m e 1 


/ Q V 

• Om) = ( 'Xik • aj) + A: • a^+i [by (12.2.6)] 

m =1 \m =1 / 


= (k • k • a 

\ m= i / 

= A; • [ 

\m « 1 / 


C+1 


= k ■ 


[by (1)] 

[by (8.6.14)] 


[by (12.2.6)]. 


m «1 


Thus q € ff implies q-\- 1 e //. By III', H ~ I, and the proof is com¬ 
plete. 

n 

(12.2.9) Project: Prove that, if n e /, then JJl — 1. 


1 


(12.2.10) Project: Prove that, if n « /, then 

n 

2 • 2^ — n ' (n-\- \). 


m»\ 


12.3. General Associative and Commutative Laws. In (12.1) it was 
indicated that the particular extension considered in the preceding sec¬ 
tion is only one of many that might have been considered. It was further 
indicated that many of these possible extensions coincide for associative 
operations and still more of them coincide for operations that are both 
associative and commutative. In this section, we shall consider some 
of the implications of assuming associativity or both associativity and 
commutativity of the given operation. 

In order to formulate these results, it will be necessary to introduce a 
slight extension of the notation of (12.2.4). 

(12.3.1) Definition: Let .4 be a set and o an operation on A yc A 
to A. Let nel, n> 1, and let (a*; A:e/n) be an n-tuple in A. Let 
m e Then 

n 

jfcsi m-|-l 

(12.3.2) Corollary: If (at; k c If) is an n-tuple in A, andif qe 
then 

q 

i-fl 
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Proof: If 9 = 1, this is (12.2.5.b). If 5 > 1, then g = (g — 1) + 1, 
and, from (12.3.1), (12.2.5.b), it follows that 

Q <} a-(ff-l) 

Qak = O “ O 

I 

A- 1 

With the notation of (12.3.1), it is now possible to state a general 
associative law. 

(12.3.3) Theorem: Let A be a set and o an associative operation on 
A X A to A. Letn€l,n> l;let (a*; k c 7„) be an n-tuple in A, and let 
m e 7„_i. Then 

(a) O 

Jt-l \k-l / \*-m+l / 

Remark: It is easy to see that this result “includes” the associative 
law if one applies it first with n = 3, in = 1 and then with n = 3, m = 2 
and equates the two right-liand elements obtained. 

Proof: The proof is by induction. Define 

77' = [n € 7; n > 1 , and for every (ot; k e 7„), m € In-\, (a) is true]; 

H ^ [1] + 7f^ 

It will be proved that H — I. Obviously 1« 77 by definition. 

Let q € 77, with the aim of proving that g + 1 6 77. If g = 1, it is 
to be shown that 2 € 77', that is, for every (at; k e 72 ) and every m 6 7i, 

t.l \*-l / U.m+l / 

But me I\ means m = 1, so that it suffices to show that 



which is trivial in view of (12.3.2). 

Suppose now that g > 1, whence g € 77', and let us show that g + 1 e H'. 
A (g + l)-tuple (fljt; k e I^+i) and m e 7^ are supposed given. If wi = g, 
we have, by (12.2.6) and (12.3.2), 

fl+i / \ 

== (0^0 o 

= (0‘-)<o,4 
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and (a) holds with n = 9 + 1 . On the other hand, if m < g, then 


«+i 






= (0“'=) 

=(CQ“-)<.o ,«*)) 


Git I I O Qq+l 


= (0“‘) ° ((P?’"^^) 


[by ( 12 . 2 . 6 )] 

[since q e H'2 

[since o is 
associative] 


) 


O Cl„i-^(q^rn+l) 1 E^y (12.3,1)^ 



fq — m + l 


ak ] o 


-m-hi \ 

ani-ftj 
*:=! / 


* = 
<7+1 


- (6«) o (6..) 


[by ( 12 . 2 . 6 )] 


[by (12.3.1)]. 


Again (a) holds with n = g + 1. Thus g -|- lei/' and hence g + lei/. 
By Iir, H = I. Therefore, for n e I, either n — 1, orn > 1 and n e H'. 
This completes the proof. 


We close this section with the proof of two general commutativity 
results that hold for the extensions of a commutative (and associative) 
operation. 


(12.3.4) Definition: Let A be a set and o an associative operation 
on A X A to A. If n e /, n > 1, if (at; k c In) is an n-tuple in A, and if 
m € In, define 

k^\ 

k^m 

to be 

n 

Qa* if m = 1 ; 

n— I 

Qoit if m = n; 

k^l 

(0“‘) o ( O if ^ 1> "• 


(12.3.5) Theorem: Let A be a set and o an associative and commu¬ 
tative operation on A X A to A. If n el, n> I, if {at-,kel„) is an 
n-tuple in A, and if m tin, then 
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Proof: The second equality is evident since o is commutative. If 
m = 1 or m = n, the result follows immediately from (12.3.3), (12.2.6); 
we leave the details to the reader. Let tyi ^ L whence 1 W 2 , vi <C. n. 

Then 


O (12.3.3)] 

\t-i / \*-m+l / 

= ((O^a) o oa-^ [by (12.2.6)] 


= Om o 


(Co«)<6,-)) 



and the proof is complete. 


[by (12.3.4)], 


A simple consequence of (12.3.5) for the case A = /, o = •, that will 
be useful later, is given next. 


(12.3.6) Corollary: Let (a>; j « /„) 6e an n-tuple in I and let k e /„. 

(hat isj there exists ut I such that 

ft 

JJa/ = Qk • u. 

j-i 


Then ak 



Proof: If n > 1 this is an immediate consequence of (12.3.5) ^^^th 

n 

u = JJfl/. If n = 1 (whence k = 1), the corollary is true ^\^th m = 1 
by (12.2.5.b). 


Theorem (12.3.5) is clearly a generalization of the commutative law 
as can be seen by considering the case n — 7n = 2. In intuitive terms, 
(12.3.5) states that any particular clement con be “pulled out in front” 

n 

without affecting the value of Oot. From (12.3.5) it is possible to prove 

Jb- 1 

a still more general commutative law as will be shown next. First a 
definition is required: 


(12.3,7) Definition: Let m, 7i e 7, and let (ok-; k e !„,) and (hr, I e h) 
bo 77i~ and n-tuples in a set A. Then (hi; i € 7„) is a of 

(ojt; k € Im) if there exists a one-to-one correspondence ^ betw’een and 
7m such that, 


(a) 


for every I € In, hi = a^d). 
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(12.3.8) Corollary: Let {bt; I e /„) be a rearrangement of (at; k e /J. 
Then m = n, and (a*; k € /„,) is a rearrangement of (bi; I e /„). Moreover^ 

[a*; ktlm~]^ [brjelnj 

Proof: The fact that m = n follows from (10.3.5). Now is a 
one-to-one correspondence between I„, and moreover, by (10.2.1.b), 
for every kel^, Afp*(k)) = k, whence (12.3.7.a) with I = (p*(k) yields 

(1) ak = a^(v>*(*)> = 

so that (a*; kelm) is a rearrangement of (hr, I eh). By (12.3.7.a), 
le h implies bi e [a*; k e /J, since there exists k e Im, namely, k = ^(/), 
with b = ak. Hence 

[hi; Ze/n] <= [at; fc e / 

The reverse inclusion similarly follows from (1) and the proof is com¬ 
plete. 

Remark: It should be noted that, although it is tine that, if (bi; I e !„) 
is a rearrangement of (at-; keh), then [at; kelm^ = hh']) the 

converse of this implication is not true due to the possibility that 
at = ay with k ^ j. The reader should construct simple examples to 
verify this fact. 

We now state the general commutative law with which this section 
will be concluded. 

(12.3.9) Theorem; A he a set and o an associative and commutative 
operation on A X A to A. Let n e I, let (am; m e In) be an n-tuple in Ay 
and let (6^; m e J„) be a rearrangement of (a^; m e /„). Then 

n n 

(a) ^^am ~ ^^bm- 

Proof; The proof is by induction. Define 

H = [n € 7; if (6„; m e 7„) is a rearrangement of (a„; m e In), then 

(a) is true]. 

Clearly 1 e H, since the only one-to-one correspondence between h = [1] 

and itself is the identity. Thus 

1 ’ 

= ai ~ bi — O&w 

Now suppose qeH, with the aim of proving q-\- I eH. Let (am; m e 7g+i) 
by a (9-1- l)-tuple in A, and let (6«; meh^i) be a rearrangement of 
(am; me/^i). The fact that (6.; mel^i) is a rearrangement of 
(am; m e I^+i) means, according to the definition (12.3.7), that there is a 
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one-to-one correspondence <p between Iq+i and Z^+i such that, for every 
m € Jq+U _ 

Om “ 

In particular, 

Now define k = tp(q -|- 1), so that k c Iq+u and 

(1) *>g+i = 

We have 

tf+l / 0 \ 

( 2 ) Qb^ ^ [Ob„] o 

and, on the other hand, 


[by (12.2.6)]; 


( 3 ) 


ff+i /fl+i \ 

Ocim = 

m • 1 - 1 ' 

t 


[by (12.3.5)]. 


( 4 ) 


r„ = 


Define a g-tuple (c„: Jn e /,) in A so that, for every m e I 

a„ if in < k 
a„,+i if m ^ A-. 

Then it is easily seen from (4) and (12.3,4) that 

C+! Q 

( 5 ) ^ 3 ^”* ” 


Qt 


m • I 
m^t 


mm \ 


( 6 ) 


Mm) = 


It will now be shovn that the g-tuple {bm', ‘ra e Iq) is a rearrangement 
of (cm; w e Iq). To this end, define a function ^ on Iq to Iq so that, for 
every mtlq^ 

f ip{in) if tp{m) < k 
ipiin) — 1 if ^(jn) > k. 

It should be noticed that (6) defines ^( 7 / 1 ) for every in « Iq, since fp{m) = k 
occurs only for m — g + 1 and therefore for no in e Iq. Then, for every 

mt Iq, 

bm ~ a^(m) (*^)j (^)j* 

Moreover, it is easily verified that ^ is a one-to-one correspondence 
between Iq and Iq. Thus (6„,: in e Iq) is a rearrangement of (Cw,; in c Iq). 
Then the fact that q^H implies that 

( 7 ) Oc„ = Ob„. 


mm\ 


m- 1 


From (7) and (5) it follows that 


whence, by (1), 

( 8 ) 


Q « + l 

^^bm — 

m -1 m " I 

m^t 


( 6 ‘-) 


O ^9+1 — 


(§r) 


om. 
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Comparison of (8), (2), (3) shows 

«+i tf+i 

m= 1 m = 1 

whence g + I eH. It has been shown that I eH, and that qeH implies 
g 1 € H. ThuSj by III^ H = I, and the proof is complete, 

(12.3.10) Project: In (12.3.3), let n = 5 and write the conclusion (a) 
for m = 1, 2, 3, 4 without using the symbol O 

(12.3.11) Project: Treat the cases w = 1, ?n = n in the proof of 
(12.3.5). 

(12.3.12) Project: Let ( 01 , 02 ,^ 3 ) be a 3-tupIe in a set A. Deter¬ 
mine all its rearrangements. 

(12.3.13) Project: Prove the statement in the remark following 
(12.3.8) by constructing an appropriate example. 

(12.3.14) Project: In (12.3.5), and also in (12.3.9), let {a\, 02, as) be 
a 3-tupIe and write the conclusions without using the symbol O. dis¬ 
playing a separate equality for every rearrangement. 

(12.3.15) Project: In the proof of (12.3.9), the function ^ defined 
by (6) is stated to be a one-to-one correspondence between Iq and Iq. 
Prove this fact. 

12 . 4 . Powers. A particularly important special case of Qa^ arises 

1 

when the n-tuple (a^; mein) in A is a constant, that is, when there 
exists an element a e A such that Om = a for every m e 7„. 

(12.4.1) Definition: If A is a set and o an associative operation on 
A X A to A, and if (om; m € /„) is an w-tuple in A such that, for m « 

Urn = a e A, then 

n ft 

O®- == O® 

m~l 

is called the n-th o-power of a. If o is written - or X, so that is 
written JJ, the notation a" is used for the n-th o-power, that is, 

n 

a" = 

m* 1 

Remark: One result concerning o-powers wdth o =+ and A = I has 
already been obtained in (12.2.7). It should be noted that the discusrion 
of (11.2) is an intuitive introduction to o-powers with A = / and o = •. 

Tw^o results which are simple consequences of the results of the last 

sections will be given here. 
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(12.4.2) Theorem: Let A he a set and o an associative operation on 
A X A to A. Let aeA and m, nel. Then 

( m \ / ” \ ^ + ^ 

p“) ° (9") = 9“- 

Proof: Consider the (m + n)-tuple {a; q e Zm+n)- Then 

t»+n / "> \ / \ ^ 

= (0*^1° ( O (12.3.3)] 

flTl \fl-l / Vfl-m+l / 


=(6-)»(6.) 


[by (12.3.1)]. 


(12.4.3) Corollary: Let A he a set and • an associaiive operation on 
AXAtoA. Leta€Aandm,n€l. Then 




• a 


Proof: This is simply a restatement of (12.4.2) using the notation 

n 

a" = n^- 

a-1 

(12.4.4) Theorem: Let A he a set and o an assoaa/n»c operation on 
A X A to A, LetaeA and vi, n « 7. Then 

m / n \ m • n 

(a) 0(0«) = 0«- 

«-.l\r-l / r-1 


Proof: Let ntl ^ and define 


H = [ 7/1 c 7; (a) is true]. 

Now 1 e 77, since 

1 / n \ n 1 • n 

o(o«) = o« = o« 

/ r-l r-X 

Suppose g € 7/. Then 

[by (12.3.2)1 

o(o«) - (0(6.)) . (6.) 

[by (12.2.6)] 

- (o»)»(Q.) 

[since geffj 

fl+fl 

= 0 « 

1 

[by (12.4.2)] 

(fl+u • n 

= 0 


r* 1 

so that <7 + 1 « 77. Thus IJ = I by IIP, and the proof i 

s complete. 
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(12.4.5) Corollary: Let A he a set and • an associaiive operation on 
A y. A to A. Let a tA and ne I. Then 

(a'")” = a”'*”. 

Proof: This is a restatement of (12.4.4). 

Remark: The two results (12.4.3) and (12.4.5) may be recognized 
as the familiar “laws of exponents.” 

(12.4.6) Project: Let a, m, n e I, m < n. Prove that a" |* a"*, and 

that a” -7- a™ = This is another familiar “law of exponents.” 

12.6. The Fundamental Theorem of Ari thm etic. This section will be 
devoted to a result in the theory of the positive integers which is so im¬ 
portant that it has been called the fundamental theorem of arithmetic. 
Its proof will require many of the results obtained earlier in this chapter 
applied to the operation • on / X / to 7. The result to be obtained con¬ 
cerns the “representation” of positive integers as “finite products” of 
piime numbers. 

Recall that a positive integer is called a prime if it is not 1, and if the 
only positive integers which divide it are itself and 1 [see (9.4.8)]. From 
this definition it follows that, if e 7 is not a prime, then either m = 1 
or there exists tel such that 1 1 7n and 1 < t, t < m. Since 1 1 m means 
m = t • u for some ue I, every positive integer other than 1 and not a 
prime can be written as a “product.” Intuitively, one might feel, since, 
if t and u are not primes, they in turn can be written as products, that 
this “process” can be “continued” until pi’ime factors are arrived at. 
Thus it is suggested that any positive integer (>1) is an (extended) 
product of primes. The next theorem will establish this fact. 

(12.5.1) Theorem: Letmel,m> 1. Then there exist n el and an 
n-tuple (j)j ; j e In) of primes such that 

n 

(a) m = J\vi 

Proof: Suppose the theorem is false. Then, by (9.3.9), there is a 
least positive integer s > 1 for which there does not exist a tuple of 
primes satisfying (a) with m = s. Now s is not a prime, for if it were, 
then, by (12.3.2), 

would be true with p = s (a prime). Since s > 1 is not prune, there 
exist tjUel such that \ < tj \ < u and 

(1) s = f * w. 
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By (9.2.18) and (9.2.19), / < s and m < s. Then, by the definition of s 
(as a least), it follows that t and u are “products of primes,“ that is, 
that there exists an wi-tuple (g,; jeln,) of primes and an Tia-tuple (r,; 
j € /n,) of primes such that 

(2) t = n?; 

and 

(3) u = I!''!- 
Thus, from (1), (2), (3), 

(4) . = (fc-) • (ft'-,)- 

Now define an (ni + n 2 )-tuple (p,; j e /n.+n,) as follows: 


(5) 


Pi = 




r;_n. if ni < j £ 111 + « 2 . 

Then, from (5) and (4), it follows, in view of (12.3.1), that 

•= ®-.) ■ 

Thus, by (12.3.3), 

n,+n, 

(6) s = n Pi, 

j~i 

where, by (5), py is a prime for every j £ 7o,+n,. But this contradicts 
the definition of s as a positive integer for which (6) is impossible. This 
completes the proof. 

It is clear that, for any me/, an n-tuple of primes (p,-; j € In) such 

n 

that m = JJpy is not unique; in fact, from the general commutativity 




n 


theorem (12.3.9), if m = JJpy and if (g, ; j c 7„) is a rearrangement of 

n y-1 

(py;j€7„), thenm = lb. The main result to be demonstrated in tliis 

y-i n 

section is that the n-tuple of primes such that 7ti — Up. is “unique 

except for rearrangements." This is conveniently demonstrated with 
the help of several lemmas. 

(12.5.2) Lemma: Let a, b, pel s\ich that p is a prime and p | o • 6 . 
Then p 1 a or p I b. 

Proof: Suppose the theorem is false, so that the set 

(1) [p € 7; p is a prime, and there exist o, b « 7 such that p | o • 5, 

pl'a, p|'b] 
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is not empty. Then, by (9.3.9), the set (1) has a least. Let denote 
this least. Since pi is in the set (1), the set 

(2) [atl\ there exists h el such that pi | a • 6, pi \' a, pi |' 6^ 

I 

is not empty and so has a least oi. Then, since gi is in the set (2), pi |' gi, 
and the set 

(3) [& e7; pi I Gi • 6, Pi I' 6] 

is not empty. Let bi denote the least in (3). Then we have 

(4) Pi|ai-&i, piTfli, pil'fci. 

It is easy to see (since • is commutative) that the set (3) is a subset 
of (2). Hence, from the definition of gi as a least, 

(5) Gi ^ 6i. 

It is also easy to see that gi > 1, 6i > 1. For example, if Gi = 1, then 
Pi I Gi • 6i implies pi | hi, contrary to pi |' 6i. 

Nowitwillbesho^vnthat6l < pi. This is proved indirectly. Suppose 

(6) Pi ^ h. 

Then, since pi|'6i, pi ^ hi, whence pi < 6i. The “quotient and re¬ 
mainder'" theorem (9.4.9) yields that there exist s,r el such that 

(7) = pj . 5 -f- r and r < pi. 

Then 

Gi * &i = Gi • (pi * s + r) = Gi • Pi • 5 + Gi • r. 

Clearly pi | (gi * pi * s) and pi | (gi • pi * s + Gi ■ r). Thus, by (9.4.7), (4), 

(8) pi I Gi • r, Pi I' Gi. 

But, by (7), (6), r < 6i. By the definition of 6i as a least in (3), r < 6i 
shows that r is not in the set (3). Hence (8) implies pi| r, so that 
pi ^ r, contrary to (7). This contradiction shows that the assumption 

(6) is false and that 

(9) 6i < pi- 
Hence, by (5), 

(10) Gi < Pi. 

From (4), it follows that there exists cel such that 

(11) Pi • c = Gi * hi. 
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Clearly c > 1, for otheiAvise pi = fli * bi, with ai > 1, &i > 1, contrary 
to the fact that p, is prime. Then, by (12.5.1), there exist n e 7 and an 
n-tuple ($,■; i e /„) of primes, such that 

n 

c=n?'- 

From (12.3.6), it follows that there exists u c I such that 

( 12 ) c = qx'U. 

Then, by (11), (12), 

(13) pi ■ • u = Gi • hi. 

Now it will be showm that 

(14) Qi < Pi- 

If Pi ^ 9i, then, by (0), (10), oi • 6 i < pi • Pi ^ P» • ^ Pi * • «> con¬ 

trary to (13). This establishes (14). Then (14) and the definition of 
Pi as least in the set (1) show that 71 is not in the set (1). But 71 is prime 
and, by (13), 71 1 oi • 61 . Hence either 71 1 oi or 71 1 hi. It will now be 
shown that both of these possibilities lead to a contradiction. 

Suppose 7 i 1 fli, so that there exists d 1 1 such that 

(15) ai = qi' d. 

Then by (13), (15), 

pi • 71 » w = 7i • « • Oi, 

whence 

Pi • u — d • hif 

and Pi 1 d • bi. But d < fli by (15), since 91 1 (91 is a prime), so that 

d is not an element of (2). Hence pi 1 d or pi [ bi. The second possibility 
contradicts (4). But, if pi | d, then pi 1 91 • d, and, by (15), pi [ ai, con- 
trary to (4). 

The possibility 71 1 61 may be shown to lead to a contradiction in a 
similar manner; this is left for the reader. 

This completes the proof, since the assumption that (1) is non-empty 
has been proved false. 

The next lemma may be phrased verbally as follon's: “If a prime 
divides a product of primes, it is one of the primes in the product.” 

(12.5.3) Lemma: Lei phe a prime, n c /, and ( 7 /; j « In) on n-iupk of 
primes such that 

n 

V n^i 

Then there exists fc € Jn such that p = 7 ^. 
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Proof: The proof is by induction. Define 



= [n 6 /; if p is prime, (g,; j t /„) is an n-tuple of primes with 



n 

then there exists kein such that p = g J. 


First, 1 


H. For, if p 


n?/. 


j=i 


then p I gi, whence, since gi is prime, 


p = 1 or p = gi. But p 9 ^ I since p is a prime, w'hence p = gi. 

Now suppose meH, with the aim of showing w + \ e H. Let p be 
a prime, and let (g,-; j e Im+i) be an (m + l)-tuple of primes such that 


Then, by (12.2.6), 
Hence, by (12.5.2), 




P 


m 


n?/ 

j=i 


or p gm+i 


If p 


m 

n 




then the fact that m^H show^s that 


( 1 ) there exists helm such that p = qk- 
Otherwise, if p | g^+i, the fact that p and g^+i are prime shows that 

(2) p = gm+i* 

Since either ( 1 ) or ( 2 ) is true, it is seen that there exists k e Im+i such that 
P = Qk. Thus w + 1 c H. Hence, by IIP, H = I, and the proof is 
complete. 

Now the main result of this section can be stated as follows: 

(12.5.4) Theorem : Let m, ntl, and let (p,-; j « Im) and (g,-; j e In) he, 
Tespectively, an m-tuple and an n-iuple of primes such that 


m 

jipi = 

j~i 

Then m = n, and (g,*; j e In) is a rearrangement of (p,-; j ^ 

Proof: A separate proof that m = n\s unnecessary by (12.3.8). The 
proof of the second statement is by induction. Define 

H = [m e /; if (p/; 3 € /„) is an m-tuple of primes, if n el, 

if ( 5 ;; j 6 7„) is an n-tuple of primes, and if n?,' = H?” 
then (g,; j e /„) is a rearrangement of (p, ; j « /»)]. 
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First, it is easily shown that I tH. For if 


n 


( 1 ) 


then, by (9.4.3), pi 


iip' = pi = 

j-i j-i 


n 


n?' Thus, by (12.5.3), there exists fc e such 

that Pi = qu- It will be shown indirectly that n = 1. Suppose n > 1. 
Then, from (1), (12.3.5), 

n 

pi = * n?/ > 9*-' “ pi* 


j-i 

jf^t 


which is a contradiction. Thus n — 1, and 


I 

Pi = 

^-1 


whence I eH. 

Now suppose Q iJi. It will be shown that g \ € H. To this end, 
let (p,-; j e /ff+i) be a (ff + l)-tuple of primes and (g,; j e /„) an n-tuple of 

primes such that 

H n 

Vi =n?-- 


( 2 ) 


J-1 




By (2) and the general associative law (12.3.3), 


(3) 

SO 


• ?»+> = n*?'’ 


n?/ Then, from (12.5.3), there exists h^ln such that 

j-i 

(4) Ptf+i = qh- 

Now clearly n> 1, since otherwise qh — q\ = Pe+i, and p^i ‘ jjp/ = Pin-n 
which is impossible. Hence, by (3), (12.3.5), 


j-i 


y TT 

p»+i ■ n?''=• n?'’ 


/-I 


whence, by (4), 

(5) 




lip, = n?/ 


.^-1 




Since g (5) shows that the (n — l)-tuple (r,-; j € 7n_i) defined so that 


' 9/ if 3 < h 
[ <7i+i iih ^ n — \ 


(6) 
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is a rearrangement of the ff-tuple (p,-; Hence n — I == g, and 

there is a one-to-one correspondence <p between Ig and In~i such that, 

(7) for every j e Ig, Vj = 

Now define a function rp on In so that, for every j e /«, 



f ^U) if j < h 

3+1 ifi = A 

, (fi{j - 1 ) if A < j ^ n. 


It is easily seen that ^ is a one-to-one correspondence between /„ = Ig+i 
and In, and that, for every j e J„, q,- — p^(/); details are left for the 
reader. This shows that ($,■; j « In) is a rearrangement of (p,-; j e Zj+i); 
hence 3 + I eH. 

It has been shown that 1 cH and that, if 3 c II, then 3 + 1 eH. 
Hence H = I, and the proof is complete. 

(12.5.5) Project: At the end of the proof of (12.5.2), show that 
qi I bi leads to a contradiction. 

(12.5.6) Project: Prove that the function p, defined after (7) in 
the proof of (12.5.4), is a one-to-one correspondence between In and 

(12.5.7) Project: Apply (12.5.4) to the non-primes among 2, 3, 4, 
5, 6, 7, 8, 9. 



Chapter 13 
INFINITE SETS 
[No Basis] 

13.1. Introduction. In Chapter 10, a broad classification of sets was 
made employing three categories, namely, empty sets, fimte sets and 
infinite sets; finite sets were studied there in some detail. In the remark 
following (10 1 2) it was indicated that not every non-empty set is finite. 
Hence there is some point to an investigation of the properties of infimte 
sets. It will be found natural to subdivide infinite sets into two cate¬ 
gories which are referred to by the terms countable and uncountable. In 
order to study infinite sets effectively, we shall need a deeper knowledge 
of set theory than has been required for the development of the theories 
presented thus far. Moreover, certain results pertaining to equivalence 
of sets arc required. Accordingly, we shall first devote our attention 
to tlic general set-theoretic considerations, and then we shall turn to the 

study of infinite sets. 

13.2. Set-Theoretic Sums and Products. It will be recalled that two 
sets A, B always give rise to another set, A + which is called their 
set-theoretic sum and consists of all elements of A together ^^’ith all 
elements of D [(4.7)]. A natural question is whether application of tliis 
idea is limited to two sets. For example, one may ask whether three 
sets have a set-theoretic sum. The answer is immediate, for if A, C 
are sets, then (A + B) + C must be admitted as a set (since A + B is 
a set and C is a set), and, moreover, (.1 + B) + C consists of the ele¬ 
ments of A, B, C all ‘Tumped together.” (Of coui’se, A + (B + C) 
might have been used as well; that (A + B) + C = A + (B + C) 
follows immediately.) 

A little reflection shows now that four sets may be similarly treated; 
indeed the array 

A + B, 

(13.2.1) (A + B) C, 

((A + B) + C) + D 

suggests strongly that we apply inductive definition to obtain a sequence 
of set-theoretic sums. AYithout carrying out the details, we merely men¬ 
tion that we should meet certain difficulties; in fact, it is not clear what 
the set A of (11.4.5) should be. Moreover, even if the difficulties could 
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be overcome, the final result would be far too special for later purposes. 
For it is conceivable that in some theory so many sets are under consider¬ 
ation that no inductively defined set-theoretic sum would “lump to¬ 
gether^’ all the elements of all the sets; and it ^\dll appear that such an 
all-inclusive set-theoretic sum is desirable and useful. 

Hence we are led to broaden the principle of “lumping together.” 
Instead of insisting merely that if two sets are before us, their set- 
theoretic sum is also before us, let us demand that if any sets whatever 
are under consideration, their set-theoretic sum may be formed. More 
specifically, let us accept from logic the follomng principle. 

(13.2.2) Principle: Let Tlhe a set whose elements are themselves sets. 
Then there exists a set S such that, 

(a) for every A tTl, A C 5; 

(b) for every x tS, there exists A with x € A. 

It follows immediately that iS is unique. For let Si, both have 
properties (a), (b). Then, if xcSi, there exists [by (b)] AeSJl with 
X € A. But, by (a), A a S 2 . Hence x e S 2 . This shows that Si <z ^ 2 . 

Similarly, ^2 C 5i, whence Si ^ S 2 - 
The unique set S of (13.2.2) is called the set-theoretic sum of the sets in 

Tlf and is denoted by 

^9^ or by ^ ^ 95?]. 

Thus consists of all the elements of the sets in SO? lumped to¬ 
gether.” In particular, if SO? = [.A, 5], then 

295? = A + B, 

so that our earlier set-theoretic sum of two sets appears as a special case 

of the newly introduced extended set-theoretic sum. 

A similar extension of the concept of set-theoretic product is possible. 
Again let SO? be a set whose elements are themselves sets. The set of all 
elements which are members of every set in 9)? is called the set-theoretic 

'product of the sets in 95?; it is denoted by 

or JJlA;Aemj 

Thus 

JJSK 3 [i 6 2®^! ^ ® impUes x e AJ 

In particular, if SW = [.1, S'], then 

JJsm = A - B, 

so that the extended set-theoretic product includes the set-theoretic 
product of two sets as a special case. 
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It is worth noting that no further principle like (13.2.2) is necessary 
for the introduction of H®!- 1“ ^13.2.2) makes possible the defini¬ 
tion of both and Another remark is this. A theory con¬ 

cerning a set 9Ji of sots can be regarded as a theory concermng certam 
subsets of a single set, namely, since by (13.2.2.a) every element of 

ajj is a subset of S = 

Many general theorems pertaining to seWheoretic sums and products 
could now be proved. Such theorems constitute a good portion of set 
theory and may be found in treatises on the subject. A few examples 
will serve to indicate the nature of the results. 

(13.2.3) Theorem : 7/ TO, 91 arc sets whose clcincnts are sets, then 

2 to + 2 ^ = + 51 ). 

Proof: Define S ^ 2®' 

Hence either 


( 1 ) 

or 

( 2 ) 


there exists e 50^ such that x e A, 
there exists B such that x e B. 


If (1) is true, A c (TO + 91); if (2) is true, B e (9.11 -f 91), so that in either 
case X € proves 



S C + 31)- 


On the other hand, let x c 2^3® + 31). Then there exists C e (TO +91) 
such that X e C. But either C c 9.11 or C c 91; in the former case x e 2®*> 
and in the latter x c 2®- ^ ‘ (2®^ + 23^ ^ 



2(®1 + 31) c S. 


By (3), (4), we have the desired result. 

(13.2.4) Theorem: If M is a set xiliosc clcxnctUs arc sets each of which 
has sets for its eleincntSy then 

Remark: This generalizes (13.2.3), for if M = [['i'lj, '9^], then (13.2.4) 
yields (13.2.3). The reader should study (13.2.4) carefully and carry 
through a proof. 
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(13.2.5) Theorem: Let S be a set, and let Tl he a set whose elements 
are subsets of S. Then 

(a) ]J[S-= S-2®^; 

(b) ^[5-4;4e9[)2] = S- 

Proof of (a): Let x € JKs — A; A € SO?], that is, suppose 

^ e 90? implies X€{S — ^4). 

Then x e *5 and x e' ^90?, and hence 

xe(S- 2 ®?)- 

We have then 

IIC-S-4Me2«]c;S- 2®?. 

Proof of the reverse inclusion is left for the reader. 

Proof op (b): This is similar to the proof of (a) and is left to the reader. 

Remark: A special case of (13.2.5) was stated in (4.7): 

A Z) R implies B A- {A — B) = A. 

This follows from (13.2.5) by putting 5 = A, 90? = [R, A - R], as is easily 
seen. 

(13.2.6) Theorem; Let 90?, Sfl be sets of sets such that 90? c 0?. Then 

(a) 2®* ^ 

(b) n®2 n®- 


The proof is left to the reader. 

We close this section with a few remarks about sequences of sets. It 
wiU be recalled [see (8.4.1)] that a sequence of elements of a set 2)1 is a 
function on I to 2)1. In particular, if 2)1 has sets as its elements, a 
sequence of elements of 2)1 is a sequence of sets. Such a sequence of sets 

is also called a sequence of subsets of 2®? (since every member of 2)1 is 
a subset of 2®()- Let (i4 n «/) be a sequence of sets (of 2)1) . Then 
21 s [4„; n e /] is itself a set whose elements are sets; in fact 21 c= 2)1, 
21 being the range of the function (A^;n el). It is customary to denote 

2® and n® respectively by 

nj TT-^ »» 

nV/ ntl 


or simply 


TTAh; 


instead of the more cumbersome 

'^lAn;ner\, 


JJ[A„;nei]. 
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Similarly, if H C /, we define 

n eH], 


nt H 


n^n= 


nc H 


An important result which is needed later is the follomng. 

(13.2.7) Theorem: Let SO? be a set of sctSj and let 


(A„; ne/), (Bn; ne/) 


he sequences in Tl. Suppose that, for every n € /, An C B„. Then 
(a) 2"^" ^ 2^"* 


mi 


nt I 


(b) 


11' ■> <= IlB" 


n« i 


nt I 


Proof of (a): Let x « Then there exists n c I such that x e An. 

Hence x c Bn, and x e 2^”' 

Proof of (b): Tliis is left to the reader. 


(13.2.8) Project: Prove (13.2.4). 

(13.2.9) Project: Complete the proof of (13.2.5.a) and prove 
(13.2.5.b). 

(13.2.10) Project: Prove (13.2.6). 

(13.2.11) Project: Prove (13.2.7.b). 

13.3. Two Theorems on Equivalence. It was proved [see (10.4.7), 
(10.4.4.b)] that, if S, T are sets such that S T, T S and T is finite, 
then S ^ T The question arises as to what conclusion, if any, can be 
dra^vn if the hypothesis that T be finite is deleted. Preliminary to a 
detailed study of this situation, a general theorem pertaining to sets S, 
T with Sc:T,T'^S is needed. Before proving this theorem [(13.3.3)], 
we prove an extension of (10.2.5) to a case in wliich more sets are 

involved. 

(13.3.1) Theorem : Let SO? he a set of sets {that is, let SO? have sets as its 

elements). Further, let (S„; n « I), (T„-, n e 7) be sequences in 9)1 such that 

m, n € 1, 7n ^ n implies Sm ' Sn ~ 
m, n € I, m n implies T„, • Tn = 0- 

If, for every ntl, Sn'^Tthen 2-8. ~ 2^- 

Proof; Define S = 2s». T - 2’’- The procedure of the proof 
that B T is to construct a one-to-one correspondence between S and T 
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combinmg individual correspondences between the Sn and Tn for n e I. 
If there were a unique correspondence between Sn and Tn, the task would 
be simplified, since a sequence of functions (correspondences) would be 
available, and the set-theoretic sum of these functions might serve as a 
correspondence between *S and T. But there are possibly many cor¬ 
respondences between Sn and Tn, so that the principle of choice suggests 
itself as a device to obtain just one. 

Note first that, if S or T is empty, the other is empty also, so that 
S^T. Assume SyT Let us apply (11.5.2), with 

A = I, B = [all relations on S X T] 0, 

R = [(n, tp) eA X B; <p is & one-to-one correspondence be- 

tw-een and r„]. 

First, it is shown that A is the domain of R. Since by our hypothesis, 
nel ( = A) implies Sn'^ Tn, we have 

(1) for every neA, there exists a one-to-one correspondence 
<p between Sn and Tn- 

But such a ^ as in (1) is a subset of Sn X Tn, hence S X Tj whence 
ipeB. Thus 

(2) for every ne A, there exists tpeB such that nR(p. 

By (2), A is the domain of R. The hypothesis of (11.5.2) is verified, 
so that the conclusion foUow^s, namely, 

(3) there exists a function F on A to B Avith F CZ R. 

But (3) states that there exists a sequence I) such that 

(4) (<Pn-, nel) czR. 

An alternate way of stating (4) is 

[(n, ^n); ne/] C R, 

or 



71 € I implies ti R ^Pn- 


Finally, (5) says that 


n . 1 imphes that is a one-to-one correspondence between 
and T 

Since, for every nel, <pn^ BnX Tn, we have (pn<^ B X 

Having “selected” a sequence of one-to-one correspondences, we 

define ^ 

^ ^ C s X r. 

ntl 
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It mil be showTi that ip is a one-to-one correspondence between S and T. 
This task is divided into four steps: 

(6) S = domain of <p; 

(7) T = range of <p\ 

(8) ^ is a function; that is, x ip yu x p implies y\ = 7 / 2 ; 

(9) ip* is a function; that is, xipy, Xiipy implies x\ = xz. 

To prove (6), let x^S. There exists nel with x e (That n is 
moreover uniciue follows from the fact that tii ^ 1 x 2 implies Sni • Sn, 0.) 
Define y = v?„(x) c 7’„, whence 

{^y y) <Py 

and X ipy. This proves that S is the domain of ip. 

To prove (7), let so that there exists (a unique) ntl with 

yeTn. Define X = V’n!/),'vhencex^„y, and X ^2/. Thus T is the range 
of ip. 

Now suppose that x tp yu x ip 7 / 2 , whence 

{x, 7 / 1 ), (x, 7/>) e ipy 


and there exist (by the definition of v?) ti\, xh«I such that 

{X, 7/1) e iPnvy ix, 7/2) € 

Now the domain of is *S„„ and that of ip^ is whence x € 

If m 7 i 2 , then iSn. • = 0, contrary to x e iSn, • hence «i = »s. 

We have, therefore, 

X ip,n ijxy X ip,n 7 / 2 , 


and it follows that 7/1 = 7 / 2 , since is a function. This completes the 
proof of (8). 

Finally, the proof of (0) is similar, being obtained by merely inter¬ 
changing the symbols p, p*, tlic symbols x, y and the sj-mbols S,Tm the 
argument just given. 

Tills completes the proof. 

(13.3.2) Cokollary: is a set of setsy if 01 e /, ami if {Sn\ n c /«), 

(Tn'y n € /,„) arc vi-tuplvs in sack that 


and 

then 


nu 772 c Im, 7ll 9^ 112 implies S,,, • = Tn, • T„, = 0, 

for evei'ij n t /,„, iS„ ^ 7\., 

n i /,„] ^ ^D'n'y » « /«]• 


Proof: The idea of the proof is as follows. Define a sequence 
(N'; 71 e I) so that iSJl = <S„ for every n e 7„, anil = 0 otherwise. (This 

(-) is, of coui'sc, the empty subset of I'cgaRled as ap- 
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pended to the elements of 9[)i if not one of them originally.) A similar 
sequence (Ti; n e /) is defined. The hypotheses of (13.3.1) are then true 

for {Sn; nel) and (T'; ne/), whence result 

follows. Details are left for the reader. 

Remark: An alternate proof of (10.2.5) consists in specializing (13.3.2) 
A\ith w = 2, as the reader may verify. Thus (13.3.2) clearly generalizes 
(10.2.5). While the proof given for (13.3.2) depends on the principle of 
choice, since (13.3.1) is used, an inductive proof employing (10.2.5) 
exists which does not rest on the principle of choice. 

(13.3.3) Theorem: If S, T, U are sets such that 

SdUciT, 

then U ^ T. 

Remark : This is one of the most fundamental results in set theory. 
It guarantees that, whenever a set is equivalent to a (proper) subset of 
itself (a possibility that may at first seem startling, but which wdll sub¬ 
sequently be seen to be of the utmost significance), then all subsets 
lying between them” are equivalent to both. 

Proof: While the proof is technically somewhat intricate, the under¬ 
lying plan is simple. It is to construct two sequences of sets (indeed, 
subsets of T) satisfying the hypotheses of (13.3.1) and having set-the¬ 
oretic sums equal to U and T respectively. The conclusion of (13.3.1) 
will then yield the desired result. Certain auxiliary sequences are intro¬ 
duced first, and the final sequences are defined with their help. Use of 

(13.3.1) entails use of the principle of choice. 

The program is begun by defining iD? = [all subsets of T]. Let us 
now investigate how the equivalence of T and S yields a function on W 
to W. Since T ^ S, there exists a one-to-one correspondence <p between 
T and >S. Recalling the notation <p(V) defined in (5.4.8) for V « 

(1) <p{V) = Mx);x€'r\, 

we see that <p(y) C T, whence (p(V) e 50?. Thus each F c 50? detenmnes 
a unique corresponding element of 50?, namely, In other wor s, 

(^(F);Fc50?) 

% 

is a function on SK to S!K. An important property of $ is that 

(2) W (ZV impUes $(1^) c (that is, v{W) cz v{V)); 

the proof is immediate from (1). , . , xu u , 

There are now two sequences in TO defined inductively, the first by 

T and $ and the second by U and $ [see (11.4.5), (11.4.6)]. If we de¬ 
note these sequences by (Ti; nel) and (!/«; nel),t en we ave 
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(3a) 

(3b) 

(4a) 

(4b) 


for every n € J, Ti+i = ^{^h) “ j 

U[ = U; 

for every n € /, U'n+i = 


These are the auxiliary sequences mentioned above; some of their 
properties will be proved before the final sequences are defined. 

First we shall prove 



for every n € 7, T'n+i C U'n 



Define 


H = [n € 7; T^+i 



Clearly \ € H, since 

T2 = <p(Ti) = *p{T) = range oi tp = S <z U = U[j 

and 

UclT ^ T[, 

Suppose q € H. Then 

T' d T' 

* tf+i e a ^ 

whence, by (3b), (2), (4b), 

n+2 = v>(rj+.) C 

Moreover, by (4b), (2), (3b), 

= vm c = 7’i+i. 

so that 

^ff + 2 *— ^ 

Thus ? 4- 1 1 //. Hence, by III', II = I, and (5) is proved. 

Immediate corollaries of (5) are 

(6) for every n el, Vn+\ ^ ^»+i ^ 

(7) for every n e I, T'„+i C TJ, and C^^+i C Un. 

To prove (6), we note that (5) yields, with n replaced by n + 1, 

Ti+i; also, T'n+i C Vn is the first inclusion in (5). Then (7) is obvious 

from (5) and (6). 

Another useful property is that 

(8) nn= 

To prove (8), we note first that, since by (5) nt I implies Ul, C Ti, we 
have =5 by (13.2.7.b). Moreover, (5) and (13.2.7.b) yield 
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= T[ ■ (n?’»+o <= 

so that Il7'» c nt ^ Hence (8) holds. 

Finally, two consequences of (7) are needed, namely, 

(9) m,n€l,m> n implies T', cz T'n+i; 

(10) m, n € I, m > n implies (Z C/i+i. 

To prove (9), let m, n € 7, w > n and define 

77 = € 7; T'n^t cz Tn+i~\. 

Evidently 1 €77. Suppose ge77, that is, T'n+g cz Then, by (7), 

^n+ff+l ^ + 

r t (— T’ 

»+(«+!) ^n+1* 

Hence g + 1 e 77. Thus 77 = 7 by III', whence m — neH, and 

r f _ rpf ^ rnt 

m — -^n+dn-n) ^ -^o+l* 


This proves (9); the proof of (10) is similar. 

We are now ready to introduce the final sequences. Define (T^; n e I), 
{Un’, ne I) so that 

(11) 7’i = n^i: Tn = ri -1 - nif n > 1; 

(12) U„=U’n-t-miin>l. 

It is to be established that 


(13) m/ne I, m 9^ n implies Tm- = 0; 

(14) m, n € I, m 9 ^ n implies Um' Un = ©; 

(15) n e 7 implies T„ ^ t/ji; 

(16) 2^" = 

(17) = u. 

To prove (13), let m, n e I, m 9^ n. Then either m> n or m <n. 
Suppose first m > n. If n = 1, then w > 1, and 


T^ = T,==j[n, r« = n-i-n- 

Let X € T^_i — T'jn, whence x e' and x c' JjTf. Hence = 0. 

If n 1, then m, n> 1, and 



m/ _ 'P' 

im-1 



Since m>n,TO-l>n-lby (9.2.13), so that, by (9) (with m, n re- 
placed by 7w — 1, n — 1), 


c t'. 
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Hence i e implies x e T;.., so that x e Tl Consequently x ‘ 5’" 
plies xe' 7’„, and ■ r„ = 0. The case m < n is similarly treated. 

This proves (13). The proof of (14) is similar^ 

To establish (15), let nd. If n = 1, then by (8), (11). (12), 

T„ = Ti = 

whence T„ ~ (7„ by (10.2.4.a). Suppose n 9 ^ 1, so that n > 1. It will 
now be sho^^’Tl that the function 


(18) {<p{x)\xeiTn-i— Un-l)) 

is a one-to-one correspondence between r;_i - Un~i and T; - t/„. To 
this end, wc see first that the domain of (18) is — Un-i- Moreover, 



[(^(x); X e Tn-\] — W-r); ^ 
[^(x); X e (T^-1 — I’n-1)] 


[by (3b), (4b)] 

[by (1)] 

[by (10.2.6), (10.2.7)1 


so that r„ - U'n is the range of (18). Now by (10.2.6), (18) is a one-to- 
one correspondence between r;_, - V'n-i and T'„ U„. This proves 



By (10.2.4.a), 

( 20 ) 




i 



Moreover, 

( 21 ) 

( 22 ) 


(T' - I”) • ((i-i - n) = 0. 

(T'-i - f'Li) -n) = ©; 


for if (21) is false, there exists x « T'„ with x e' T'„, ^yhich is imposable, 
and if (22) is false, a similar contradiction arises. Now (19), (20), (21), 
(22) state the hypotheses of (10.2,5) with S, T, U, 1^ there replaced by 

n-u'n, u'.-i-n, n-.-c;-., v.-i-n, 

respectively. The conclusion of (10.2.5) then follo^\s, namely, 

U' V'n = (?n - c;.) + ((’.'.-I - T'„) Q>y an eiusy verification] 

~ (T'. - H'.) -t- (('i-i - n) = n-1 - n. 


Hence r„ by (11), (12); thus (15) is proved. 

It remains to prove (16), (17). Since the proofs are similar, we shaU 
give but one, that of (17). Suppose first that Then there 

exists ntl udth x e (7„. If n = 1, x« 11^'*- 

xeUhy (4a). If n 1, then n > 1, and x e U'n-i — V'n- It n — 1 = !> 
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then again x eU; otherwise w^e apply (10) with m, n replaced by n — 1, 
1 to obtain x € U'z ^ Ui = U. This proves 

(23) 'Xu. c U. 

Conversely, let x e U. If, for every k el, xe U[, then x e = Uu 
so that xe ^Un. Otherwise, there exists kel such that xe' U't. In 
other words, 

ff ^ [k e I; xe' I/a 0. 

Moreover, 1 e' H, since xeU = Ui By (9.3.9), there exists a least in 
H; define n to be this least. Then n 9 ^ 1, since le' H. Moreover, 
n— le' H. Hence x e' U'n, and x e whence 

X e U'n-l — U'n = Un- 

It follows that xe'^Un- This proves 

(24) U C XU-< 

which, together with (23), establishes (17). 

By virtue of (13), (14), (15), the hypotheses of (13.3.1) are satisfied 

by the sequences (T„;n e I), {Un;n e I). The conclusion, ^Tn '^Un, 
thus follows, yielding T 1/ in view" of (16)) (17). The proof is com¬ 
plete. 

(13.3.4) Project: Prove (13.3.2). 

(13.3.5) Project: Prove, with the help of (13.3.3), the following 
theorem: Let A, B be sets suck that there exist C ^ A, D <Z. B such that 
A D, B ^ C; then A ^ B. 

13.4. Characterization of Infinite Sets. Our first theorem establishes 
the existence of infinite sets. 

(13.4.1) I is infinite. 

Proof: Suppose I is not infinite. Since I is not empty, 7 is fimte, 
and7~/,,(7,. But 

In{I) ^ 7n(r)+l ^ 7, 

so that, by (13.3.3), 

/„(/)+! 7, 

whence 

7„(I)+1 ^ 7nC/)- 

But, by (10.4.4.b), 

nil) + 1 “ ^(7)) 

which is false. Hence 7 is infinite. (Use of the principle of choice is 
implicit in the use of (13.3.3).) 
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Remark - Of course, the existence of an infinite set still depends on the 
consistency of the axioms for {/, 1, < 7 ). In view of our firm belief in the 
consistency of these axioms [see (8.2)], we are not greatly concerned by 
this situation. Should inconsistency ever be established, our entire 
discussion of finite sets and the counting process would become vacuous; 
indeed, almost all mathematical theories would be seriously affected if 

not completely destroyed. 


It is desirable now to characterize infinite sets without employing 
explicitly the system {I, a). First it is shown that any set which con¬ 

tains a proper subset equivalent to the whole set must be infinite. 


(13.4.2) Theorem: Let Sbea set such that there exists T g S such that 
T S. Then S is iufimie. 

Proof: Suppose that S is not infinite. Then 7’ g S implies S 0, 
so that also T 9 ^ 0, whence 5, T are finite; moreover, TS implies 
i,(T) = «(5) by (10.4.4.b). Hence, by (10.4.7), T = S. Tliis contra¬ 
diction completes the proof. 


The next result shows that / is a “smallest” infinite set in the sense 
that every infinite set contains a subset eciuivalent to /. 

(13.4.3) Theorem: Let S he an infinite set. Then there exists T <Z S 
with T ^ I. 

Proof: The major step in the proof is the construction of a sequence 
(x„: n e I) in S such that 


( 1 ) m 9 ^ n implies Xm ^ 

Then T = [a-„; n e /] will bo proved equivalent to J. The principle of 
choice is used. 

Define 

9)? = [all (non-empty) finite subsets of S]. 

Clearly 3)? 9 ^ 0, since, for every x tS, [x] c 91?. Define a relation R 
on X thus: 


R = C(^^^ y )« X m; U g V and n{V - U) - 1]. 

It is easy to see that 9)1 is the domain of R. For, if U € 9)1, there exists 
xeS with X e' U, since otherwise xcS implies xtU, whence H = S, 
and S is finite, contrary to the hypothesis. If V = V [x], then 
U g F, and n(i^ “ ^0 = »(M) = 1- whence URV. Ut Xo be any 
element of S, and let (C„: n e I) bo any sequence in 9)1 inductively de¬ 
fined by [xo] and R [see (11.6.2)]. Then 


= M: 

n 61 implies g Un+u n{Un+\ — Un) - 1* 


(2) 
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I7n+1 — [1], 

it follows that, for every n « I, there exists a unique element xeS vdth 
X e — Un- Hence we may define a sequence (x„; n e I) so that, for 
every nel, Xn is the unique element of t/n+i Thus = 

Before proving (1), we establish that, for every n e I, 


(3) 

Let nel, and define 


ke I implies Un S Un+k 


H = [k el ;UnSU „+ 


By (2), 1 e H. If g e H, then [/„ S U„+,; by (2), [/„+, g Un+,+u whence 


Un ^ Un+q+lt 


and g + 1 e If. Hence H = I, and (3) is proved. A corollary of (3) is 

(4) 

For (4) follows from (3) wth k = m — ra. Also, (4) yields 


n < m implies C/n S Um. 


(5) 


n ^ fn implies L n ^ Um- 


Now (1) is proved indirectly. Suppose there exist ot, n € / with m ^ n, 
x„ = x„. Then m>novm<n. lim> n, then m In + 1, so that, 

by (5) with n replaced by n + 1, 


( 6 ) 


t^TV+l ^ Um- 


N 

Now x„ . - U„, while x„ e C/m-i- By (6), x„ e Since x„ = x„ 

we have x„ . C/„, w^hich is false. Hence m > n. Sum arly m < n. Since 
we had m > n or m < n, we have reached a contradiction, and (1) 

follows. 

Define t-i 

T s [x„; neij. 

The sequence (x„; n e I) has domain / and range T and satisfies (10.2.2.b) 
by (1). Hence / ~ T C S, and the proof is complete. 

rr,, j tVinf r iq a “smallest” infinite set, must 

The statement made earlier, that 1 is a smai o„hsets 

not be misinteroreted For, as vill be sho^^'n next, / has pioper subsets 
not DemisinterpieLcu. x , , “qtandnoint of equivalence,” 

which are infinite. However, from the cAmp size as” I 

.y . ^ K ihan J but are the same size as x, 

these subsets are not smaller than 

that is, they are equivalent to I- 
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(13.4.4) Theorem: If le is the set of all even elements of I, that is, 

/« = [2 • h; k e 7], 

then le I- 

Proof: Define ^ on 7 to le so that, 

for every ktl, (p(k) = 2 •k. 

Then tp has domain 7 and range L and satisfies (10.2.2.b). Hence 
le 7. 

(13.4.5) Corollary: There exists a proper subset of I which is equiva¬ 
lent to I. 

Proof: By (13.4.4), le ^ Since 1 € le, 7< § 7. 

Remark : There are, of course, many other proper subsets of 7 equiva¬ 
lent to 7; for example, the set 7 — 7^ of all odd elements, the set 7 
the set 7 - [1, 2]. It will now be shown that every infinite set has an 

equivalent proper subset. 

(13.4.6) Theorem: If S is an infinite set, then there exists TgS 
such that T S. 

Proof: By (13.4.3), there exists U cz S such that U^I. Hence 
there exists a one-to-one correspondence ip between 7 and U. By 
(13.4.5), there exists 7o g 7 with 7o 7. Define 

F = ^(7o), 

whence V ^ U by (10.2.8). Define 

T^V-\-{S- U). 

Since V = <^(7o), it follows that F 7o by (10.2.6). But 

Iq ^ I ^ U, 

whence V U. We have 

V^{S-U)= 0, 

U -iS- U) =0, 

whence, by (10.2.5), T S. Suppose T — S. Since I ^ U, there 
exists X eU — F C *S, whence x t T. But then j e F or ar c *S — U, which 
is impossible. This establishes T g 5 and completes the proof. (The 
principle of choice is used because of reference to (13.4.3).) 

Finally, we have the tlesired characterization of infinite sets without 
reference to (7, 1, <t). 

(13.4.7) Theorem; Let S he a set. Then S is infinite if and only if 

there exists T ^ S such that T ^ jS. 

Proof: This is the conjunction of (13.4.2) and (13.4.6). (The princi¬ 
ple of choice is involved.) 
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(13.4.8) Theorem : Let Shea set, S ^ Q. Then S is finite if and only 
if T CZ S, T ^ S implies T = S. 

Proof: Contrapositives of the two implications in (13.4.7) yield 

(13.4.8). (The principle of choice is involved.) 


Remark: Some treatments of set theory use the criteria of (13.4.8), 

(13.4.7) as definitions of finite and infinite sets. We have preferred our 
procedure because it seems closer to the intuitive and historical ap¬ 
proaches. If it is assumed that a set S exists satisfying the criterion of 

(13.4.7) , then it may be proved that the axioms for (/, 1, a) are con¬ 
sistent. From this point of view, then, the consistency of the axioms 
for (7, l,<r) is equivalent to the existence of a set S as described in 

(13.4.7) [see the remark after (13.4.1)]. 

(13.4.9) Project : Prove that, if a set S is infinite and if S (Z T, then 
T is infinite. 


(13.4.10) Project: Prove that, if S, T are sets such that S cz T, 
S is finite and T is infinite, then T- Sis infinite. 


(13.4.11) Project: Prove that, if S, T are infinite sets, then S T 
is infinite. 

(13.4.12) Project: Prove that, if *S, T are sets such that S is infinite 
and S T, then T is infinite. 

(13.4.13) Project: Prove that, if n e 7, then 7 — 7„ is infimte. 

(13.4.14) Project: Prove that 7 — 7« is infinite. 

(13.4.15) Project: Prove that, if S, T are sets such that S is in¬ 
finite, T 9 ^ e, then S X T is infinite. 

(13.4.16) Project; Let S be an infimte set, and let 2K be the set of 
aU subsets of S. Then prove that SK is infimte. 


rn.intahle Sets For many purposes in mathematics a partial 
classification of infinite sets is indispensable A first fromllTJ 5 “ 

is an analysis of the ^ThStS 

that I possesses proper subsets w^c q 

are then infinite, since I is infimte. 01 course, i nas 

Our first major "“[ 100 ^^ I play an important 

or (if infini te) equivalent to 7. feets eq 

role, and for this reason they ^'^Yii^STe srts wlSh are equivalent 

T*"® ^sTrvtf there did not exist infinite sets not equivalent 

to 7 " P^/o" of infinite sets not equivalent to 7 appears 


in (17.5.5). 
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(13 5.1) Definition: A set S is called dcnuinerabl^ infinite if S ^ 7; 
5 is called countable if S is cither finite or denumerably infinite. 

Remark ; Since I is infinite, it follows that any denumerably infinite 
set is infinite. The term countable is somewhat unfortunate, since it 
might seem desirable to apply it only to sets to which the counting 
process is applicable, that is, to finite sets. However, it is used because 

of custom. 

(13.5.2) Theorem: Let S C I, 0. Then cither S is finite or 

S I. 

Proof: Lot us suppose that S cz I j and that S is infinite. It is our 
task to construct a sequence {kn; nel) in 5 such that 
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( 1 ) 


n implies k„ ^ kn. 


The existence of such a sequence will establish that I 
For every n € the set 


(2) 


[peS; p > n] 


is non-empty. For otherwise c S implies m ^ n, whence S cz 7„, and 

5 is finite by (10.4.5). By ( 9 . 3 . 9 ), the set (2) has a least element. Define 
a function F on S to S so that, for every n t S, F(n) is the least element 
in (2). If no is the least element in S, let {kn‘, n c 7) be the sequence in S 
inductively defined by no and F . Then 

(3) ki=- no; r « i i 

(4) n € 7 implies kn+i is the least clement in [p c <5; p > 

It is immediate that 

( 5 ) n e 7 implies kn < ^n+i- 
Before proving (1), let us prove that, for every m e 7, 

77 = P € 7; A*„ < = 7. 

Clearly 1«17 by (5). If g € 77, then 

kfii km+q ^ A'(m+q)+l 

and 7 + 1 € 77. Therefore 77 = 7. Now let ni ^ n. Then m < n or 
VI > 71 . Um < 71, then I = a — w e 77, whence 

km ^ km-^(n—m) A*n> 


so that km ^ kn. Similarly, 7/7 > n yields km ^ A'„. The proof of (1) is 
complete. 

The sequence {kn; n «7) has domain 7 and satisfies (10.2.2.b) by (!)• 
Therefore it is a one-to-one correspondence between 7 and the set 
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[fc„; w € 7] C 5. Thus [7„; n e 7] C S C 7, and [fc„; re e 7] ~ 7. That 
S~7 follows from (13.3.3). (The principle of choice is used through 

(13.3.3), although [k„; re c 7] = -S may be proved and the principle of 

choice avoided.) 

(13.5.3) THEOREai: Let S be a countable set, and let T (Z S, T ^ 0. 

Then T is countable. ... rpu o 

Proof: If T is finite, T is countable. Suppose T is infinite. Then S 

is infinite by (10.4.7), so that There exists a one-to-one corre¬ 

spondence (p between S and I, whence T -- ip{T) C 7 by (10.2.6). By 
(10.4.4.a), (p{T) is infinite, whence ^(T) ^ 7 by (13.5.2). Thus T 
and T is denumerably infinite. This proves that T is countable. 

(13.5.4) Theorem: A set S is countable if and only if there exists a 

mbset h 9^ B of I such that S ^ h. , ^ t t ^ r, 

Proof: Suppose S is countable. If S is infinite, define 7o = 7 ^ 0, 

whence If S is finite, we may define 7o = 

S - 7o. Conversely, if *S - 7o C 7, 7o 0, then by ( 13 . 5 . 2 ), either 7o 
is finite, whence S is finite and therefore countable, or 7o - 7, so that 
S'^I, whence S is denumerably infinite and therefore countable. 

(13.5.5) Theorem: Let S he a countable set. Then there exists a 

sequence in S whose range is S. ,, . i-l *■ q t 

Proof: Suppose, first, that S is denumerably ii^mte, that 5 7. 

Then, by the definition of equivalence, there exists a oue-to-one corre¬ 
spondence <p between 7 and S. But then , n e ) is a sequ 
range is S. On the other hand, if S is fimte, then there °^o-ono 
correspondence ^ between 7„,„ and S. define a sequence (7 n . 7) 

by the requirement that i-„ = Hn) if « ‘ and = 1^(1 ^ n . 7 
Then it is easily seen that the range of the sequence (fc„, re . 7) is S, 

details are left for the reader. Tins completes t le proo . 

(13.5.6) Project : Prove that, if S is a countable set and if T is a set 
with jS ~ T, then T is countable. 

(13.5.7) Project; Complete the proof of (13.5.5). 

■n if i <5 a set for which there exists a 

(13.5.8) Project: Prove that, if .8 is a set, lo ponverse 

sequence in S whose range is S, then S is countable. (This is a 

of (13.5.5).) 

13.6. Countable Sums. It is our ato now to prove th^t^^tte sef> 

theoretic sum of a “"“o ^lO) which dealt with two finite 

set. This udll extend « infinite. This 

sets. A prehmmary result is that 7 X ^ ^ ^ 

is proved with the help of some properties of 7. [ ( 
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(13.6.1) L-euua: If nd, then n ■ (n+ 1) eh. , 

Proof: If n is even, then n ■ (n + 1) is even by (9.5.6). If n is odd, 
then, since 1 is odd, n + 1 is even by (9.5.5.c), whence n • (n + 1) is 

even by (9.5.6). 

(13.6.2) Lemma: Define a sequence (Sn; n e I) of subsets of so thatf 
for every ne I, 

' if 71 = 1 

[/v e L] (n - • n < k ^ (n 1) ■ n'] if n > 1. 


Sn = 


Then 

(a) 

(b) 


^Sn = L; 

7n 7^ n implies Sm ' Sn = €) 


Remark- The reader should write do^^^l the first few of the sets Sn. 
For example, & = [4, 6]. It is seen that S. has 1 element, S, has 2 ele- 
ments, and it may be proved that Sn has n elements, although this fact 

is not explicitly needed. 

Proof of (a): Evidently ^Sn c: L. Let p e L. If p = 2, then 
p £ S\t and p e Suppose p 5 *^ 2, whence p > 2. Define 

// = [n€/; n > 1, (a - 1) • n < p]. 

Now 2 £ i/, so that II 9 ^ 0. Moreover, for every ntH, 

n = 1 • n ^ (r — 1) • n [since n > 1] 

< P. 

whence II C Ip. Therefore H has a greatest element in by (9.3.7). 

Since m € H, m > 1 and • 

(m — 1) ■ m < p. 

If 

(W + 1) • VI < p, 


then ?n + 1 € H, which is impossible. Hence 

(m + 1) • m ^ p; 

consequently p c »Sm. Thus p € 2'^"* '^bis establishes 7* C 2^" 
completes the proof of (a). 

Proof of (b): Let vi 9 ^ n. Then vi > n or ?» < n. Suppose first 
that m> n. If n = 1, then m > 1. If • Si 0, then there exists 
p c Sm • Si, whence p = 2, and 

(1) (m — 1) • 7rt < 2 ^ (m + 1) • »i. 

Butsincew > 1, (vi — 1) • m ^ mby (9.2.19), whence (m — 1) * > 1* 

Then by (9.2.10.b), (m - 1) • m ^ 2, contrary to (1). This proves 
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Sm‘ Si = 0. Now let n 7^ I, whence m, n > 1. If (Sm • 0, there 

exists p € Sm, Sn, and 

(2) (?n — 1) ■ < p ^ (m + 1) • m; 

(3) (n — 1) • n < p ^ (n + 1) • n. 

We prove now that (n + 1) • n ^ (w — 1) • m. Since w > n, we have 
7 n ^ n + 1 by (9.2.10.b) and m — 1 by (9.2.10.a). Thus, by 
(9.2.22), 

{n + 1) • n ^ m'{m — 1). 

By (2), (3), 

p ^ (?i + 1) • n ^ (m — 1) • w < p, 

so that, by (9.2.6), p < p, which is impossible. This contradiction 
proves • >Sn = 0. The case m <n is similarly treated. 

(13.6.3) Lemma: Define a sequence {T^; n el) of subsets of I X I so 
that, for every n el, 

r„ = [(p, (?) € / X /; P + ? = re + !]■ 

Then 

(a) 2^" = 1X1; 

(b) m 7*^ n implies Tm • = 0. 

Remark; A convenient way of picturing the sets Tn is by means of 
the follo\ving diagram: 


Z 


1 


T. 



# • * 


9 0 9 


9 9 9 


E^ch set T,, and so on, consists of the pairs l^g between advent 
diagonal lines. It is seen that T, has 1 element, T, has 2 elemente and 
so on. It may be proved that, for every ««/,?’» has re elements, al¬ 
though this fact is not explicitly needed. 

Proof of (a): Obviously ^T.^lXLl^ P nltce 
p+g^l+l = 2, whence p + <7 > (P* ® ** 

^PK00?r; (b): Let m ^ re. If (p, ?) e T., then p + g = ^ -H 1 ^ 
n + 1, whence (p, $) c' Thus Tm • n 
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(13.6.4) Theorem: The sets I and I X I are equivalent. 

Proof : We shall first prove I X / ~ Define 

gjj = [all subsets of + [nb subsets of 7 X r]> 

/■Q • « ^ n (T • n e 7 ) in 311 as in (13.6.2) and 
and define sequences (S„,nel), i 

(13.6.3). It will be shown that 

nel implies ^ Sn. 

It is clear that ~ S., since S, = [2], T, = [(1, !)]• Let ml, 

71 > 1, and define a function ^ on Tn to /e so that, 

for every (p, q)^Tn, q) = {n — 1) ' n2 * p. 

The domain of ^ is, of course, T„. It is now shown that the r^ge o^ 

is S„. If (P, 9) ^ T„, then p + , = n + 1, whence p < n + 1, and 

[by (9.2.10.a)] p £ n. Therefore 2 • p £ 2 • n, and 

(„_l).R<(n-l).n+ 2 .p£(n-l)-n + 2.n = ((n-l)+^2).n 

Thus <p(p q) e S„. Therefore range of ¥> <= Sn. To prove the reveree 
1 hus v(p, q) eor, . 1 ) ., there exists I € 7 such that 

inclusion, let A. 6 On. oincc h y . if 7 u nrld then 

fe = („ - 1) • n + I. By (13.6.1), (n - D ■ « is even. If I is odd, then 

by (9 5.5.b); k is odd, contrary to fc . L. Thus I is even, and there exist. 

pel with i = 2 • p, so that 

^ 2 ) fc = (71 — 1 ) ■ n + 2 • p. 

We prove that p<n+l. H P ^ n + I, then 2.p^2-(n+l), 

'vLence ^ _ 1) . „ + 2 • p 

^ (n — 1) • 71 + 2 • (71 + 1) 

= (n — 1 ) ■ 71 4 - 2 • 71 + 2 
= ((71 — 1 ) + 2 ) • 71 + 2 

= (77 + 1) ' 71 + 2 

> (n+ 1) • 7(. 

Thus fc > (71 + 1 ) ■ 71, contrary to k € S„. Now, since p < n + 1 , we 
may define q = (77 + 1 ) - P- Then p + g = 71 + 1 , so Uiat (p, g) « I 

Moreover, by the definition of ^ and (2), 

^(p, q) = (77 — 1 ) • 71 + 2 • p = k. 

Thus Sn <= range of *p. 

It will now be shown that 

(p, 9), (j-. s) « Tn, (p, 9) ^ (r> s) implies v>(p, 9 ) vir, s). 

Let (p, 9 ) (r, s). If p = r, then 

g = (ti + 1 ) — p = (77 + 1 ) r = s, 
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whence (p, q) = (r, s). This contradiction shows that p 9 ^ r. Thus 
2 • p 7 *^ 2 ■ r, and 

q) = (n — l)'n+2‘p9^{n — l)^n+2'r = (p(r, s). 

We have proved that <p has domain Tn and range Sn, and satisfies 
(10.2.2.b). Hence ^ is a one-to-one correspondence between and 
so that '-Sn. By (1), (13.6.3.b), (13.6.2.b), the hypotheses of 

(13.3.1) hold. Thus we conclude that (13.6.3.a), 

(13.6.2.a), this yields I X I Te. Finally, by (13.4.4), L -- J. Hence 
7 X / and the proof is complete. (Application of (13.3.1) entails 
use of the principle of choice, although the proof could be rephrased so as 
to avoid the principle of choice.) 

Before proceeding to the main theorem, we prove a useful general 
result. 

(13.6.5) Theorem: If S and T are {non-empty) sets such that there 
exists a function <p with domain S and range T, then there exists a subset U 

of S such that U ^ . * v j 

Proof* We employ the principle of choice. The relation v?* has do¬ 
main T and range S. By (11.5.2), there exists a function ^ on T to S 
with yb d < P *. Define U - ^{T). It is now shown that yp is a one-to- 
one correspondence between T and U. Clearly yp has domain T an 
range U. Let xi, x^eT, x\ 9 ^ xi. Define 

2/1 = ^(3^1)» 2/2 = 


Suppose 2/1 - Vi- We have 


xi yp 2 / 1 , X 2 yp y 2 , 


whence, since yp d (p 


or 


Xl < p * 2/1, 3^2 *P 2 / 2 ; 

2/1 <P 2/2 *P ^ 2 - 


Xl = tp{yi) — <p{y2) “ ^ 2 , 

contrary to x, %. This proves yi 9^ 2 / 2 . By (10.2.2), T~U. 

(13.6.6) Theorem : Let HR be a countabU set of sets, each member of ^ 

being a countable set. Then is countable. 

?rooe: Since 2K is countable, there exists [by (13.5.4)] a subset 7o ^ 0 

of I and a function . 

(Sn] n 6 7o) 

ynth. _ rn n 

= ISn, n € loj 
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Furthennore, since every member of is a countable set, we apply 
(13.5.4), obtaining 

(1) for every n c 7o there exists H <Z I such that H 9^ B and 

Sn-H. 


In order to apply the principle of choice, define 

yl = Jo 0, B = [all subsets of 5^ 0, 

R = [_{n,H)eA X B \ S. 

Then the relation R on A X 5 has domain A by (1). By (11.5.2), there 
exists a function on A to B which is contained in R. Such a function 
may be denoted by (//«; h), and we have 

(2) for every n € la, Sn ^ Bn and //« C I. 


Another formulation of (2) is this: 

(3) for every n« /o, there exists a one-to-one correspondence 
<p between //« and Sn- 

Again we prepare to use the principle of choice by defining 

^ = [all functions on 7 X 

/?♦ = X is a one-to-one correspondence be¬ 

tween Hn and Sn"]- 


Of course 0, since 9 ^ 0. Also, by (3), the domain of is 

A,^, whence (11.5.2) applies, yielding a function on A^ to B^ wluch is 
contained in R^. Such a function is denoted by (<^n; « e 7o), and we have 

(4) for every n e 7o. <^n is a one-to-one correspondence between 
Hn and Sn- 


Define a subset J of 7 X 7 thus: 

J = [(«*, n); 7n e h, n € i7m]. 

Moreover, define a function F on J to that, 

(5) for every (m, n) e J, F(m, n) = <pm(n). 

(Since (m, n)cJ, we have 7n e 7o, nellm, so that 

e 2^^-) It 'S shown now that the range of F is 2®^* 
X € 2^^- Then there exists 7ac7o with t Define ^ 
whence n e Hm- Then (iii , a) e J , and 

F{7n, n) = v?m(») = = X 


by (10.2.1.b). 
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Now (13.6.5) is applied with 5, T replaced by J, thus there 

exists K J such that K ^ (13.5.3), J is countable, whence 

also K is countable. Since K ^ follows that is countable 

[by (13.5.4)]. The proof is complete. 

Remabk: In (13.6.6), if SOi is finite, and if every member of 9)^ is a 
fini te set, then, of course is countable. But the proof of (13.6.6) 
does not show that a stronger conclusion, that is fijiite, also follows. 
Hence we state this result as a separate theorem. 


(13.6.7) Theorem: Let Tl be a finite set of sets, each member of 

being a finite set. Then ^9)? is finite. 

Proof: The proof is merely outlined. Details may be supplied by the 
reader. Define 


H ^ [me I; iov every set with m elements, each element 

being a finite set, is finite]. 

Then 1 e H, since if 9}? = [(ST], \vith S finite, then 2^ “ 
finite. Suppose q e H, and let m have q + 1 elements, each being a 
finite set. Hence m, so that there exists a one-to-one corre¬ 

spondence 

iSn;neIq+i) 


between Iq+i and 91b Define 

gfj = [iS„; ne/J, 


so that 5R has q elements. It follows that is finite (since q. H). 


We have 

so that we apply (10.4.8), (10.4.10), obtaining^that 2®? « finite. 
Thus q+leH. The proof is complete, since H - I. 

(13 6 8) Project: Prove that, in (13.6.6), if Tl is infinite, and if 
S, Tem, S^T implies S ■ T = Q, then is (denumerably) 

infinite. 

(13.6.9) Project: Prove that, in (13.6.6), if there exists a member of 
911 which is infinite, then 2®? (denumerably) infinite. 


(13.6.10) Project: Prove that, if S, T are 

S X r is countable. Moreover, show that SX 1 

if one of S, T is infinite. 


countable sets, then 
is infinite if and only 


(13.6.11) Project: Complete the proof of (13.6.7). 
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13 7 Conclusion. The portions of set theory given in this chapter and 
in Jh^pter iTconsth^^^^ a beginning of the subject. We have 
1 t A those results which for various reasons will prove useful m later 

.i.ey -i« 

for further study in the subject. 



Chapter 14 

ISOMORPHISM AND CATEGORICAL SYSTEMS OF AXIOMS 


[No Basis] 

14.1. Introduction. At the end of the discussion of systems of axioms 
[(7.4)], the term categorical appeared with a brief intuitive description of 
its meaning. Further clarification of tlfis concept requires the develop¬ 
ment of an idea called isomor-phism of two mathematical systems. Accord¬ 
ingly, we devote the present chapter to an explanation of isomorphism 
and to a detailed discussion of categoricalness of systems of axioms. 

14.2. Isomorphisms. It is our purpose here to discuss a generaliza¬ 
tion of the concept of equivalence of sets. It will be recalled that 
equivalence of finite sets is a concept which enables one to give a precise 
meaning to sets, “having the same number of e ements. Two fimte 
sets have the same number of elements if and only if they are equivalent, 
according to (10.4.4.b). Thus equivalence, at least for feite sets, 

is a mathematical counterpart of the intuitive i ea o similar 

The question to be discussed in tliis section is the existence of a sii^ar 

concept of “resemblance” applicable to systems more general than a 

•t: t“h.. . m-tWiC U . no. 

* „obot „.h., 

m£.Ztic'.Tco“.p. of .quivolonco, or the “ "i;; 

,bi.h i. .pp«c.bl. » .n- 

order to indicate the proceduie to be P > t q be a set 

ample of the type of system involved m gro^P theory. be a set 

of three painidse distinct designated by 1, 2, 3 

another set of three pairwise distmct elements g operations 

(not to be confused udth the positive mtegers 1, 2, 3). Define operat 

oi, 02 by the following tables: 

1 2 3 

p q r 


V 


oi: q 


p q r 

q r p 

r p q 


02 


: 2 


1 2 3 

2 3 1 

3 12 
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It follows that oi is on G\ X (?i to Gi, 02 is on Gi X (?2 to G 2 , and that 
{G\, oi) and (G 2 , 02 ) are both groups [see (7.2.2)]. Moreover, it will be 
seen that these groups bear to each other a close resemblance, even 
though the sets G\, G 2 may be different, and indeed may even have no 
elements in common. First, it is noted that Gi and O 2 are equivalent 
sets. For the function <p represented by the table 



p q r 


is evidently a one-to-one correspondence between Gi and Gz, since it 
satisfies the criterion (10.2.2.b). 

But there is more resemblance’' than the equivalence of the sets. 
If one defines an operation po by the table 



<p{p) 

V>{q) 

<p(r) 

V>(7') 


<P<.Q) 

Ar) 

<p{q) 

<p{q) 


<P(P) 


ip{r) 

v>(p) 

^(q) 


obtained from the table for oi by replacing every entry by its ^corre¬ 
spondent, one sees that p 2 is on Gz X Gz to G 2 , anti, moreover, that p 2 = 02 . 
Some mathematicians would say that we have succeeded in passing 
from (Gi, oi) to {G 2 , 02 ) by merely changing tlic names of the elements 
p, q, r to I, 2, 3, respectively. They would say that therefore the sys¬ 
tems (Gi, oi), (G 2 , 02 ) are “abstractly identical.” [See (14.3) for a similar 
discussion.] 

Mathematical formulation of the connection just described between 
two arbitrary groups may be given thus: Let (Gi, oi), (Gj, 02 ) be two 
groups. We shall say that these groups are isomo7q)hic if there exists a 
one-to-one correspondence between the sets Gx and Gg such that, 

(14.2.1) for every o, 5 c Gi, ^(a) 02 ip(h) = v?(a oi 6). 

It is convenient to abbreviate (14.2.1) by saying that ^ carries Oi viio 
02 . Hence isomorphism means the existence of a one-to-one corre¬ 
spondence between Gi and G 2 which carries oi into og. The reader 

should convince himself that (14.2.1) asserts in the example exactly 
that p 2 = Og. 

An important observation is that the criterion for isomorphism is 
meaningful even if the systems (Gi, oi), (Gj, 02 ) ai*e not necessarily 
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groups, indeed, even if they satisfy no axioms whatever. With this in 
mind, we make a formal definition. 

(14.2.2) Definition: Let the systems (Gi, oi), (^ 2 , 02 ) be given, 
G\, G 2 being sets, oi a binary operation on Gi X Gi to Gi and 02 a binary 
operation on G 2 X G 2 to G 2 . Then (Gi, oi) is isomorphic to (G 2 , 02 ) (in 
symbols, (Gi, oi) (G 2 , 02 )) if there exists a one-to-one correspondence 
(p between Gi and G 2 such that (14.2.1) holds. Such a correspondence ip 
is called an isomorphism between (Gi, oi) and (G 2 , 02 ). 

It will be recalled [see (10.2.4)] that set-theoretic equivalence has 
three important properties: 

S T implies T S; 

S ^ Tf T U implies S U. 

Corresponding properties hold for isomorphism as defined in (14.2.2), as 
is now shown. 

(14.2.3) Corollaby: Let (Gi, oi), (G^, 02 ), (G,, 03 ) be systems as de- 
scribed in (14.2.2). Then 

(a) (Gi, oi) ^ (Gi, oi); 

(b) (Gx,o0 (G 2 , 02 ) implies (G 2 , 02 ) (Gi, oi); 

(c) if (Gi, oi) ^ (G2, 02) and (G2, 02) (G3, 03), then (Gi, oi) ^ (G3, 03). 

Proof of (a): Define ip as the identity relation E on Gi X Gi. Then 
is a one-to-one correspondence, and, if a, 6 c Gi, then 

(p{a) Oi ip(b) = aoih = ip{a Oi 6), 

whence (14.2.1) is proved. .n \ a fn \ 

Proof of (b): Let ip be an isomorphism between (Gi, oi) and (G 2 , 02 ). 

Then ip* is a one-to-one correspondence between G 2 and Gi. It re¬ 
mains to prove that 

c, d e G 2 implies <p*{c) oi ip*{d) = ip*(c 02 d). 

Let c, d € G 2 . Since the range of ^ is G 2 , there exist a, b € Gi such that 
c = ip{a)f d = fpQ>). Hence 

y>*{c) 01 <p*{d) = >p*{<p(a)) 01 <p*{‘p{b)) 

= a oi b 
= (p*{<p{a oi b)) 

= ^*(c 02 d)i 


and the proof is complete. 


[by (10.2.1.a)] 
[by (10.2.1.a)] 
[by (14.2.1)] 
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Proof of (c): Let be an isomorphism between {Gi, oi) and (G2, 02), 
and let ^ be an isomorphism between (G2,02) and (Gz, 03). Then 
(14.2.1) applies to \f/, yielding 

(1) a, be Gi implies <p{a) 02 <p(h) = if>(a oi &); 

( 2 ) c, d € G2 implies ^(c) 03 ^(d) = ^(c 02 d). 

Define a function p on Gi to G 3 so that 

ioraeGi, p{a) == ^{<p{a)). 

It is easily proved that p is a one-to-one correspondence between Gi and 
Gz [see the proof of (10.2.4.c)]. If a, 6 « Gi, then 

p(a) 03 p(b) = 4'(<pW) oz 4'Wh)) 

= ^{<p{a) 02 (p{h)) [by (2)] 

= ^{<p{a oi b)) [by (1)] 

= p(a oi b), 

and (14.2.1) holds for p. The proof is complete. 

In (14.2.2), we have defined isomorphism for systems {Gi, oi), {G 2 , Oi). 
It would be desirable to have a similar notion of isomorpliism for any 
mathematical systems that are to be dealt with. Now it is clear that 
a mathematical system may involve much more than a given set and 
operation. There may be included (as for the basic system of positive 
integers (7, 1, c)), one or more particular elements of a basic set in the 
basis. Also, there may be many basic sets, rather than just one. Hence 
the basis of a mathematical system may involve many sets, subsets of 
these sets, relations, operations, and so on. The problem of including 
all possible” mathematical s 3 'stcms in a general definition is one which 
we do not attempt to treat. In fact, it is doubtful that this problem is 
meaningful. Such a treatment, if possible at all, would have to be made 
within the framework of logic, since it would deal with arbitrarj^ mathe¬ 
matical systems as entities. Accordingly, we shall be content with an 
attempt to make the concept of isomorphism intuitivelj' meaningful hy 
giving the definition in a number of special cases. The reader should, 
in each case, stud^^ carefull}^ the statements coriesponding to (14.2.1); 
he will materially aid his understanding l\y canying out the proofs of the 
corollaries like (14.2.3). Such corollaries alwaj's hoUl, tmd will not be 
stated after each definition. Motivation for each definition lies in de¬ 
manding that the sets involved be equivalent, and that the tables (real 
or conceptual) representing the relations and functions involved be 
related as they were in the e.xample given for groups. An asterisk indi¬ 
cates the existence of simple instances; the i*eader should construct such 
examples and study the intuitive similarity between tlie sj^tems and its 
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connection with the precise concept being defined. The symbol is 
understood to mean “ is isomorphic to ” in each sense introduced. 

(14.2.4) Definition: * If /i, I 2 are sets and h, I 2 are respective ele¬ 
ments of 7i, I 2 , then (7i, li) is isomorphic to (72, I 2 ) if there exists a one- 
to-one correspondence (p between h and 1 2 such that 

v?(li) — 12- 


Remark: Here <p carries li into h. 

(14.2.5) Definition:* If h, h are sets and Ri and R 2 are relations on 
7i X 7i and on h X I 2 respectively, then (7i, 7?i) is isomorphic to (72, R 2 ) 
if there exists a one-to-one correspondence <p between 7i and h such that 

if a, 6 e 7i, then a Rib if and only if <p{a) R 2 <p(h). 


Remark: Here <p carries R\ into R 2 . 


(14.2.6) Theorem:* 7/ 7i, h are sets and (ti and <J 2 are functions on 
7i to 7i and on h to h respectively, then (7i, (n) ^ (h, <^ 2 ) if and only if 
there exists a one-to-one correspondence ^ between h and h such that 

a eh implies (piffi(a)) = (T 2 {(pia)). 

Proof: If (7i, <n) ~ (h, then, since the functions ^2 are also 
relations on h X h, and h X h, (14.2.5) applies, yielding a one-to-one 
correspondence ^ between 7i and I 2 such that, if a, b € 7i, then 

a 6 if and only if <p{a) 02 p{b). 

But if 0€7 i, then h = ci{a) yields acib, whence ^(a) <r 2 <p{(Ti{a)), or 
= (J 2 {<p{a)). Conversely, if the condition of the theorem holds, 

let a, 6 € 7i, preparatory to verifying the condition of (14.2.5). If a ai 6, 

we have b = <ri{a), so that 

a-2(^(a)) = ^(o'i(a)) = 

whence <p{a) ^2 p(h). On the other hand, if <p(a) <r 2 then 

<p{b) = o-2(^(a)) = 

But ^ is a one-to-one correspondence. Hence by (10.2.2), b = ffi(a), 
and a (Ji 6. This completes the proof. 

(14;.2 7) Definition:* If 7i, h are sets, if li«7i, U^h 
and <^2 are functions on h to h and on h to h, respectively, then (7^, li, <ri) 
is isomorphic to (/., h, <r.) if there exists a one-to-one correspondence 

between 7i and I 2 such that 


(a) 

(b) 


^(li) — h] 

h implies <p{<ri{ay) = 


a € 
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Remark: Note that (14.2.7) is constructed from (14.2.4) and (14.2.6), 
the conditions of these two definitions being simultaneously imposed 
on the same ip. That is, p carries h into I 2 and a\ into One use of 

(14.2.7) is to give meaning to the idea of isomorphism of two basic 
systems of positive integers [sec (14.4)]. 

A simple extension of (14.2.4) is this: 

(14.2.8) Definition: * If 7i, /■>, Ji, «/■> are sets with JiC: Ji, J 2 CJ 2 , 
then (/i, ./i) is isomorphic to J-i) if there exists a one-to-one corre¬ 
spondence p between h and I 2 such that 

p(J\) = Ji- 

Remark: Here p carries J\ into J 2 . It follows from piJi) = Jz that 
Ji Jz by (10.2.6). 

A generalization of (14.2.5) follows. 

(14.2.9) Definition: * If /i, I 2 arc sets, and if i?i, Si are relations 
on /i X I\ and Rz, Sz arc relations on h X I2, then (/i, i?i, Si) is iso¬ 
morphic to (/s, Rz, Sz) if there exists a one-to-one correspondence p 
between Ii and Iz such that, 

if a, 6 € I\, then n /?i 6 if and only if p{a) Rz p{h); 
if a, 6 c /i, then a 5i 6 if and only if v>(a) S 2 p{b). 

Remark: Here p carries Ri into Rz and Si into Sz- 

A generalization of (14.2.2) follows. 

(14.2.10) Definition: * If Cu Oz arc sets, and if oi, pi are operations 
on Gi X Gi to Gi and 02 , P 2 arc operations on Gz X Gz to Gz, then 
(Gi, oi, pi) is isomorphic to (Gz, oz, p») if there exists a one-to-one corre¬ 
spondence p between Gi and Gz such that, 

for every a, 6 € Gi, p{a) oz p{h) = pia oi h); 
for every a, 6 e Gi, v>(n) p 2 pib) = p{a pi b). 

Remark: Here p carries oi into 02 and pi into p 2 . 

The next definition is of considerable importance since it deals with a 
case that occurs frequently. A particular application of (14.2.11) is to 
define isomorphism of two algebraic systems of positive integers. 

(14.2.11) Definition: If Gi, G2 are sets, if iq c Gi, UztGzy if <1 is a 
relation on Gi X Gi and <2 is a relation on G 2 X G2, and if + 1 , Xi are 
operations on Gi X Gi to Gi and + 2 , X2 are operations on G2 X Gj to Gj, 
then (Gi, «i, <1,+1, Xi) is isomo}'phic to (Gz, 1/2, <a, +s, Xs) if there 
exists a one-to-one correspondence p between Gi and Ga, such tliat 
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(a) ^fwi) = W 2 ; 

(b) for every a, be a <1 & if and only if <pia) <2 ^(6); 

(c) for every a, b e Gi, (p(a) +2 (p(b) = <p(a +1 b); 

(d) for every a, be Gi, (p(a) X 2 (p(b) = ip(a Xi b). 

Remark: Here <p carries Ui into W 2 , <1 into < 2 , +1 into +2 and Xi 
into X 2 . 

In all the preceding definitions the systems involved consist of a single 
basic set, together with certain elements or subsets of the basic set and 
certain functions, relations or operations defined on cartesian products 
built up from the given set. A rather subtle question arises when it is 
desired to define isomorphism for systems which include two or more 
basic sets. For example, one may ask, what will be the definition of 
isomorphism between (Ai, Bi) and (^ 2 , 52 ), where Ai, Bi, A 2 , Bo are 
sets? Two possibilities suggest themselves: 

(14.2.12.a) (Ai Bi) is isomorphic to (Az, Bz) if there exists a one-to-one 

correspondence <p between Ai and Az and a one-to-one corre¬ 
spondence 1 /' between Bi and Bz. 

(14.2.12.b) (Ai, Bi) is isomorphic to {Az, Bo) if there exists a one-to-one 

correspondence <p between Ai-\~ Bi and Az-{~ Bz such that 

<p(Ai) = Az and <piBi) = Bz. 

In (14.2.12.a), the two sets are treated entirely separately, while in 
(14.2.12.b) it is required that a single correspondence between the set- 
theoretic sums should carry each of the given sets, considered as a sub¬ 
set of the first sum, into its corresponding subset of the second sum. 

These two notions are quite different, as can be seen by considering 
the case Ai C Bi. Here the first definition (14.2.12.a) of isomorphism 
would not require that A 2 Cl Bz while the second definition (14.2.12.b) 
would. In loose terminology, isomorphism in the sense of (14.2.12.b) 
“preserves any set-theoretic interconnections between Ai and Bi, 
while isomorphism in the sense of (I4.2.12.a) treats the possibility of 
set-theoretic interconnections between Ai and Bi as extraneous. Actu- 
aUy both of these notions are important. There are mathematical 
systems for which set-theoretic interconnections between basic sets 
constitute an essential feature of the systems themselves; there are other 
systems in which such interconnections, if they exist, are cornp ete y 
irrelevant. Fortunately, a simple convention suffices to deal with this 

situation. Isomorphism between (Ai. Bi) and (A 2 , ^ 

set-theoretic interconnections are irrelevant, is defined by (14.2.12.a) 
However, when set-theoretic interconnections constitute an integral 


(Ch. 14 


228 THE ANATOMY OF MATHEMATICS 

part of the description of the system {A,B), we effect an implicit 
statement of this fact by denoting the system thus. 

(C, A, B), where A, B,C are sets with C = A + B, 

rather than by the simple notation (A, B). Isomorphism between two 
systems and where Ci = 4i+Bi and C, = 

/I 2 + B 2 , is then defined by the condition of (I4.2.12.b), namely, that 
there exists a one-to-one correspondence tp between Ci and C 2 such that 
^(^ 1 ) = A 2 and p(Bi) = B^. The next two definitions describe the two 

types of isomorphism just discussed. 

(14 2.13) Definition:* If Ai, Bi, A 2 , B 2 are sets, then {Ai, Bi) is 
isomoiyhic to (A 2 , B 2 ) if there exists a one-to-one correspondence 
between and As, and a one-to-one correspondence ^ between Bi and 

B 2 . 

(14.2.14) Definition:* If Ci, Ai, Bi are sets i\'ith Ci = Ai + Bi, 
and C 2 , A 2 , B 2 are sets with C 2 = A. + B 2 , then (Ci, Ai, B,) is isomorphic 
to (C 2 , A 2 , B 2 ) if there exists a one-to-one correspondence ip between Ci 

and C 2 such that 

^(Ai) = A2, ^(^1) “ ^ 2 - 

Remauk; Here <p carries Ai into A 2 and Bi into B 2 . It should be 
noted that (14.2.14) is an extension of (14.2.S). 

An important example of a system contmning two basic sets in which 
set-theoretic interconnections between the sets are not pertinent is the 
system consisting of a group and a basic system of positive integers. 
The following definition applies. 

(14.2.15) Definition: Let (G\,Iuh,<Ti,oi), (ft, J 2 , U, oa) be 
systems in which (Gi, oi) and (G 2 , 02 ) are groups, and (/i, li, ffi)j (^ 2 , la, <ra) 
are basic systems of positive integei's. Then the given systems are 
isomorphic if there exists a one-to-one correspondence ^p between Gi and 
G 2 , and a one-to-one correspondence yp between 7i and /a, such that 

(a) ^{h) = la; 

(b) n €/i implies ^((ri(»)) = <^ 2 (^(«)); 

(c) a, 6 e Gi implies ^(o) 02 *p{h) = <p{a oi b). 

Remark: It should be verified that (14.2.15) amounts to requiring 
that (Gi, oi) and (G 2 , 02 ) be isomorphic in the sense of (14.2.2), and 
independently requiring that (/i, li, ffi) and (hy I 2 , ^a) bo isomorphic 
in the sense of (14.2.7). 

Of course it is not always possible to di\dde an assertion of isomorplusm 
between systems containing morc than one basic set into the independent 
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assertions of isomorphism between ‘‘subsystems,” since functions or 
relations involving more than one of the basic sets may be included in 
the system. The next definition affords a typical example. 

( 14 . 2 . 16 ) Definition: Let (Si, Ji, li, <ri, Fi), (S 2 , J2,12, 0 - 2 , F 2 ) be 
systems in which Si, S 2 are sets, (/i, li, ci), (I 2 , I 2 , 0 - 2 ) are basic systems 
of positive integers, and Fi and F 2 are functions on 7i to Si and on 1 2 to 
S 2 , respectively. Then the given systems are isomorphic if there exists a 
one-to-one correspondence tp between Si and S 2 , and a one-to-one corre¬ 
spondence \p between 7i and I 2 such that 


(a) lAdi) = I 2 ; 

(b) 716 7i implies yp(<Ti(n)) = <r 2 {^(n)); 

(c) ne h implies (p(Fi(n)) = F 2 Wn)). 


Remark: If in (14.2.16) it had been asserted that Si C 7i and S 2 cz I 2 , 
then no function (p would have been required; would have replaced <p 
in (c), and the condition ^(Si) — S 2 would have been added. This 
shows how definitions of isomorphisms may be essentially affected by 
introducing the set-theoretic interrelations among the objects comprising 
the systems. 


As has been stated, no “general” definition of isomorphism will be 
given. It is hoped that the material given and suggested will aid the 
reader in securing a reasonable grasp of the intuitive principles which 
underUe the construction of specific definitions of isomorpWsm. Hence¬ 
forth, whenever a new type of mathematical system is introduced 
(through basis and axioms), we shall state precisely what is meant by 
isomorphism of two systems of the specified type. 


(14.2.17) Project: Show that (14.2.1) is equivalent to p 2 02 in 
the example preceding the statement of (14.2.1). 

(14.2.18) Project: Construct appropriate examples and prove the 
corollaries to each of the definitions (14.2.4) to (14.2.10), (14.2.13) to 

(14.2.16). 

(14 2 19) Project; Formulate a definition of isomorphism of two 
systems of this form: (G, o, p, +, X), where G H are sets, o p are 
operations on G X G to G, + is an operation onH X H to H, and X is 

an operation on G X to 7f. 

(14.2.20) Project: Let (G„o 0 , o.) be isomorphic systems, in 

which G., G, are sets and oi, 02 are operations on ft X ft ^ 

Gi X Gi to Gi, respectively. Prove that, if (ft, oi) is a group, t 

(G 2 , 02 ) is a group. 
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(14.2.21) Project: Let (Gi, oi), (G 2 , 02 ) be groups. Define G = 
Gi X G2, and o on G X G to G so that, for (a, &), (c, d) € G, 

(a, h) o (c, d) = (a oi c, 6 02 d). 


Prove that (G, o) is a group. ((G, o) is called the direct product of (Gi, oi) 
and (G 2 , 02 ).) 


14.3. Categorical Systems of Axioms. In (7.4) certain properties of 
systems of axioms were described. One of these properties was desig¬ 
nated by the term categorical', in terms of the concept of isomorphism, 
categorical systems of axioms may now be more fully discussed. 

Let us consider a mathematical system, that is, a basis for a mathe¬ 
matical theory, together with a system of axioms concerning the basis. 
Let us assume that the concept of isomorphism of two systems of the 
type under consideration has been defined. Then we shall say that the 
system of axioms is categorical, if any two mathematical systems satis¬ 
fying the axioms are isomorphic. 

It should bo noted that we have not actually defined the concept 
categorical; we have only described what its definition would be in the 
case of mathematical systems for which isomorphism has been defined. 
Since it has not been found possible for us to give a universally appli¬ 
cable definition of isomorphism, we must recognize that categoricalness 
becomes meaningful in any particular case only after isomorphism has 


been defined. 

Some mathematicians would say that a mathematical system de¬ 
scribed by categorical axioms is “abstractly unique.” For, they would 


argue, since any two instances must be isomorphic, such instances are 
“abstractly identical,” that is, are the “same so far as ‘essentials’ are 
concerned.” From this point of view, categoricalness bears the same 
relation to consistency [sec (7.4)] as uniqueness bears to existence. 
While such statements may be intuitively suggestive, we find them 
somewhat objectionable in the absence of a precise idea concerning 
something like the “set of all mathematical systems” or “the set of all 
instances” of a given mathematical theory. Moreover, it is not clear 
how “essentials” mentioned above differ from “imesscntials,” so that 
“abstractly identical” is a hazy concept. In \dcw of our agreement to 
define isomorphism for each type of mathematical system that arises, we 
shall be led immediately to a pi'ccisc meaning in each case for categorical¬ 
ness, and proof or disproof of such categoricalness is in order. Thus, 
although our lack of univereal concepts of isomorphism and categorical¬ 
ness may incur the displeasure of logicians, it results in no practical 
handicap. 

Since the definitions of isomorphism in (14,2) were motivated by an 
intuitive idea of similarity or resemblance of systems, it follows (intui- 
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tively) that instances of a mathematical theory differ much less from 
one another when the axioms are categorical than when they are not. 
Possible fields for application are thus narrower when the categorical 
feature is present; content of the theorems within the theory is accord¬ 
ingly less. However, the development of mathematics and its uses has 
shown that certain systems—usually those most widely employed, such 
as the positive integers and the real numbers—came to be kno^vn intui¬ 
tively as though they were unique and specific. Axioms for these 
particular systems may be expected, then, to be categorical. Both 
categorical and noncategorical types of mathematical theory play essen¬ 
tial roles in the overall growth of the subject; it would be foolish to 
attempt to rate them as to their relative importance or usefulness. 

The followng theorem asserts that the axioms for a group are not 
categorical [see (7.4)]. 

(14.3.1) Theorem: There exist groups {Gi,oi), (( 72 , 02 ) such that 

{Gij oi) {G 2 , 02 ). 

Proof: Define (Gi, oi) as in (7.2.1), (G 2 , 02 ) as in (7.2.2). Then the 
set Gi has 2 elements and Gz has 3 elements, so that Gi Gz by 
(10.4.4.b). Now, if (Gi, oi) ^ (G 2 , 02 ), there exists a one-to-one corr^ 
spondence between Gi and G 2 by (14.2.2), whence Gi ^ G 2 . Tliis contra¬ 
diction completes the proof. 

Remark: It is natural to ask Avhether for groups (Gi, oi), (G 2 , 02 ) it is 
true that 

Gi Gz implies (Gi, oi) (G 2 , 02 ). 


Negative answer is given by this example: 

[a, b, c, d] (a 9 ^ b, c, d; b 9 ^ c, d; c 9 ^ d)] 

abed 


a 


bed 


a 


oi: 


d 


abed 
h c d a 
c d a b 
d a b c 


a 


02 : 


d 


abed 

bade 

c d a b 
d e b a 


We leave to the reader the task of proving that (Gi, oi), 02 ) are 

groups. Clearly Gi ~ ft. But, as we shaU now show, (ft, °0 ~ 
(ft, o,). Suppose (ft, 0 .) ~ (ft, o.), whence there exists a one-to-one 

correspondence ip between G\ and G 2 such that 


( 1 ) 


X, 2 / e G implies vix) p{y) - ^(^ 2/)- 
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It should be observed that a is the identity element of each group. 
Hence it follows that ^(a) = a. For if a: € G 2 , 

X 02 (p(ci) = ^(u) []by (10.2.1.b)] 

= ip(<P*(x)oia) [by (1)] 

= [since a is the identity element] 

= X = X02 a; 


if we put X = a, we obtain 

(2) (p(ci) == a 02 v>(a) = a 02 a = a. 

Now it is seen from the table defining 02 that x e (j 2 implies x oo x = a. 
In particular, 

( 3 ) o = (p(b) 02 <p(b) = <p(b oi 5) [by (1)] 


Hence 


= ^(c). 

a = ¥>*(^(a)) = fp*(a) 

= <p*Mc)) 

= c. 


[by (2)] 
[by (3)] 


which is impossible, since a 5 ^ c. This contradiction completes the proof. 
The group (Gi, oi) is called the cyclic group of order 4; (G 2 , 02 ) is called 

the ‘i-group. 


(14.3.2) Project; Prove that (Gi, oi) in tlic remark is a co: 
tivc group. 


Mill 


nta- 


(14.3.3) 
tive group. 

(14.3.4) 

(h, U). 


Project: Prove that (Gs, 02) in the remark is a commuta- 


Project: Prove that, in (14.2.4), if h ^ h, then (7i, li) 




14.4. Categoricalness for the Positive Integers. In this section it is 
shown that the axioms for the positive intcgei*s are categorical. 

(14.4.1) Theorem: Every two basic systems (7i, li, ffi), (72, Is, ffs) 0 / 
positive integers {satisfying Axioms I, II, III of Chapter 8) arc isomorphic. 

Proof: We recognize first that in the theory of (7i, li, <ri) there is an 
operation+ 1 , and in the theory of (72, 12 , ^s) there is an operation+ 2 . The 
axioms III' referring to the respective systems are denoted by III{, IHa. 
The principle of inductive definition (11.4.5) when cmplojung (7i, li, vO 
is referred to as (11.4.5i), while that based on (72, I 2 , ^s) is (11.4.52). 

In order to prove the desired isomorphism we must establish, in 
accordance with (14.2.7), the existence of a one-to-one correspondence 
<p between 7i and 72, such that 


(1) ^(ii) = h; 

(2) mi e 7i implies ^((ri(mi)) = <r 2 (^(?»i)). 
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We apply (11.4.5i) \\dth A — I 2 , x = \ 2 , F = <t 2 - Let <p be the sequence 
defined inductively by I 2 and 0 - 2 . Then (1) holds, and 

mi € /i implies (p{mi +1 li) = o- 2 (y?(mi)), 

so that (2) holds. Moreover, <p is on h to h- 
It remains to show that <p has range h and that (10.2.2.c) holds. Let 
us apply ( 11 . 4 . 52 ) with A = Ii, x = h., F = <ti, obtaining a function 
on I 2 to Ii such that 

(3) ^( 12 ) = li; 

(4) m 2 eh implies \p(<T 2 {m 2 )) = o-i(^(m 2 )). 

It will be shown that 


(5) mi € 7i implies ypMmi)) = mi; 

(6) 702 el2 implies ^(^(^22)) = m2. 

Define 

Hi = [mi e /i; = wi]. 


Clearly he Hi, since 


Suppose q\e Hi. Then 


= li 


"Li D) ~ 

= ^(o'2(^((7i))) 

= <7i{\l/{*p{q'd)) 

= ffi(gi) 

= q\ +1 li- 


[by (1)] 

[by (3)]. 


[by (2)] 
[by (4)] 
[since qi e H{] 


Thus gi+i lieffi, and = h by IIIi'. This proves (5); the proof 
of (6) is similar. 

Now if m 2 e h, we may define mi = ^(ws), whence, by (6), <p{mi) = m 2 . 
This establishes that the range of ^ is h> The function ^ satisfies the 
hypotheses of (10.2.2) and has the property (10.2.2.c) in view of (5), (6); 
therefore ^ is a one-to-one correspondence between 7i and h- The proof 

is complete. 

(14.4.2) Project: Let {h, li, <r.), {h, U, v,) be two basic systerns of 
positive integers, and let ip, ^ be two isomorphisms between them. 

Prove that ip — yl/. 

(14.4.3) Project: Let {h, L, <r0 and {h. U, v,) be basic systems of 

positive integers and let (7i, li, < 1 ,+it ^ PrAVA that 

be the corresponding algebraic systems of positive mtegers. Prove that 

the latter systems are isomorphic. 
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14.6. Subsystems. Just as the idea of isomorphism of two mathe¬ 
matical systems is a generalization of the concept of equivalence of sets, a 
notion of subsystems of a given mathematical system is available which ex¬ 
tends the idea of subsets of a set. The same considerations which prevent 
our defining isomorphism in general are effective in barring a universal 
definition of subsystem. However, we shall briefly present a few examples. 

Let G be a set, and let o be an operation on G X G to G. Let H be any 
non-empty subset of G. We might be led to consider a system of this type; 

(14.5.1) (fly o y> y)€ll X //)), 

in which the “reduced” operation appearing is on // X H to G and is a 
subset of the operation o (thought of as a subset of (G X G) X G). 
Such a system might be called a suhsijstcm of (G, o). It is convenient to 
specialize the terminology somewliat so that the system shall have the 
same character as (G, o); specifically, it is required that the range of the 
operation should be contained in H, that is, the operation should be on 

[I X H to H. 

The requirement just described may be stated thus; 

(14.5.2) x,yfH implies xoytll. 

Before stating a formal definition, let us agree to abbreviate (14.5.1) by 
the notation (//, o); no ambiguity can possibly arise from this multiple 
use of the symbol o, and great convenience results, particularly when 
many sets H are under consideration. 

(14.5.3) Definition: If (G, o) is a system in which G is a set and o 
an operation on G X O to G, then {II, o) is called a subsystem of (G, o) 
iiH ClG and (14.5.2) holds. 

In the example (G, o), with G = [a, 6, c, (/], and o given by 

abed 

a 

b 

o: 

c 
d 

possible subsystems are (II, 6) with H ~ [a, 5], [n, c], [a, d~], [a]. Thus, 
if H = [a, 5] the operation (x oy; (x, (/)«// X H) is given by 

a h 
a 

b 
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and satisfies (14.5.2). It is of interest to note that here {G, o) is a group, 
as are the various subsystems. Subsystems of groups which are also 
groups are called subgroups; it is not generally true that all subsystems 
of a group are necessarily groups, as the example might tend to indicate. 

The reader might formulate for liimself definitions like (14.5.3) for 
various other systems, for example, those appearing in (14.2). For a 
system (/, 1) where 1 c /, a subsystem {J, 1) would be subject to the 
requirements that J d I, I eJ. For (7, <r) as in (14.2.6), a subsystem 
(t7, c) would satisfy J d 1 and 

a € J implies a{a) t J. 

If another operation p is appended to ((?, o), then both o, p would satisfy 
(14.5.2). In the case of (7, E), where 12 is a relation on 7 X 7, it is inter¬ 
esting to note that no condition like (14.5.2) is needed, since, for J d If 
the “reduced” relation 

[(a, 6) c 72; (a, 6) « / X /] = 7? * (/ X 7) 

has the proper character, that is, is on <7 X 
While subsystems are of considerable interest in mathematics gener¬ 
ally, we shall not be required to make extensive use of them in this 
book; hence further discussion of them will not be necessary. 

(14.5.4) Project: Formulate definitions of subsystems for systems 
of the types in (14.2.7), (14.2.8), (14.2.9), (14.2.10), (14.2.13), (14.2.14), 
(14.2.15), (14.2.16). 

(14.5.5) Project: Prove that a basic system (7,1, <r) of positive in¬ 
tegers is its only subsystem. 


Chapter 15 

EQUIVALENCE AND ORDER RELATIONS 

[No Basis] 

16.1. Introduction. This chapter will be devoted to the discussion of 
particular types of relations that are of frequent occurrence and great 
importance in mathematics. The discussion will serve, on the one hand, 
to unify many results that have been or will be obtained concerning 
specific relations, and, on the other hand, to provide some necessary tools 
for later applications. 

The first relations to be discussed are referred to as equivalence rela- 
iio 7 is because they constitute a generalization of the identity relation. 
The word “equivalent” hiis intuitively the force of “equal in some par¬ 
ticular respect,” or “ possessive of some common attribute.” It may be 
recalled that at the time we firet discussed equality in (4.5) we promised 
a discussion of “equivalence” of elements. Clearly any precise concept 
of “equivalence” between elements of a set A would have to appear ^ 
a relation on A X A. Equivalence relations as defined in (15.2.3) \A11 
be found to be appropriate mathematical counterparts of those intuitive 
relations which express “equivalence of elements.” 

Order relations, on the other hand, satisfy requirements su^ested by 
the intuitive relations “is to the left of,” “is shorter than, is younger 
than,” “is older than,” and the like. These relations, in contrast to 
equivalence relations, express intuitively the idea “superior (or inferior) 
in some particular respect.” 

It is rather curious that one of the most important properties of rela¬ 
tions is to be required for both equivalence relations and order relations. 
The property is called transitivity. 

(15.1.1) Definition: Let A be a set and R a relation on A X ri. 
Then R is transitive if, for every a,b e A for which there exists c e A such 
that a Rc and c R h,\t is true that a Rb. 

It is intuitively clear that the intuitive relations “is to the left of, 
“is younger than,” and the like, do possess this property. For if a “is 
to the left of” c, and c “is to the left of” b, then certainly a “is to the 
left of” b. It is equally acceptable intuitively that, if each of two 
elements is “equal in a certain respect” to a tliird, then they are “equal 

236 
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in this respect” to each other. Thus this chapter may be regarded as a 
study of certain types of transitive relations. 

(15.1.2) Project: Let A = [pi, P 2 ], pi ^ p 2 - Determine all transi¬ 
tive relations R on A X A. (Do not neglect those relations for which 
the condition in (15.1.1) is vacuously true.) 

16.2. Equivalence Relations. Let ^4 be a set and 61 a the set of all 
relations on .4 X A. Let us look for properties of relations R € 61^ that 
seem to hold for intuitive instances of relations of “equivalence.” 

The first of these properties is evident. Two elements x, y are cer¬ 
tainly “equivalent” in any respect if they are equal. Hence we require, 
for an equivalence relation R, 

(15.2.1) iov ovevy xeAyxRx. 

This requirement may also be stated in the form R E, where E is the 
identity relation on .4 X -d. [see (5.3)]. A relation R satisf 3 dng (15.2.1) 
is called reflexive. 

A second property is also apparent. “Equivalence should not de¬ 
pend on the “order” in which the elements “appear.” Hence we insist 
that, 

(15.2.2) for every x,y€A,xRy implies yRx. 

This may also be stated in the form R = R*, where R* is the transpose 
relation to R [see (5.3)]. A relation R satisfying (15.2.2) is called 

symmetric. 

The third property, transitivity, has already been discussed. 

These three properties are all that will be required, t at is, a re a ion 
on Ax A will be called an equivalence relation if it is reflexive, s^- 
metric and transitive. For convenience of reference we state these 

definitions formally. 

(15.2.3) Definition : If 4 is a set and B is a relation onAX A, then 
R is rejiexive if, 

(a) for every x e A, X i2 x; 

R is symmetric if, 

(b) for every x,yiA,\ixRy then yRx-, 

R is transitive if, 

(c) for every *, z e A, if there exists y « A such that xRy and 
y Rzy then xRz. 
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Moreover, R is an equivalence relation if R is reflexive, S3Tnmetric and 
transitive. The set of all equivalence relations on A X ^ is denoted by S^. 


The consideration of a few intuitive relations might help to clarify 
the meaning of an equivalence relation. The relation “has the same 
parents as’' is an equivalence relation. For, clearly, any person has the 
same parents as himself; if a “has the same parents as” 6 then 6 “has 
the same parents as” a; and finally, if a and c have the same parents, and 
if c and b have the same parents, then a and b have the same parents. 
On the other hand, “is a friend of” is not an equivalence relation. For 
transitivity is certainly not valid; symmetry is quite dubious; and by a 
stretch of the imagination, even reflexivity may be doubted in this case. 
The relation “was born in the same calendar year as” is (intuitively) an 
equivalence relation. But the relation “was born within one year of” 
is not an equivalence relation, since it is not transitive, although it is 
reflexive and symmetric. 

(15.2.4) Project: Note that (15.2.2) states actually that R C R*. 
Why does this imply R = /?*? 

(15.2.5) Project: What can be said of the domain and range of an 
equivalence relation? 

(15.2.6) Project: If A is a set, and Risa relation on .4 X ^4, prove 
that R is an equivalence relation if and only if (a) E C. R, and (b) if x, 
z € A such that there exists y e A with x Ry, z Ry^ then xRz, Does 
(b) imply (a)? 


16.3. Equivalence Classes and Partitions. A consideration of intuitive 
examples of equivalence relations suggests an extremely important 
feature of such relations. The main difference between the equivalence 
relation “was born in the same calendar year as” and the non-equiva¬ 
lence relation “was born within one year of” is that the fii*st suggests a 
“partition” or “grouping” of all people into sots, depending on the 
calendar year of their birth, while the second does not suggest such a 
“partition.” Similarly, the relation “has the same parents as” suggests 
a “partition” into “families,” while “is a friend of” does not lead to 
such a grouping. In this section, it will be shown that equivalence rela¬ 
tions on 4 X 4 always lead to a “partition” of 4. and, conversely, that 
any “partition” of 4 leads to an equivalence relation. 

(15.3.1) Definition : Let 4 be a set and R an equivalence relation on 
4X4. For every x € 4, define 


ArM = [2/€-1;x7?i/]; 
= [4r(x); X € 4]. 

The elements of are called equivalence classes. 
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Remark; In defining we have simply considered all elements 

of A which are equivalent (“similar”) to the given element x and col¬ 
lected them into a single set. The equivalence classes which are the 
elements of 21^ are clearly certain subsets of A . 

(15.3.2) Corollary; Let A be a set and R an equivalence relation on 
A X A. Then, for every x, y ^ A^ 

(a) x^Ar{x); 

(b) Ar{x) ~ AR{y) if and only if x R y; 

(c) Ar{x) • AR{y) = Q if and only if x R' y; 

(d) Ar{x) • Aniy) Q if and only if Ar{x) = AR{y). 

Proof of (a); Since xRxhy (15.2.3.a), x €Ar(x) by (15.3.1). 

Proof of (b): If Ar{x) = AR(y), we have y € AR{y) by (a), so that 
y€AR(x). Hence 2 ; y by (15.3.1). Conversely, suppose a: 12 y, whence 
2/€.4fl(x). If Z€AR(y)j then y Rz. Thus 

x Ry and y R z, 

and, by (15.2.3.c), x Rz. Hence z e Ar(x). This proves ^^(y) c Ar{x), 
To show the reverse inclusion, let w t AR{x)i whence x Rw. Since x Ry, 
we have y Rxhy (15.2.3.b), so that 

y Rx, X Rw. 

By (15.2.3.c), yRw, and weAR{y). This proves Ar(x) C Aniy), and 
the proof is complete. 

Proof of (c); Suppose Ar(x) * Aniy) =0. If xRy, then, by (b), 
Ar{x) = AR{y), and, by (a), x e Ar(x) • Aniy), contrary to the hypothe¬ 
sis. Hence x R'y. Conversely, if x R'y, and if Ar{x) • Aniy) 0, 
there exists 2 e Ar{x) • AR(y). Then xRz and yRz, whence also zRy 
by (15.2.3.b). Thus xRy hy (15.2.3.c), contrary to the assumption. 
This completes the proof. 

Proof of (d); This is left to the reader [use (c), (b)]. 

(15.3.3) Corollary: If A is a set and R an equivalence relaiion on 
A X A, then 

(a) = A; 

(b) B,C€^r,B^C implies B ■ C = 

Proof of (a): Evidently a A. If xeA, then xeAit(x) by 
(15.3.2), whence x e proves the reverse inclusion. 

Proof op (b): Let B, C« Sis, B C. Then there exist x,yeA with 
B = ARix), C = ArIv). If xRy, then, by (15.3.2.b), B = C, contrary 
to the hypothesis. Hence x B' y, and B • C = & hy (15.3.2.c). 
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(15.3.4) Definition: If ^4 is a set, then a partition of .A is a set 21 of 
non-empty subsets of A such that 

(a) = 

(b) ii B,C € 2(, then B ^ C implies B • C = Q. 

(15.3.5) Theorem: If A is a set and R an equivalence relation on 

A X A, then 2lft is a partition of A. 

Proof: By (15.3.3), it is sufficient to verify that every B e 2 Ir is non¬ 
empty. This follows from (15.3.2.a). 

We have showm that for every equivalence relation B on A X A, 2Is 
is a partition of A. It will now be shown that every partition of A arises 

in this way. 

(15.3.6) Theorem: If A is a set, and 21 is a partition of A, then (a) 
there exists a unique equivalence relation R on A X A such that 21 = 21/i. 
Moreover, {h) x R y if and only if there exists B € 21 with x,yeB. 

Proof of Existence in (a): Since 2'^ ” every 

x € A there exists B e 21 such that x t B. That B is unique follows since 
xtB, C implies B - C whence B = C by the contrapositivc of 

(15.3.4.b). If a: c A, denote the unique B € 21 such that x c B by B(x). 
Define 

(1) R = C(x, y)(A X A; B(x) = B(y)]. 

Let us observe first that R is an equivalence relation. The reflexive and 
symmetric properties are obvious; if B(x) = B{y) and B{y) = B{z)f 
then B(x) = B(z), and R is transitive. 

It remains to prove 

(2) 2Ir = 21. 

Note first that 

(3) Afl(x) = [y € A; X B = [y e A; B(x) = B(i/)]. 

Now let B € 2[n. Tlien there exists x € A such that B = Aji(x). If 
yeARix), then B(x) = B(7/), whence ?/€B(x); conversely, if t/eB(x), 
then B(x) = B(y), and y e /l«(x). Therefore 

B = Ar{x) = B(x), 

whence B c 21. This proves 

(4) 2lfl C 21. 

To prove the reverse inclusion, let B e 21. Since B 0 by (15.3.4), 
there exists x such that x e B. Hence B = B(x). Now if y e B, we have 


B(y) = B = B(x), 
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and, by (3), y € Ar{x) ; tliis proves B (Z And, \i y e Ar{x), then, 

by (3), B{x) = S( 2 /), whence y e B{x) = B\ hence Ar{x) C B. It fol¬ 
lows then that Ar{x) = B. Since Ar{x) eSI^, we have B e%R, This 
establishes 

(5) ^cz%R. 

Now (4) and (5) yield (2). 

Proof of Uniqueness in (a): Suppose i?, S are equivalence relations 
such that SIr = 31, 3Is — SI. It ^vlll be proved that R cz S and S Cl R. 
Suppose X Ry, whence y c Ar{x). Since SI;? = Sis, it follows that Ar{x) e 
Sis, whence there exists zeA with Ar(x) ~ As(z). By (15.3.2.b), 
Ar{x) = Afl(y), so that x^ y e Ar{x). Therefore x, ye As{z). It follows 
that z S x, z Sy. By the symmetry of S, we have 

X S z, z By, 

whence x Sy hy the transitivity of S. We have proved that R ^ S; 
similarly, S <Z R. Consequently R — S, and the proof is complete. 

Proof of (b): Since R is unique, and since the relation R defined 
by (1) is effective, it follows that this R is the only relation which satis¬ 
fies the condition SI = SI;?. We shall prove that 

(6) xRy\i and only if there exists B € SI such that x, y eB. 

11 xRy, then define B = B{x). It follows that B{x) = B(y), so that 
Xj y eB. Conversely, if there exists B e SI such that x, y e B, we have 
B = B(x), B = B{y), whence B(x) = B{y) and xRy. Therefore (6) 
holds, and the proof is complete. 

The results of this section indicate that an equivalence relation as 
defined by (15.2.3) is a reasonable mathematical counterpart of the in¬ 
tuitive concept “is equal in a certain respect.” For, in the case of any 
intuitive relation of “equality in a certain respect,” one can conceive of 
lumping together all objects which are equal in the particular respect. 
The sets into which all the objects under consideration fall constitute a 
partition in the sense of (15.3.4). But, by (15.3.6), such a partition leads 
to an equivalence relation. The sets constituting the partition are the 
equivalence classes, so that two objects are “equal in the given respect 
exactly when they lie in the same set. 

(15.3.7) Project: Prove (15.3.2.d). 

(15.3.8) Project: If A is a set, prove that B, A X A are equivalence 
relations on A X A. For each, determine the set of equivalence classes. 

(15.3.9) Project: If A is a set, define (Pa as the set of all partitions 
of A ; (P^ = [SI/?; B 6 e^]. Prove that e.i -- <Pa, an appropnate one-to- 

one correspondence being (SI/?; R € £^). 


/ 
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(15.3.10) Project: Determine 8 ^ 1 , (Pa for the sets A — Cpi, P 2 I, 

[pi> P2, pi]- 

16.4. Order Relations. As has already been mentioned, order relations 
are relations satisfying properties suggested by the intuitive relations 
“is to the left of,” “is younger than,” and the like. These relations seem 
to lend themselves to description by the term “order of precedence.” 
They share with equivalence relations the property of being transitive. 
But with respect to reflexivity and symmetry they are the exact an¬ 
tithesis of equivalence relations. For no element “is to the left of 
itself, and, further, if a “is to the left of” b then b “is not to the left of” a. 
It is thus suggested that we require, for an order relation R, 


( 15 . 4 . 1 ) for every x e A, x R' x. 

This requirement may also be stated in the form R * E = Q. A relation 
R satisfying (15.4.1) is called irrcjlcxive. It should be noted that irre- 
flcxivity is not the simple negation of reflexivity; a relation may be 
neither reflexive nor irreflexivc. 

It is also suggested that we require 


(15.4.2) for every x, y € A, x R y implies y R' x. 

This may also be stated in the form • /?* = 0. A relation R satisfying 

(15.4.2) is called asymmetric. Again, asynunctry is not the simple nega¬ 
tion of symmetry. 

Actually it is not necessjiry to require both irreflexixdty and asym¬ 
metry in addition to transitivity for an order relation, since it happens 
that asymmetry is a conse(iue!ice of irreflexivity luul transitivity. Thus 
we shall define a (partial) ordering relation as a relation which is irre- 
flexive and transitive. For reference, these suggested definitions are 

formalized. 


(15.4.3) Definition: If .1 is a set and R is a relation on A X A, 
then R is irreflexivc if 



for every j « A, x R' x; 


R is asymmetric if 

(b) for every .r, y t A/\i x R y then y R^ x. 

Moreover, R is a partial ordering of .4 (or A is partially ordered by R) 
if R is irreflexivc and transitive. 

(15.4.4) 'riiEOUEM: Lit A be a set and R a partial ordering of A. 
Then R is asymmetric. 

Proof: Suppose the theorem false so that there exist J/ < A such 
that X R y and y R x. Then, by tiiuisitivity, x R x. But this contm- 
dicts irreflexivity. 
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The reason for the term partial ordering is that such a relation R does 
not necessarily establish an “order of precedence” for any two elements 
of A, that is, there may exist x,y€ A such that x 9 ^ y, x R' y, ij R' x. A 
relation which does establish an “order of precedence” for any two ele¬ 
ments more closely approximates the simple intuitive concept of a 
“single succession” and is called a linear ordering. Partial orderings 
serve to describe systems composed of many (possibly interlaced) 
“successions.” 

(15.4.5) Definition: If A is a set and 72 is a relation on A X A, then 
72 is a linear ordering of A (or A is Imearly ordered by 72) if 


(a) 72 is a partial ordering of A; 

(b) for every x, ?/ e A, it is true that x = y or x R y ov y R x. 

Intuitively it is clear that both “is younger than” and “is older than” 
constitute linear orderings (if it is assumed that no two distinct persons 
are ever exactly the same age). Similarly linear orderings are estabUshed 
by both “is to the left of” and “is to the right of.” It is suggested that, 
if 72 is a partial or linear ordering, then 72* is also a partial or hnear 
ordering. That this is so will be showm next. 

(15.4.6) Theorem : If A is partially {linearly) ordered by a relation 72, 

then A is partially (linearly) ordered by 72*. 

Proof; lixeA, then x R' x by (15.4.3.a), whence x iJ x. Suppose 

X, z( A such that there exists y e A with x ^ J’ V ^ 
yRx,mdzR X, since R is transitive. Hence x R* z, so that is transi¬ 
tive. If is a linear ordering, then R* is a partial ordering by the proo 
just given. But (15.4.5.b) immediately follows for R smee it holds 
for R. Thus R* is a linear ordering, and the proof is complete. 

(15.4.7) Definition: If ri is a set and R elation on A X A, 
then E is a well-ordering of A (or A is well-ordered by R) if 

(a) 72 is a linear ordering; u +i,„f 

(b) for every E c ri with B 0 there exists 6 e A such that 

( 1 ) beB) 

(2) ceBf c 9^ b implies 6 72 c. 

. 1 4 . j. oc, n 4 7 bl may be called a least element 

Remark: An element 0 as m 

of B [see (15.5.1)]. 

(15.4.8) Theorem: If A is a set and R is a partial ordering of A. then 
S ^ RE has the properties 


(a) 

(b) 

(c) 


S is reflexive; 

S is transitive; 
if x,y £ A such that x 


S y and y S x, 


then X — y- 
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Conversely, if S is any relation on A y. A such that (a), (b), (c) hold, then 

H = S — E is a partial ordering of A. 

Proof: Since x e A implies {x, x) € E R + E, it follows that (a) 

holds. Suppose xSy,ySz. Then four possibilities exist: 


X = 2/. yR^> 

xRy, 1 / = 2 ; 
X == y, 2 / = z; 
xRy, yR2. 


In the first two cases, it is obvious that xRz, whence x Sz, In the 
third, :r = 2, whence x S z. In the last, xRzhy the transitivity of R, 
whence again xSz. Thus S is transitive, and (b) holds. Suppose x S y 
and ySx. li x 9 ^ y, then xRy and yRx. But this contrachcts the 

asymmetry of R [see (15.4.4)]. Therefore i = y, and (c) is proved. 
Proof of the converse part is left for the reader. 


(15.4.9) Examples: , . , ^ 

(a) In the theory of (7,1, <r), the relation 1 on 7 X 7 has the properties 

(15 4.8.a), (15.4.8.b), (15.4.8.c) by (9.4.3), (9.4.4). (9.4.6), respectively. 
Hence 1 - E is a partial ordering of 7 by (15.4.8). The discussion fol¬ 
lowing (9.4.7) shows that j - JS is not a linear ordering, since (15.4.5.b) 
fails. Consequently not every partial ordering is a linear orderag. 

(b) If A is the set of all subsets of a given set A , then the inclusion 

relation c, where 

c ^l{B,OeAXA]B(Z(r\, 


satisfies (a), (b), (c) of (15.4.8). Hence c - £ is a partial ordering 
of A. Moreover, c - E is not a linear ordering unless A has only one 
element, since, if a, be A, a^h, then [a], Mtd, and [o] 5^ [bl 


M <|: [b], [b] <|: [a]. . . , , . , 

(c) In the theory of (7,1, <r), the relation < is a partial ordermg of 
7 by (9.2.4), (9.2.5). By (9.2.14), < is in addition a linear ordering, and, 
by (9.3.9), < is even a well-ordering. The reader should show that 
< * (= > ) is not a well-ordering [use (9.3.8)]. It will be seen [Chapters 
16, 17,18, 19] that relations also denoted by < occur in the theories of 
positive rational, positive real and real numbers; these relations will be 
linear orderings but not well-orderings. 


(15.4.10) Project: Prove that there exists a relation winch is neither 
reflexive nor irreflexive. 


(15.4.11) Project: Prove that there exists a relation which is neith^ 
symmetric nor asymmetric. Prove that 0 on /I X -^1 being a set) is 
both symmetric and asymmetric. 
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(15.4.12) Project: Prove the converse of (15.4.8). 

(15.4.13) Project: Prove that, in the theory of (7, 1, cr), > is not a 
well-ordering. 

(15.4.14) Project: Determine for A = |j)i, p 2 , Ps] all partial order¬ 
ings, all linear orderings, and all well-orderings. 


16.6. Least and Greatest Elements. Associated with the intuitive 
concepts “is to the left of” and “is younger than,” are corresponding 
concepts “leftmost” and “youngest.” In this section it is shown that 
any partial ordering leads to a concept of least element of a given subset. 

Because of the intuitive flavor of an ordering relation, it is usual to 
employ the s 3 mbol < for such relations. This practice will be followed in 
the present section. Moreover, < + £" is denoted by ^, <* by >, and 
> + E by ^. It is important to remember, however, that < is a 
notation for any partial ordering of any set A and not necessarily the 
specific relation < on 7 X 7 treated in Chapter 9. 

(15.5.1) Definition: If A is a set, if < is a partial ordering of A, 
and if <8 C A, X e A, then x is a least (element) of ^ if 


(a) xeS; 

(b) y eS implies x ^ y. 

Moreover, x is a greatest (element) of S if 


(c) xeS; 

(d) ^ y eS implies x ^y. 


(15.5.2) Theorem: If A is a set, and if < is a partial ordering of A, 
then two J^ast (greatest) elements of any subset S of A are equal. 

Proof: Let x, y be least elements of S. Then x ^ y hy (15.5.1.b), 
since x is a least. Similarly, y S x. Hence x = y by (15.4.8. c). The 
alternate reading follows by replacing < by >. 


Remark; It may happen that subsets 5 exist which have no leasts 

(greatests). However, if a least (greatest) exists, it is umque y( 

(15.5.3) Theorem : If A is a set and < is a linear ordering of A, then 
every (non-empty) finite subset of A has a least. 

Proof : Define 


H = [m € 7; every (non-empty) finite 5 C A with n(S) - m has a least]. 

It is trivial that I eH, since, if n(S) = 1, *5 is of the form [x], ^ 

is a least element of S. Suppose qeH, and let 5 cz sue ^ 

with n(S) = q+l- Let x be any element of S, and define T - 6 L J- 
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If r = 0, we have S = H, n{S) = 1, contrary to n{S) = g + 1. 
Also, T (Z 5, so that T is finite by (10.4.7). We have 

r + w = 5, r-H = 0, 

whence, by (10.4.8), 

7 + 1 = n{S) = n{T) 4- n(H) = 

and n(T) = q. Since qtH, T has a least element y. By (15.4.5.b), 
y < X or X < y, the possibility x = y being ruled out because y el, 

X c' T. Suppose first that y < x. Since y ^ z for every z e T, and since 
g - T [a-], it follows that y ^ w for every w e S. And, since y e S, 

2 / is a least element of S. Now suppose x < y. If z e S. and if z x, 
then zeTy whence x < y, y S z. By the transitivity of <, x < z. 
Hence x ^ w for every w e 5, and, since x € S, x is a least element of S. 
This proves that S has a least and hence that 5 4 I ^ > 

H = I, and the proof is complete. 

(15.5.4) Remark: The concepts “least” and “greatest” have gen¬ 
eralizations of considerable importance. If A is partially ordered by <, 
then a lower hou 7 id of a set 5 C A is an clement x e A such that 

for every y e S, x ^ y. 

An upper hound is similarlj’’ defined, with > replacing <. Denote by 
5+ {S-) the set of all upper (lower) bounds of S. If (5“) has a least 
(greatest), then it has only one by (15.5.2). The least of (greatest of 
S-), if existent, is called the least upper hound {greatest lower hound) of 5. 
It is denoted by l.u.b. S (g i b. S), Now if a set S has a least (greatest) 
element x, then g.l.b. S (l.u.b. S) exists, and 

g.l.b. S (l.u.b. S) = X. 

Moreover, if x = g.l.b. S (l.u.b. <8) exists and if x c S, then x is a least 
(greatest) of S. (These statements should be proved by the reader.) 
However, sets may have greatest lower bounds (least upper bounds) 
without having leasts (greatests). In (15.4.0.b), every subset 5 of A has 

a g.l.b. (l.u.b.), namely, JJb (2^) if 5 = 0, then JJi?= A, 

= 0, and if S = A, then = 0, 2^ = A). But, if o, bcA, 

a 9 ^ by then B = [[a], [6]] has neither least nor greatest. 

(15.5.5) Project: Let A be a set, and < a linear oRlering of A. 
Prove that every finite subset of A has a greatest. 

(15.5.6) Project: Let A be a finite set, and < a linear ordering of A. 
Prove that < is a well-ordering. 



Sec. 6] 


EQUIVALENCE AND ORDER RELATIONS 


247 


(15.5.7) Project: Let A be a set, well-ordered by relation <. 
Prove the following principle of transfiniie hiduction\ LeiH A be siich 
that, if xe A such that 

y e A, y < X implies y eH, 
then xeH. Then H = A. 

(15.5.8) Project: Let A be partially ordered by a relation <. If 
S Cl A, define S'^, S~ as in (15.5.4), and denote by S'*— the set (*S’’')“, 
and by the set (-S“)+. Prove that^ if T (Z A, then 

(a) S cz T implies S'*' z> and S~ Z) T-; 

(b) S+-z> S,S-*-Z) S; 

(c) S'*—*- = S-*-, S--*- = S~; 

(d) S-*—*- = S-*-, S-*—*- = 5-+. 

(15.5.9) Project: Continuing the ideas in (15.5.8), let 90? be a set 
of subsets of A such that 

S c SO? implies S'*- = S. 

Then = n®?- 

(15.5.10) Project: Prove the assertions in (15.5.4) connecting leasts 
(greatests) with greatest lower (least upper) bounds. 

16.6. Well-Ordering and the Principle of Choice. We conclude this 
chapter with a brief discussion of a connection between well-ordering 
and the principle of choice. If the reader will review the proof of (11.5.1), 
he will note that a special case of the principle of choice was proved with 
the help of the well-ordering relation < on 7 X /. A generalization 
follows. 


(15.6.1) Theorem: If for every set S there exists a relaiion by which S 
is well-ordered, then the principle of choice (11.5.2) is true. 

Proof; As in (11.5.2), let A, B be non-empty sets and R a relation on 
A 'KB with domain A. By the hypothesis, with S = B, there exists 
a relation < on B X B which is a well-ordering of B. For every a e A, 


the set 


R{a) = [b€B;aRb'] 


is a non-empty subset of B. Hence for every a e A there exists a unique 
least element of R(a). The relation 


F = [(a, b) eA X B;b is the least element of i2(a)] 


is clearly a function, and since aFb implies 6 « K(a), whence a« 6, we 
have F c. R. 
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A converse of (15.6.1) also holds, although we shall not give the proof 
here. 

(15.6.2) Theorem; If the pnnciple of choice is iruey then, for every 
non-empty set S, there exists a relation oti S X S which is a well-ordering 

of S. 

It follows that the principle of choice may be replaced by an equivalent 
principle demanding that every non-empty set possess a well-ordering 

relation. 



Chapter 16 

THE POSITIVE RATIONAL NUMBERS 

16.1. Introduction. [No Basis.] The positive rational numbers, also 
called the positive fractions, are the entities introduced early in the 
history of mathematics to answer the question “how long?” They are 
the measuring numbers, or rather, they were introduced in the hope that 
they would be the measuring numbers. Subsequent to their invention, 
it was found that in this respect they failed partially, in that they did 
not make possible a perfect answer to the question “how long?” in all 
cases. 

For example, it was found [see (16.6.7) and (17.1)] that the question 
“how long is the diagonal of a square of unit side?” cannot be answered 
exactly by means of a rational number. To provide precise, mathe¬ 
matically perfect answers to the question “how long?” it has been found 
necessary to invent still another system of numbers known as the posi¬ 
tive real numbers. However, the rational numbers do provide a suffi¬ 
ciently good “approximate” answer to the question “how long?” for 
most purposes, and thus they have enormous practical importance. 
And they have a clear advantage over the real numbers, in that it is 
possible to invent a symbolism or nomenclature for them so that each 
individual rational number has its own designation; such a symbolism 
has not been evolved for the I'eal numbers. 

The name rational number is somewhat misleading since it is apt to sug¬ 
gest the word “rational,” meaning “reasonable.” Actually the origin 
of the term rational number is connected with the word “ratio,” so 
that the term should be thought of as ratio-nal, that is, ratio-like. 

As in the case of the positive integers, there is considerable choice in 
the formulation of a basis and axioms for the positive rational numbers. 
The formulation to be used is chosen for two reasons; first, it closely 
follows the (intuitive) historical pattern, and secondly, it seems to in¬ 
volve a Tninirmim of axioms, while yielding the desired end result. It 
will be noted that, in our approach, operations +, • (mathematical 
counterparts of the processes of “adding” and “multiplying” fractions) 
do not appear in the basis, but are defined later in the theory. 

16.2. Axioms for the Positive Rational Numbers. [No Basis.] Let us 

recall that the fractions were introduced intuitively to represent broken 
(fractured) segments of a measuring stick of “umt length. Thus, 
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■\vhcn one measures the length of an object by applj'ing a unit stick, 
aiul it liuppcns that the unit stick does not “go” an integral number of 
times into the given length, one breaks the unit stick into a number 
(such as two, three, and so on) of equally long pieces and applies these 
shorter pieces to the deficit (or to the entire length). Therefore the 
fractions should consist, intuitively, of all the “lengths” obtainable by 
“breaking” the “unit length” into a number of pieces and then “putting 

together” any number of these pieces. 

How shall we arrive at a mathematical formulation of this intuitive 
process? First, the rational numbers should constitute a set to be de¬ 
noted by F whose elements are the mathematical counterparts of the 
“lengths” arising in the intuitive description. Secondly, a specific ele¬ 
ment of f, to be denoted by u, is to be singled out and called the unit 
clement. This u represents the “unit length.” Let us overlook for the 
moment the process of “breaking” the unit, and turn to the “putting 
together” of any number of (equally long) pieces. Any such piece is 
itself a “length” and hence is represented by an element of F. The 
intuitive “number” (of pieces) is to be represented by a positive integer, 
or element of /. The “putting together” leads to another “length,” 
represented again by an element of F. Our process thus associates with 
every element of I and every element of F another element of F. Mathe¬ 
matically, such a process is described as a binary operation on 7 X F to 
F, to be denoted by G (read “dotto”). 

We can now easily analyze the process of “breaking” the unit length. 
An element/€ F represents the result of “breaking” the unit u into a 
certain number of equally long parts, provided u represents the result of 
“putting together” the same number of equally long fractions repre¬ 
sented by /. Thus we have simply 

u = n O /, 

if n € 7 represents the “number of parts” involved. 

We shall now formulate the intuitively acceptable property that 
every fraction may be obtained by putting together a suitable number of 
equally long pieces resulting from the breaking of the unit length. This 
is intuitively equivalent to the requirement that any fraction has the 
property that, by putting it together with itself a suitable number of 
times, one arrives at the result of putting the unit together vdth itself a 
suitable number of times. This last statement becomes, in mathematical 
terms, the following: 

(16.2.1) for every/e F, there exist n « 7 such that 


7n O f — n O u. 
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Another fundamental property insures that the unit length may be 
“broken” into any number of (equally long) pieces. Clearly this ap¬ 
pears mathematically thus: 

(16.2.2) for every me I, there exists g eF such that m O g = u. 

The intuitive counterpart of O has various other properties, any of 
which might be chosen as additional potential axioms. How many of 
these properties one needs to assume can be determined only by experi¬ 
ment. We have selected the following three, each of which should be 
examined in intuitive terms to check its acceptability: 

(16.2.3) if w, n 6 /, w 7*^ n, and/ e F, then m O f 9^ n O f\ 

(16.2.4) if w € 7, and f, g e Fy f 9^ g, then m O f ^ m O g; 

(16.2.5) if w, n € 7 and f e F, then m Q {n O f) = (m ‘ n) O f. 

• 

We now state the full foundation for the positive rational numbers. 

Basis : (F, u, G), where 7* is a set, u an element of F, and G is an opera¬ 
tion on 7 X 7* to T*. 

Axioms : 

I, (a) For every / € 7", there exist my ne I such that m Q f = 
n O u. 

(b) For every me I, there exists g eF such that m O g = u. 

II. For every m,nel and f eF,m 7^ n implies m O f 7 ^ n O f. 
III. Foreverym€7 and/, g^F,/ 7 ^ ^ implies ?n O f 9 ^ m O g. 
rV. For every my n el and f e F, m O (u O f) = (m • n) Of. 

Any system (7", u, G) satisfying Axioms I, II, III, IV is called a basic 
system of positive rational numbers. Elements of F are called positive 
rational numbers. 

Remark : Axiom IV is suggestive of associativity. True associativity 
is of course impossible here, since the meaningless symbol mOn would 
be involved. 

16.3. Consistency of the Axioms. [No Basis.] It will be recalled 
that we were not able to demonstrate in clear-cut fashion that the axioms 
for positive integers are consistent. All we could do was to assert that 
the intuitive “counting numbers” seem to form an instance of positive 

integers. If one believes that the concept of‘'counting numbers is a 

valid intuitive notion and that this notion, together with ^ ^ J + 

successor, is an instance of positive integers, then one must beheve that 

the axioms for positive integers are consistent. 

In the case of the positive rational numbers, we do not have to depend 
on a belief in the existence of intuitive “fractions as an instance,in 
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order to settle the matter of consistency. In fact, we are able to define 
an instance of positive rational numbers in terms of the positive integers. 
This reduces the question of consistency to the previous question of the 
consistency of the positive integers. If one “believes in” the positive 
integers, one must also “believe in” the positive rationals. Thus no 
fresh doubts concerning the question of the consistency of our system 
are introduced at this point. 

In order to construct an instance of the positive rational numbers, we 
shall employ directly the system (7,1, <,+,*) of positive integers. 
The set 7X7 might be thought appropriate for our construction. 
For, by Axiom 1(a), every/e F in a system (F, u, G) gives rise to a pair 
(m, rj) 6 7 X 7. The difficulty here is that this pair is not unique. For, 
if fc e 7, and if (m, n) is an appropriate pair, then {k • k • n) is another 

effective pair, since 

(k • m) Of = kO (m G /) 

= A* G (a G u) 

= (fc • ») G u [>y 

This heuristic consideration indicates that certain subsets of 7 X 7 may 
be chosen so as to constitute a set F for which u, G may be introduced 
so that Axioms I-IV hold. The subsets \W11 be certain equivalence 
classes, corresponding to an equivalence relation on (7 X 7) X (7 X 7), 
which relation we now define. 

(16.3.1) Definition: 

~ ^ [((?«, n), (p, q)) « (7 X 7) X (7 X /); m • g = n ■ p]. 

Thus, if (m, n), (p, 9 )« 7 X 7, then (m, n) ~ (p, g) if and only if 

in • q = n • p. 

(16.3.2) Theorem: The relation ~ is an equivalence relation. 

Proof: By the definition (15.2.3) of an equivalence relation, we are 

to show that the relation ^ is refiexive, s>Tnmetric and transitive. The 
reflexive law is obvious, that is, (w, ») ^ (?», »)j since m in by 

the commutative law for •. The sj'mmetric law is also verj' easy. Sup¬ 
pose (?H, n)'—' (p, q)y so that m * q = n • p. Then, by the commutative 
law, p • n = q * in, whence (p, q) {m, «). To prove the triuisitive law, 
assume 


( 1 ) 

Then 

( 2 ) 

and 


{ini, ni){m 2 , iVi) and {m 2 , th){niz, nz). 


nil • »2 = Ri • ith, 


( 3 ) 


1112 • »3 = »2 • mi. 
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(4) (wi • 712) • {rrh • Uz) = (ni • tn?) • (n^ • rriz). 

But, by the commutative and associative laws for •, (4) may be written 

( 5 ) (mi • nz) ' (m2 • na) = (wi • m3) • (m2 • 712), 
and, by the cancellation law (9.2.17), 

(6) mi • n3 = ni • m 3 , 

so that 

(7) (mi, Til) ~ (m3, nz). 

Thus (1) implies (7), and the transitive law for ^ has been demon¬ 
strated. This completes the proof. 

(16.3.3) Definition: If (m, 7 ?)e 7 X/, define [m,n\ to be the 
equivalence class of (m, n), that is, 

(a) {m, n] = [(p, 9 ) < 7 X 7; (m, n) ^ (p, 9 )]. 


Also, define 

(b) F = [[m, n\ ; (m, n) e 7 X 7]. 

Remark: The general concepts leading to these definitions are found 
in (15.3.1). However, the notation there is too cumbersome for our 
present application. Note that (15.3.2), (15.3.3) apply to 7 X 7 and 
these properties will be used freely. 

(16.3.4) Definition: Define u = (1, 1)- 

The set F and element n € F will serve as the basic set and unit element 
in the instance of (F, u, G) being constructed. We turn now to the 

definition of G. 

(16.3.5) Lemma: Lei mi, wi, m2, ^ e U (^1^ ^0 ^^2), then^ 

for every p e 7, 

(p • mi, ni) (p • m 2 , n2). 


Proof: By (16.3.1), (m., n,) ~ {m, ni) yields = m^. 

Hence 

(j> ■ mi) ■ n 2 = p • (rni ■ rh) =P- ("i • ”* 2 ) 

= -p-{rrH-ni) = (p ■ m 2 ) • = »> ' (P ‘ ”* 2 ). 


whence the conclusion follows. 

(16.3.6) Lemma : For every f e F, and p . I, there exists a unique g e P 
such that, for every (m, n) ef, (p ■ m, n) e g. 
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Proof of Existence; Since f e F, by (16.3.3.b) there exists (mi, nO 
c 7 X / such that / = Iwi, nij. Define g = |p • mi, ni). Now suppose 
{m,n)eS. By (16.3.3.a), (mi, ru) ~ (m, n). Hence, by (16.3.5), 
(p ’• mi, ni) ~(p -m, n). Thus {p ■m,n)tg by (16.3.3.a). 

PnooF OF Uniqueness: Suppose gu gi satisfy the condition of the 
lemma. Again let / = jmi.ml. Then, by the assumption concerning 

oi, 02 , we have 

(p • mi, ni) e g\, (p • mi, n\) e 

Now there exists (q, r) € I X / such that gi = {qt r). Thus 

{q, r) ^ (p • mi, ni), 

whence, by (15.3.2.b), 

[g, r} = [p • mi, ni). 

It follows that 

gi = ip • mu ni]. 

Similarly, 

^2 = (p * mi, ni\, 

whence gi = ga- 

(16.3.7) Definition: H f € F, pel, define p O / as the unique g e F 
given by (16.3.6). The operation O on 7 X to F is then defined thus: 

O = (p Of; {p.D^J X 7'). 


Remark: An alternate form of the definition of O is the following: 

O = [((p,/), g) € (7 X 7') X 7'; for every (m, n) «/, (p • m, n) e g]. 

This form shows that G is a relation on (7 X 7') X 7*; (16.3.6) says that 
the relation is a function whose domain is 7 X 7', whence the relation is 

an operation on 7 X 7' to 7'. 

The reader should study carefully the process embodied in (16.3.5), 
(16.3.6), (16.3.7), since it is a very common one in mathematics. It 
defines p G / as Ip • m, n\, where (m, n) may be atnj pair such that 
jm, n\ = f, the result being indcpcmlent of what “representative” pmr 

is chosen. 


(16.3.8) Theorem; The system {F, u, G) defined by (16.3.3), (16.3.4)^ 
(16.3.7) is a basic system of positive rotioual numbers, that is, satisfies 
Axioms I-IV. 

Proof; To prove 1(a), let/ e F, so that/ = [p, q\. It is to be shown 
that there exist yn, nel such that 

m G Ip, gl = « G u = n G U, 1)- 


Define m = g, n = p. Then 

m G Ip, g) = g O jp, gl = (g • p, g)- 
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But it is evident that {q ' p,q) ^ {p, 1), since (q • p) •^ = q ' P- 
Hence, by (15.3.2.b), {g ' p,q} = {p, 1). Thus 

m O {p,q] = (p, 1! = {p • 1,11 = p O {1,1! = nOu. 

To show 1(b), let m e I. Then it is to be shown that there exists 
g such that 

m O g 


But this is true with g = (1, w^l, since 

m O |1, w) = {m,m\ = {1, 1), 


the last equality holding because obviously (m, m) ^ ( 1 , 1 ). 

To prove II, we shall show that, ii m, ne 7, and if / e F such that 
m Q f = n O f, then m = n. Let/ = \p,q}- Then from 


we have 
Therefore 


m O {p,q} = n O {p,q\ 
\m • p, ?1 = ' Pi ffl- 

(m • p, ^ ‘ Pi ?)» 


or 


m ' p • q = g ‘ * P) 


.vhence m • (p • ?) = n • (p • 9 ), and m = » by the cancellation law ^ 
To prove III, we show that, if m e 7 , and /, £? e F such that mOf~ 
mOg, then / = 9 . Let / = ip, 9l, 9 = I''. «!• Then from 

mO fp, 9 } =mO {r, s) 
we have , , > 

whence 

m ' p • s = q' 'm, * T. 

Therefore p * s — q • T'i 

The proof of IV is the simplest of all, smce 

meinO (p,9!) = {m-n-p,q] = (m-n)0 |p,9l- 


This completes the proof. 

Having produced an instance of positive rational numbers in (16 3.8), 
w. Ih. of ou, —8 oo„*n.y 

of the axioms for (7, 1, o')- 

j crwYiKAiiQm for Positive Rational Numbers. 
16.4. Categoricatoess, ^ ^ instance 

[No Basis.] In this section it section, is not really 

Sf. *0-. «»• »y ‘“0 «' 
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rational numbers is isomorphic to this instance. This means, in Particu¬ 
lar, that the axioms for positive rational numbers are categorical. The 
existence of such an isomorphism makes possible a symbolism for positive 
rational numbers (in terms of pairs of positive integers), which is very 
useful both in the theory of positive rational numbers and in practical 
computations involving these numbers. The convenience of tins sjrni- 
bolism explains the fact that positive rational numbers are used almost 
universally to give practical answers to ciuestions involving measure¬ 
ment, even though, from a theoretical point of view, they are not rea,lly 
aileciiiate for this purpose. The unfortunate fact is that the positive 
real numbers [see Chapter 18], which are theoretically adequate for 
measuring purposes, appear not to admit a convenient universal sym¬ 
bolism (system of labels), and so are not well suited for practical com- 

putations involving individual numbers. 

In (16.4.1)-(16.4.6), (F, u, O) is aiiy system satisfying Axioms i iV. 

A result of primary importance is now proved. 

(16.4.1) Theorem: Let m, n« I. Then there exists a unique element 
f € F such that 

n O f — m O u. 

Proof of Existence; By 1(b), there exists g e F such that 

n O = u. 

Define f = m O 9- Then 

nOf=nQ{mOg) 

= (a • m) G 9 
= {m • n) O 9 
= m O (a G 9 ) 

= G u. 


[by IV] 
[bylV] 


Proof of Uniqueness; Let /i, f^^F such that n G/i m G u, 
nOf 2 = m G u. Then n Q fi = n O h whence fi = /a by III. 

(16.4.2) Definition: Let m, 71c/. Then denote by — or 7 n/n the 

uniciuc element / e F such that nOf = m G u (existence and umque- 
ncss having been guaranteed by (16.4.1)). 

Remark; It is seen that, if m, n e 7, then m/n is a positive rationiU 
number. It is next shown that every element of F is obtainable in this 

fashion. 

(16.4.3) Theorem: For every /cT', there exist w, /i c 7 such that 
m/n = /. 

Proof: This is a restatement of 1(a). 
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The reader should prove that u = 1/1 = m/m for every me/. 
This fact shows that the elements m, n in (16.4.3) are not unique. The 
next theorem tells exactly when mi /rii and nii /are equal. 


(16.4.4) Theorem: Let mi, ni, Then 


if and only if 


mi m2 
ni 712 


mi • 712 = Til • ^2. 


Proof: Assume first that mi/ni — 7712 / 712 , and define / to be this ele¬ 
ment. Then, by (16.4.2), 


( 1 ) 

and 

( 2 ) 

We have 

(3) 


Til O / = O u, 


mO f = m2 O ti. 


m 2 O (ni G /) = "72 G (7771 G u) 


and 



mi G (712 O /) = 7771 G (^2 O u) 


But, by IV and familiar arguments, (3) and (4) yield 


(ni -mi) Of = (mi • mi) O u, 


and 
so that 

But then, by II, 


(mi-nf) Of = (mi ■rrw) Ou, 
(m -mf) Of = (mi ■ nf) Of- 

77i • m2 = 7771 • 772. 


[by (1)1 

[by (2)]. 


The remaining half of the proof, that from mi-rw = ni-m, it loUo™ 
thltmiZ- m^/n., is left for the reader. It should be noted that this 
ha? oTihe proof requires Axiom III in much the same way as the first 

half requires Axiom II. 

(16.4.5) Corollaby: Let m,n,pe L Then 


m 


n 


• V 77 


Phoof: This follows from (16.4.4), since m ■ p • n 

Remark: This corollary expresses another of the 
tion laws” of elementary arithmetic. 


= 77 • p * m. 
so-called “cancella- 
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The next theorem shows the connection between the operations O on 

7 X F to F and - on 7 X I to I. 

(16.4.6) Theorem: If pel , feF, then, for every m,nel such that 

^ , p.m 

pO/= 


Proof; By (16.4.2), it is to be shown that 


(1) 

nO(pG/) = (P*"i)G)W- 

By IV, 

n O (p O /) = (n • p) O / 

= (p • n) O / 

= p G (h O /), 

whence 

(2) 

n G (p O /) = P O (a O /). 

Also, by IV, 

(3) 

(p • 7 ti) Qu = p O (m G u). 


Since / = m/n, we have 

(4) 


nOf=mO u. 


Hence (1) follows from (2), (3), in view of (4). 

We have now succeeded in introducing the promised sj-mbolism for 

the individual elements of F. By (16.4.3). every /e P is 
for suitable positive integers m, n. In terms of any method of labeling 
individual positive integers, we thus arrive at a designation for each 
individual f e F. For example, u = 1/1, 2 G u - 2/1, the elem^t 
/ e F with the property 2 G / = u is 1 /2, imd so forth. The universal 
arabic notation for positive integers jdelds the best knowm system of 

labels for the positive rational numbers. , „ j c t. 

Categoricalness of the axioms I-IV is now conadered. We need first 

a definition of isomorphism of two basic systems of positive raUonal 
numbers. 

(16.4.7) Definition: Let (Fi, Ui, Oi), (Fa, Ua, Oa) be basic systems 
of positive rational numbers. They arc called isomorphic if there exists 
a one-to-one correspondence tp between Fi and Fa such that 


(a) ip{ui)=U 2 \ 

(b) for every/i € Fi, and every p € J, spCp 0\f\) = p Oa 9Uw 
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Remark: The reader should state and prove the analogue here of 

(14.2.3) . 

In order to prove categoricalness, we shall consider the instance of 

(16.3) . Denote this system by {Fo, Uq, Go)- 

(16.4.8) Theorem : If {F, u, G) is any basic system of 'positive rational 
numbers, then {F, u, G) is isomorphic to {Fq, Uq, Go). 

Proof : Let / € P. We shall show that there exists a unique element 
/o € Fo such that 

(1) for every (w, n) c/o, / = m/n. 

By (16.4.3), there exists (m', n') tl X I with / = m'/n'. Define fo = 
{m', n‘ (. Then, if {m, n) e/o, we have (m, ri) {m\ n'), so that m * n' = 
n • m\ Thus, by (16.4.4), m/n = m'/n' = /, and existence is estab¬ 
lished. If /o, fo are two effective elements of Fo, then again let / = m'/n'. 
It follows that any pair (m, n) efo has the property m/n = f = m'/n , 
whence m • n' = n * m', and (m, n) ^ (m', n'). Thus [m ,n \ = fo', 
similarly, \m',n'} — fo- Uniqueness therefore follows. 

Now define a function ^ on F to Fo such that, for every /e F, <p{f) is 
the unique/o just introduced. An immediate consequence is 

(2) <p{m/n) = {m,n]. 

To prove that <p has range Fo, let /o € Fo, so that fo = {m',n'\. Then 
define /= mVn'. By (2), <p{f) ^ fo, and the range of <p is Fo. Sup¬ 
pose now that f, geF, f^g. It ^vill be shown that <f>{f) 9^ <p{gf 
Let / = m/n, g - p/q- By (16.4.4), m ^ n • p. Hence (m, n) 
(p,?). But <p(g) = !p,91. so that ,,(/) - <p{g) is im¬ 

possible. This completes the proof that <pisa. one-to-one correspondence. 

<p{u) = V5(l/1) = U, 1) = “O, 

and (16.4.7.a) holds. , 

Let / 6 f and p « 7. Then, by (16.4.6), if / = Wn, 

(3) pOf=(p- »”)/"• 

Now, for every / c F and p ^I, 

'<p(p Of) 


This proves (16.4.7.b) and completes the proof of the theorem. 


= • w)/^) 

= ip *m,n] 

= p Oolm, n] 
= p Go ^(/)* 


[by (3)] 

[by (2)] 
[by (16.3.7)] 
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(16.4.9) Theorem: If (T. u., OO, (F., u^, Qd are basic systems of 

positive ratior>al numbers, then they are isomorphic^ 

Proof; By (16.4.8), {fu Ui, uu f 

(fj, U 2 , O 2 ) is also isomorphic to (ro, Wo, Ooj- 
(Fi, ui, Gi) is isomorphic to (Fj, U 2 , Gs)- 

Remark ; The proof of categoricalness of the axioms I-IV for positive 
rational numbers is now complete. 

(16.4.10) Project; Prove that, for every m , I, m/m = 1/1 = «■ 

(16.4.11) Project; Prove that, in (16.4.4), m. • n. = ni • m. impUes 

7ni/ni wi2/«2- 

(16.4.12) Project: State and prove the analogue of (14.2.3) for 
isomorphism as defined in (16.4.7). 

1 RK CountabiUtv of the Positive Rational Numbers. pASis: 
16.6. CojmtabiUty 

"-<1 <>“=). (■'"> “i 

(iS Ot . 1.0 prindplo of ohoioo i. implioi. i. iho opplio.t.» of 
(13.6.5). 

Proof;- Define a functmn . onj Xt^o 

F ‘ InllTG^’w take 1 T to be / X / and F, respectively. Then 
The hypothesis holds, namely, ^ 7\ndi 

lee ewrw ^ 

} is countable. It follows then that f is countable, s.nce J ~ f• (The 
principle of choice is used through (13.6.5).) 

Remark; The question whether F is finite or Mnite is not settled by 
(16.5.1). This matter is easily treated m (IG.J.o). 

The oroof of (16.5.1) does not actually display a one-to-one corr^ 

sp^LTbelL / orl subset of / mui F. Mmry 

elt, but there is one of particular interest which 

We shall not give a complete definition of the correspondence but 

list the correspondents of the first few positive integers 1, 3. 

first listed corresponds to 1, the second to 2, luid so on. 


i 


i 
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Intuitive description of the method of determining the entry in the 
partial table in any specified position is as follows. The numbers mjn 
are grouped according to the value of in + n. Thus, in the first group, 
m + n = 2; this group has the one number 1/1. In the second group, 
?n + w = 3, so that 1/2, 2/1 are included. The third group includes 
1/3, 2/2, 3/1, but 2/2 is omitted since 2/2 = 1/1, and 1/1 has already 
appeared. Within each group two numbers m/n and p/q are placed so 
that m/n precedes p/q iim <p. Semicolons separate the various groups 
in the table. It is intuitively clear that every positive rational number 
occupies a place in the (extended) table, and there is reasonable indica¬ 
tion that the one-to-one correspondence vdll be between I and F , so that 
F is infini te. 

A complete mathematical definition of the correspondence described 
in the previous paragraph would yield a proof of (16.5.1) not involving 

the principle of choice. 


16.6. Operations with the Positive Rational Numbers. [Basis: 
{F,u, 0); Axioms: I, II, HI, IV.] Just as there are two important 
operations +, - for the positive integers (both are on 7 X 7 to /), there 
are two similar operations on F X F to F. The notations for these wUl 
be ©, ®, at least at first. Before defining these operations, we prove 

two preliminary theorems. 


(16.6.1) Theorem : Let f,geF. Then there exists a unique heF such 
that, if m,n,p, qel such that 


(a) 

then 

(b) 




m ‘ q + ‘ P 

n • q 


Proof of Existence : Let rm, m, Pi, 2i« ^ such that 


^ ~ ni ^ ?i 


Existence of these positive integers is guaranteed by (16.4.3). Define 


_ mi • ai-\- • pi 


^ rr, nf 7 satisfy (a); we shall prove 
so that h^F. Now suppose m, , P, 9 ^ ®,/oi = p/q. 

that (b) holds. By (16.4.4), we have, smce mi/m - Pi/Si P/9- 


(1) 


mi-n = ni-m, pi • 3 = 9i' P 



[by (1)3 
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Hence, by the properties of +. • tor positive integers. 

{m, • gi + n: ■ pO • (n • 9) = {rn, ■ 9.) • (n - 9 ) + ' P>) ' 

= («! • to) (91 ■ 9 ) "t" t9i ■ P)(”i ■ 

= (ni • 91 ) C''* ■ 9 ) "t" ' 9i)('i ■ P) 

= (ni • 91) • (m • 9 + n ■ p)- 

Then (16.4.4) yields „ 4 . „ . « 

^ ^ m. ■ 9i + ni • pi ^ w • 9 + II •_£. 

Let m. n, p, 9 satisfy (a) [use (16.4.3) for existence]. Then 

' '• - q 


n 


and the proof is complete. 


Vixv - -A 

(16.6.2) Theorem : Let f,g^F. Then there exists a unique ksFsveh 
that, if m,n,p,qel such that 

(a) 

then 


r =s —, g = ^ 
^ n ^ q 


1 * P 

k =- ' 

71 • q 


Proof; The proof is similar to that of (16.6.1), and is left to the reader. 

116 6 31 Definition; Define two operations ©, ® on f X F to F 
so that, for every (/,») X F, the ©-correspondent « 

h^Foi (16.6.1), and the ®-correspondent is the unique ^ e P of (16.6. h 

Remark ; It follows that, if/, 9 . F, and if«, P, 9 are any elements of 

7 such that / = m/n, g = p/9, 

/©9 = -, 77 ^’ n-q 

The next theorem shows that ©, ® have the ^e properties of 
commutativity, associativity and distributivity which hold for -b. • o 

7 X I to 7. 

(16.6.4) Theorem ; Let f,g,hfF. Then 

(a) / © 9 = 9 ® /; 

(b) (/© 9) ©/i =/© (9 ®/<); 

(c) /®9 = 9®/.' 

(d) {f®g)®h=f®{g®h): 

(e) f ® {g ® h) = if ® g) ® if ® fO- 
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Proof: By (16.4.3), there exist m, n, q, r, s el such that 


/ = —, q = h = — 

n ^ q s 

To prove (a), we have, by (16.6.3), 

^ n • q q 'U 

Thus the commutativity of +, • is the essential tool used. To prove (b), 
we have 

m'q‘S-\-n’P'S-\-n'q’r 

~ n • q • s 

_ m • (q • s) n • (p • sq * r) 

” n • {q • s) 

= fe(geh). 


Note that the distributive law for +, • is required in this proof. The 
proofs of (c), (d), (e) are equally straightforward and are left for the 

reader. 

The next theorem marks a difference between the properties of ® and 
those of •. 


(16.6.5) Theorem: (P, ®) is a group. 

Proof: The axioms for a group are to be established, namely, 


(1) for every /, gf, heF, 

{f ® g) ® h = f ® (g ® h); 


(2) for every f,g^F, there exists h e F such ® ^ 

(3) for every f^g^F, there exists k e F such that k®f g- 


Now (1) holds by (16.6.4.d). To prove (2), let/ - 

m/n, g = p/q- E)e- 

fine 




m • q 


Then 

[hy (16.6.2)] 

m ' tfp 
f ® h — ^ q 

= 2 

[by (16.4.5)] 


9. 

Finally, (3) foUows from (2) and the commutative property of ® 
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(16.6.6) Corotl^vry: The identity of the group {F, ®) is u. Morc- 
if f = m/n, then n/m is the inverse of f. 

Proof : The proof is left to the reader. 

Rrm.rk: The irrverse of / is also called the rcriprocaf of f. The 
property (16.6.4.c) shows the group to be commutative. 

MR fi 71 Theorem- There does not exist feF such thatf®f - 2/1. 

Hence the set 

/o = [m € / ; there exists n 11 such that 7n/n = /J 

“ s rs t“.'; r«;:rr 

there exist kjle I with 

p =: 2 • q = 2'l, 

„<1, si„«, ffi. ~ '«7 ‘;‘ < ”■ 

fact that p is a least in h- Since / ® / - 2/1, 

RUl = ?, 


q • q 

so that 

(1) p • P = 2 • g • g. 

It is next shorm that (1) implies that p is even. 
Then, by (9.5.6.c), p • p is odd, contrary to (1). 
exists s e I with p = 2 • s. Then (1) yields 


Suppose that p is odd. 
Since p is even, there 


2 • (2 • s • s) = 2 • (g • g), 


2 * s • s = g • g. 


so that, by cancellation, 

( 2 ) , 

Next, the proof just given to show that (1) implies p 
used to show that (2) implies g to be even. Hence P-« 
in violation of the earlier assertion to the contiaiy. This 

completes the proof. 
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(16.6.8) Project: Prove (16.6.2). 

(16.6.9) Project: Prove (c), (d), (e) of (16.6.4). 

(16.6.10) Project: Prove that n, p e I implies (m/p) 0 (n/p) = 
(m + n)/p. 


(16.6.11) Project: Prove (16.6.6). 

(16.6.12) Project: Evaluate (express in the form m/n) each of the 
following, justifying the results: 


2 ^ 1 
3 ® 2’ 



16.7. The Order Relation. [Basis: (F, u, 0); Axioms: I, II, III, IV.] 
We shall introduce a relation on F X F analogous to the relation < on 
I X I. The definition will depend on the relation < and its properties, 
although (16.7.5) shows that the same definition might have been used 
here as was used for < in the theoiy of (/, 1, c)- A preliminaiy lemma 

and theorem are required. 

(16.7.1) Lemma: If m, n, p, q, mi, Ui, pi, qi^I such that 

VI — Vh 2 = El, 

n rii q qi 


then 


(a) 

(b) 


m • q < n ‘pif and only if m\ • qi <ni* pi; 
m • q — n ' p if and only if mi • $1 = m • Pi- 


Proof: Suppose m ■ g < n ■ v- Then there exists k , I such that 



n 'p — rn 


• 5 + fc. 


Now, by the hypothesis, 

(2) m • ni = n • mi, 


p • gi = 


We shall prove that 

( 3 ) n-q-ni-p, = n-q-mi-gi+ni-gi-k. 


We have 


n 


.q.m,-q.+ n^-q.-k = m-n,-q-q^+n,-q.-k 


= ni-qi-n>p 
= n • g * • pi 

and (3) holds. But (3) yields 

(n • g) • (mi' 9i) < 

By (9.2.21), it foUows that 

■ gi < Ki * pi- 


[by (2)] 

[by (1)] 
[by (2)], 
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The converse is proved by interchanging m vath n mth n, p ^th 
p, q with < 7 , and applying the same argument. This proves (a). The 

proof of (b) is quite similar and is left to the reader. 

(16.7.2) Theorem : Lei f, g ^ F. Then 
(a) if m, n^p^gel such that m/n = /. p/g = 9. m ^ p < n • g, 


or 


(b) if m, n, p,qel such that m/n = f, p/q = 3, then m ■ p < n ■ q. 

Remark ; The possibility that m • p < n • 9 for certain positive in¬ 
tegers m,n,p,qundm-p <n-q for others is thus ruled out. 

Proof: Let m, Pu 9 i ‘ -f be specific positive integers such that 


1 . ^ Ih 

^ ni $1 


Then there arc three possibilities: 

(1) mi • g. < Ri • Pi. m.-g. = n.-p. or ii, • pi < mi • gi. 

Let m,n,p,qcl bo any positive integers such that 


In the first ease under (1), it follows from (16.7.1.a) that 


7)1 • g < 71 • p, 


and possibility (a) holds. In the second case 
(16.7.1.b) that 

771 * g — n • p; 


under (1), it follows from 

1 


and in the third case, (16.7.1.a) yields 

n • p < 771 • g. 

The last two eases thus load to (b), and the proof is complete. 

(16.7.3) Definition; Define a relation @ on F X fls follows. 

@ = [(/, fl) e F X F; there exist n, p^gel with / = «*/n, 

g = p g such that wi * g K n • p]. 

(16.7.4) Corollary: 

@ = [(/, j;) e F X F; for every jh, a, p, c / with / = m/n, 

g = p/q, it is tnie that »*■(;<»• p3- 
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Remark: It follows that, if / = fnln, g = p;q, then f@g if and only 
if m • g < n ’ p. 

(16.7.5) Theorem: If f, geF, thcnf©g if and only if there exists 
heF such that g = f ® h. 

Proof: Suppose/© g, and let m, n, p, q e I such that 

^ w p 

n ^ q 

Since / ® g, 

( 1 ) m • q < n ' p. 

Hence there exists r tl such that 


(2) 

Define 


n 


p = w • g + r. 


h = 


n • g 


Then 


/©A = -©— - 
^ n n • q 


m • n • q u • r 
n • n • q 

__ n ‘ (m • q-^ r) 
n • n • q 

n *71 • p 
n • n • q 

V 


[by (2)] 


The converse is left to the reader. 

The notations S and @ are used to designate @ + 
pose of respectively. We denote the negatives of ® ^ 

i'.Tespectively. The properties of © are similar to those of < on 

/XI. The next theorem lists a number of them. 


(16.7.6) 


(a) 

(b) 

(c) 

(d) 

(e) 

(f) 

(g) 

(h) 

(i) 


Theorem : Let f, g, h, ke F. Then 
f ©'f {imflexive law); 

f © g implies g & f {mrrtrnetric h^); 

f©g,g©h implies f©h {traimtive law), 
f©g impliesf ® h©g ® 

iLf-9orf©g^0©f; 

f©g implies f ® h©g®f^> 

f®h©g ® h implies f © g; 

/ @ g, ^ 2 ^ ® A @ g ® 
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Proof- AU properties are straightforrvard consequences of the defini¬ 
tion of @ and properties of < on / X /• We prove only (c), leavmg 

the remainder to the reader. Let 

^ n Q ® 

with m, n, V, I. By the hypothesis, 

m • q < n ' p} p • s < 9 * ?*• 

Then (1) yields 

m*9-s<n*p*s, n - p ‘ s < n * q • r, 

whence by the transitivity of <, 

m*q'S <n - q- r. 

It then follows that th • s < n • r, whence / ® h. 

(16.7.7) Coroll.miy: The set F is linearly ordered by ®. 

Proof: This follows from (16.7.6.a), (16.7.6.c), C16.7.6.f). 

(16.7.8) Project: Prove (16.7.1.b). 

(16.7.0) Project: Complete the proof of (16.7.5). 

(16.7.10) Project: Complete the proof of (16.7.6). 

(16.7.11) Project: Prove that 3/4 @ 4/5. 

16.8. Least and Greatest Elements. [Basis: (F, u , G): Axioms; I, 
II III IV.l It was proved earlier that I possesses a least element , 
indeed it wios found that I is well-ordered, in that every non-empty sub¬ 
set has a least. This property is not possessed by F, as is now sllo^^'n. 

(16.8.1) Theorem: Leif^F. Then there exists g e F such that g ©/. 
Proof: Let /e f, and let n e I with/ = m/n. Define 


9 = 


V} 


2 • n 


Then g©ft since 


wi • n < 2 • n • wi = vi • li + tn • 


More generally, the elements of F arc “dense” i\-ith respect to the 
relation ®. This means that there are elements lying “between any 

two elements of F. 

(16.8.2) Theorem: Let /i, f^tF and fi @/a. Then there exists g^^ 
such that fi©g and g ©/a. 
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Proof: Let/i = vh/rii, /a = w?2/^2 and/i @/2. Define 

_ ffli * n2 + 

^ ~ 2 • ni • na 


It is left for the reader to show that fi©g and g @ /a. 


A further fact is that, if feF, then there exists g e F such that f©g. 
This implies in particular that F has no greatest element. The reader 
may carry out a proof of these statements using the methods of the two 

preceding proofs. 

(16.8.3) Project: Complete the proof of (16.8.2). 

(16.8.4) Project: Prove that F has no greatest. 

16.9. The Integral Positive Rational Numbers. [Basis: {F,u,0); 
Axioms: I, II, III, IV.] 


(16.9.1) Definition : Define 

I = [/; there exists me I with / = m/1]. 

Elements of I are called integral positive rational numbers. Define a 
function <p on I to F such that, for eveiy /« A ^if) / ® n. 

(16.9.2) Corollary: If f el, then there exists a unique me I such 
thatf = m/l. The function <p is on I to I. Iff^Lf mj wi me , 

then <p{f) = (m + 1)/1* Finally, u el. 

The proof is left to the reader. 

It will now be shown that (/, u, is a basic system of positive in¬ 
tegers; from this it follows that (/, u, <p) is isomorp . > 

(16.9.3) Theorem: (/, u, satisjks Axioms I, II, HI for positive 
integers. 

Proof: It is to be shown that 
W 9 implies <p{f) ^ fig) J 

!S i'H =uch .h.. /.« -p«.. .</> • «■ 

then H = 1. 


Let/.ff.,./,.?,/-= 'I*'®'’ 


.(/) - =4 ' 


/ 1 _ ”±-l 

(pig) — 1 


11 J- 1 and m ^ u, so that / 
If ¥>(/) = <pig), then m + 1 - ^ + 

contradiction proves (1)- 


= g. This 
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Suppose there exists f € I such that M) = «• Let / 

<p{f) = 


ICh. 16 
= m/1. Hence 


whence m + 1 = 1, "hich is impossible This proves (2). 

Let Hal satisfy the hypotheses of (3). Denne 

H s [ni el] m/\ e If] 

Since u . /, that is, 1/1 e H, it follows that 1 . H. Suppose q e H, that is, 
q/\ ( H. Then, by the hypothesis on H, 


9 + 




and ? + 1 By III', H ^ I. Now let /^Z, whence there easte 
7 with / = m/1. Since 77 = 7, that is, m.7 unplics m/1 e H it 
follows that / 6 77. Thus 7 C 77, and we have 77-7. This completes 

the proof of (3). 

(16 9 4) Theorem: The srjstem (/, u, <^) is isomorphic to (J, 1, <r). 
Phoop- This is immediate from the fact that the axioms for positive 

integers arc categorical [sec (14.4.1)], in view of (16.9.3). 

(16 9 5) Theorem; The set F is denumerabhj infinite. ^ ^ i. 

koop; That F is infinite follows from (10.4.7), in lacw of 7 C F, 
7~ 7 and the fact that 7 is infinite. But, by (16 5.1), F is cou^ble^ 
Hence the conclusion follows. (The principle of choice is used through 

(16.5.1).) 

(16.9.0) Project: Prove (16.9.2). 

16.10. Conclusion. [No Basis.] It will be recalled that in (9.7) 
distinction was made between basic and algebriuc systems of poative 
integers. A similar distinction will now be made for poative rational 
number systems. Let (F, u, ©) satisfy Axioms I, II, HI. IV; then 
{F u © ® ®) is called the assoeiated algehmic system of posUm ra¬ 
tional nmnbcrs. Again the desirability of introdueing the idgebraic sys- 
tern stems from the important role that 0, ^ play in 4he theory. 

In further work with a positive rational number system, the operation 

G may be dispensed witli, since, 

for every vi « J, / c F, m O / = y ® 

in view of (16.4.6). 

It is ijossible now to sharpen (16.9.3). 
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(16.10.1) Theorem; Lei (F, u, ©, ®) he an algebraic system of 
positive rational numbers. Then (/, u, ©, ®) is a subsystem of {Fj u, 
®, ©, ®), i'l^ tb.e sense that 


(a) 

(b) 

(c) 


, . w+ n w ^ n, 

m, nel implies —:— = — ^ , 


m, ne I implies 


1 

m ’ n 


1 =T®I’ 


jfm,nel, then m < n if and only ifj©^ 


Moreover, (/, u, ©, ®) is the algebraic system of positive integers asso¬ 
ciated with the basic system (I, u,ip). , a '>\ 

Proof- Statements (a), (b) follow directly from the definitions (16.6.3). 

Also, (c) is immediate from (16.7.3). This proves the first part. 

Let (/, u, @ 0 , © 0 , ®o) be the algebraic system of positive mtegers 

associated ivith (/, u, v)- It is to be proved that 


( 1 ) 

( 2 ) 

(3) 


a,b e I implies a © 6 — n ©o 6; 
a,b e I implies a ® 6 = o ®o 6; 
if a, b 6 I, then a @ b if and only if a 


@0 b. 


It is immediately verified that 




is an isomorphism between (7,1, a) and (/, u, tp). 

[see (14.4.3)] that is an isomorplnsm between (^ , '^ ^ 

(/, u, @ 0 , 00, ®o). But then, if a, 6.7, and if a = m/1, b - n/1, then 

[by (a)] 


, w * n _ m-{- n 


= ^h{m+n) = Hm) ©o^(n) = j ®o ^ « ©o&. 

H»ce (1) holds. Simlto «■ “ >* “ 

the reader. 

• * offppf a rhanse in notation in order to 

At this point it IS convement to effect a^ch 

free the symbols 0, ®, @ ^ b eF (even if 

be treated in Chapter 18. It gfore we may agree to use the 

a, b . 7), then a + b has no —^ A® s Jlar agreement is 

notation a + b henceforth to desi^ symbols 

made to replace (S) by X or •, ana y ‘ . +j^gs no ambiguity 

+, ., < ,rill then b. li 

Will result, since the context wll ^gw of (16.10.1). 

These replacements are particularly appropriate 
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We conclude this section with a theorem on isomorphic systems of 
positive rational numbers. 

(16.10.2) Theorem: Let (FuUu Oi), ©0 be two basic sys¬ 

tems of positive rational numbers, and Ut (T,, Ui, <i,+i, Xi) and 
(F 11 4-? X 2 ) be the corresponding algebraic systems of positive 

lalioi^l numbers. Let ^ be an isomorphism between {F„ u„ 0 1 ) and 
(Fs, U 2 , O 2 ). Then ^ is also an isomorphism between {ti, Ui, <i, i-i, ai; 

and {F 2 , U 2 , < 2 , + 2 , X 2 ). 

Proof: In view of (14.2.11), it must be sho^^^l that, 

( 1 ) for every /, g e F,, HD <2 Ho) if and only if / <x 9 ; 

( 2 ) for every /, g e Fi, HD +2 Ho) - V'(/ + i OD 

( 3 ) for every /, g e Fi, HD X 2 Ho) = ’ACf Xi ff). 

We prove only (2), leaving the proofs of (1) and (3) for the reader. By 
1(a), there exist m, n, p, q e I such that 


(4) 


n Oif = m Oi Ui, 


and 

( 5 ) q Oig = P Oiiii. 

Since ^ is an isomorphism between (Fi, Ui, Oi) and (^ 2 , U 2 , Os)i 
have, for every r^selyheFu 

(6) r Oi = s Oi Ui implies r O 2 ^ (^0 = ® O 2 U 2 . 

Thus, by (4) and (5), 

(7) 


n O 2 ^(/) = w O 2 U 2 » 


and 

( 8 ) q O2H9) = P O2W2. 

By (4), (5), (16.6.3),/+! g is the unique element of fi such that 

(n • 5 ) Gi (/ + ! 0 ) = (»» •q+n-p)Oi «i. 


whence, by ( 6 ), 

( 9 ) (n • q) O 2 W + i 0 ) = (»i • 9 + « • P) ©s 

But, by (7), ( 8 ), (16.6.3), Hf) +i 1^(9) is the unique element of Ft such 
that 

(10) (n • 0 ) Gi! W) +2 • 9 + *» • p) ©> “2- 

Hence, by (9), (10) and the uniqueness in (16.4.1), 

<Hf +1 0) = +2 '/'(0)i 


and ( 2 ) is proved. 
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(16.10.3) Corollary; Any two algebraic systems of positive rational 
numbers are isomorphic. 

Proof: This is immediate from (16.4.9) and (16.10.2). 


(16.10.4) Project: Complete the proof of (16.10.1). 

(16.10.5) Project: Complete the proof of (16.10.2). 

(16.10.6) Project: Prove (16.10.3) in detail. 



Chapter 17 

ONE-DIMENSIONAL CONTINUA 

17.1. The Positive Number Scale. [No Basis.] In this section we 
shall discuss, on an intuitive basis, the widely used geometric interpreta¬ 
tion of positive rational numbers, and shall indicate why a further exten¬ 
sion of tliis number system is sought. 

As we have seen, the positive rational numbers were designed to serve 

as lengths of objects. However, it is equally possible, intuitively, to 
think of positive rational numbers as “ corresponding” to ” positions on a 
ruler”; the connection between tliis interpretation and the preceding is 
that the positive rational number “corresponding” to a particular 
“position” would also serve to indicate the “length of the ruler” up to 
that “position.” From this point of view, the positive rational nunibers 
should constitute a sort of abstract measuring device. Let us indicate 
to what extent this interpretation is reasonable by carrjdng out an 
imaginary construction of a three-inch ruler with the help of an alge¬ 
braic system (F, u, <, +, •) of rational numbers. 

We begin with a “straightedge” of adequate “length.” (It is empha¬ 
sized that this entire discussion is intuitive; accordingly, we do not 
investigate the meaning of “straight.”) We now designate various 
“positions” along the straightedge as follows. It is assumed that a 
method is available for verifying that the length of a “segment” of the 
straightedge is “one inch.” The ])oint terminating the one-inch segment 
starting at the left end of the straightedge is marked 1/1 (= u). Next, 
2/1 designates a position one inch from the position marked 1/1. Simi¬ 
larly, 3/1 corresponds to the end of a further one-inch interval. Hence¬ 
forth that portion of the straightedge lying beyond the point marked 3/1 
is disregarded. We now have the situation indicated in (17.1.1). 



(17.1.1) Fiouhe 
27-1 
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Kow equally spaced positions are marked 1/2, 2/2, 3/2, 4/2, 5/2, 6/2; 
the spacing is chosen in such a way that 2/2 falls on the same position as 
1/1, and, similarly, 4/2 coincides with 2/1 and 6/2 with 3/1. Then 
1/3, 2/3, 3/3, and so on, up to 9/3 are marked in a similar way, equally 
spaced, with 3/3 falling at 1/1. This leads to (17.1.2). 


- 1“ 

- 1 - r* 

“i - 1 - 1“ 

-' 

1 

2 3 4 

5 6 7 

8 9/ 

3 

3 3 3 

3 3 3 

3 3 \ 

4 
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L 2 : 

3 4 5 

> 6 

i 

i 

? 2 1 

1 2 2 2 J 


1 

2 

1 < 


1 

-1_ 

1 

_ 1 _ 

_ u 


(17.1.2) Figure 

It is to be imagined that the process just outlined is continued in- 
dehnitely, so that every positive rational number of the set 




designates exactly one position on the straightedge. There are three 
intuitively verifiable “facts” to be noted. First, m/n and p/q designate 
the same point when m ■ q = n ■ p, that is, when m/n and p/q are the 
same This indicates that our procedure leads to an intuitive one-to-one 
correspondence between those positive rational numbers employed and 
the designated positions on the straightedge. Secondly, the relation < 
is reflected in the intuitive relation “is to the left of,” that is, the posfiion 
designated f “is to the left of” the position designated g if / < ?. This 
may be checked for special cases by the reader. Fmally, the leftmost 

point (the left end) of the straightedge has no designation, 

Lpected from (16.8.1), which says that F has no least element (whence 

' Th” telTbll'St no design..,., for U.. p.in. 1- ... « 

seriousmslter. Hem”!"...', m 

pom. suggests a question tba. IS mue more s designated by 

there any poi.tt other .hsu the ^ “h. p.mm eec.pled by 

positiy, retionid "u”t>a"o ’j ,|„ .hrereinoh ruler edge, 

elements of constitute a fu „ , , (This question is mean- 

or do they constitute merely a . . understanding of the nature 

ingful only to the extent that our ^ t g 2), which yields 

of a straightedge is clear.) A pertme 
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that, between any two positions of the scale which are designated by 
('lements of fa, there is another designated position.^ This result indi¬ 
cates that a very large number of positions are occupied by elements o 
but it does not really furnish an answer to our question. 

The following intuitive construction does indicate the answer, i^et us 
draw a “right triangle” with the two sides AB, BC each one inch in 





length and with the “right angle” at B. Lot us imagine the “hypote¬ 
nuse” of this right triangle placed along our straightedge with A at the 
left end. Then the position at which C falls on the straightedge may e 
marked. It is easily seen that C will fall between 1/1 and 2/1. But it 
will now be indicated, on the basis of the “pythagorean theorem, that 
C does not fall on a point designated by an clement of F^. In fact, from 
the “Pythagorean theorem,” the length, in inches, of the hypotem^ AC 
should be a “number” x for which x" = x • x = 2. If the point C were 
designated by an element / 6 we should expect that/^ = 2/1. But no 
such clement exists in F (or in F.) by (16.6.7). Thus we have located 
one vacancy (undesignated position) on our straightedge. From this 
vacancy we could find many othei's; indeed, deeper analysis mdicates 
that for every designatt'd ptiint there are myriads of undesignated points, 
so that the elements of F^ occupy but a scant portion of the straightedge. 
The designated points constitute a very dotted line indeed. 

It is now clear that the positive rational numbers do not provide a 
designation for every position on a straighteilge and thus do not provide a 
length for every segment. It is not. surprising, then, that mathematicians 
were not content with the positive rational numbei's but proceeded to 
the construction of a system whose elements (intuitively) correspond to 
all the positions on a complete straightetlgo. The remainder of this cliap- 
ter and the next will be devoted to the development of such a sj'^tem. 

The project now bt'fore us is the construction of a mathematical 
(Hmnterpart of the intuitive measuring scale. In our ti*eatment we do 
not limit ourselves to the three-inch ruler but imagine it to “extend 
indefinitely” to the right. 
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Positions on the straightedge will be thought of mathematically as 
simply elements of a set, to be denoted by K. Moreover, the intuitive 
relation “is to the left of” ^\■ill be replaced, in the mathematical theory, 
by a basic relation < on K X K. A natural first axiom is that (K, <) 
should be a linearly ordered system [see (15.4.5)], that is, if a, c e K, 
then 

a < a; 

a < b, h < c implies a < c; 

a 7^ b implies a < 5 or 5 < a. 

A second axiom, intuitively evident, is required for technical reasons: K 
possesses at least two distinct elements. A third axiom, also intuitively 
acceptable, expresses a “density” requirement similar to (16.8.2), 
namely, if a, c « if, then there exists 6 e if with a <b and 6 < c (6 is 
“between” a and c). However, these three axioms are not enough to 
insure anything like “solidity” of our number scale. For, if (F, u, <, 
+ , •) is an algebraic system of positive rational numbers, then (F, <) 
satisfies all three of these axioms. Hence we shall have to search for 
some further requirement which ^\ill insure “solidity.” The concept of 
“solidity” is a rather subtle one, and it is correspondingly difficult to 
formulate an appropriate requirement. In order to arrive at such a 
formulation, it will be desirable to discuss first some concepts concerning 
linearly ordered systems. Accordingly, the next section ^ill be devoted 
to the discussion of these conceptsj the material will supplement (15.5) 
and will lead to the formulation of the final axiom. 

17>2. Intervals and Bounds. [Basis and Axioms, see text.] Let 
(L, <) be a “linearly ordered system,” that is, let L be a set and < a 
relation on L X L such that L is linearly ordered by < [see (15.4.5)]. 
Certain subsets of L play an important role in many theories involving 
such a system {L, <). These will now be defined. 

(17.2.1) Definition : Let S C L. Then *8 is called 

(a) a closed interval if there exist a,heL such that a ^ 6 and 

S = [x€L;a £ x,x ^b'] 

(that is, -S consists of all elements “between” two particular ele¬ 
ments, including the particular elements); 

(b) an open interval if there exist a, 6 c L such that a < & and 

S = [x€L;a < x,x <h'] 

(that is, S consists of all elements “between” two particular ele¬ 
ments, excluding the particular elements); 
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(c) a closed initial half-interval if there exists b c L such that 

S = \_xeL)x 

(that is, (S consists of all elements ^ a particular element); 

(d) an open initial half-interval if there exists b e L such that 

jS = [x e L; X < 6]] 

(that is, S consists of all elements < a particular element), 

(c) a lower set if for every x c 5 and every y e L such that t/ < a:, it is 
true that y e S (that is, S contains with each of its elements all ele¬ 
ments of L ^ that element). 

In (a) and (b), the elements a, b are called lower and upper endpoints, 
respectively, of S. In (c) and (d), the element b is called an upper 

endpoint of <S. 

(17.2.2) Corollary; Let S cz L. Then, 

(a) if Sis a closed interval, then its lower and upper endpoints arc unique; 

(b) if S is an open interval and S 0, then its lower and upper endpoints 

arc unique; 

(c) if S is a closed initial half-interval, then its upper endpoM is unique; 

(d) if S is an open initial half-interval, then its upper endpoint is unique. 
Proof: Wc first prove part (a). Let S be a closed interval, and let o, 

b and a', h' be two pairs of endpoints, so that 

(1) S = [x f i; a g X, a: g b] 

and 

(2) S = [i/eL;o' s 2 /,J/ £ b']. 

Now oeS by (1), whence, by (2), a' g a. Similarly, a'tS by (2), 
whence, by (1), a g a'. But a' g a, a g a' implies o = a' by (15.4.8.C). 
In the same way, b = b'. This completes the proof of (a). ^ ^ 

To prove (b), let S be an open interval, S ^ Q, and let a, b and a', b 

be two pairs of endpoints, so that 

(3) S = [x€ L; a < x, x < b] 
and 

(4) S = Zy € L; a' < y, y < 5Q. 

There arc three possibilities, a < a' < a, o = It 'Ndll be shown 
that the first two possibilities lead to contradictions. 

Suppose a < a'. Since S ^ B, there exist-s z c S. By (3), 

(5) s < b, 
and, by (4), 

( 6 ) 


a' < z. 
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From (5) and (6) it follows that a' < b. But since a < a', we have a' e S 
by (3). Hence, by (4), a' < a', which is a contradiction. The possibility 
a' < a leads to a contradiction in a similar way. Hence a = a'. 

The proof that b = h' is similar. This proves (b). 

The proofs of (c) and (d) are left for the reader. 

(17.2.3) Corollary: Every open or closed initial half-interval is a 
lower set. 

Proof: Let S be an open or closed initial half-interval with upper end¬ 
point 6. Let X eS so that x Sb. Let y eL such that y < x. Then 
y <b, whence y eS. Thus is a lower set. 

(17.2.4) Definition: Let S cz Lyb eL. Then 

(a) fe is a lower bound of S if, for every xeS, it is true that b ^ x; 

(b) b is an upper bound of 5 if, for every x e 5, it is true that x £b; 

(c) fa is a greatest lower bound of 5 if 6 is a lower bound of S and if, for 
every lower bound c of S, it is true that c ^ 6; 

(d) 6 is a least upper bound of 5 if 5 is an upper bound of S and if, for 
every upper bound c of S, it is true that 6 ^ c. 

(17.2.5) Definition: Let S a L. Then 

(a) S is bounded below if there exists b e L such that 5 is a lower bound 

oiS; 

(b) S is bounded above if there exists b e L such that b is an upper bound 
of 5; 

(c) S is hounded ii Sis bounded below and bounded above. 


Remark: The reader should compare (17.2.4) and (17.2.5) \Aith 
(15.5.4). It should be noted that a set S need not have either an upper 
or a lower bound. Furtheimore, if b is an upper bound, then c> b is 
also an upper bound, so that upper bounds (similarly, lower bounds) are 
not necessarily unique. A greatest lower bound or least upper bound 
is unique, if existent, by (15.5.2). In this case, gib. S (l.u.b. 5) denotes 
the unique greatest lower bound of S (least upper bound of S). Every 
closed or open interval is bounded, and its endpoints are bounds. In¬ 
deed for a closed inteiwal the lower and upper endpoints are the greatest 
lower bound and the least upper bound, respectively. For a closed 
initial half-interval the upper endpoint is the least upper boii^nd. From 
these examples and others readily constructed, it is seen that a le^t 
upper bound or greatest lower bound of a set S may be (but need not be) 
an element of S. If the least upper bound (greatest lower bound) of S 
is in S, then 5 has a greatest (least) element. Thus a closed mterval ha^ 
a least element and a greatest element, while an open mterval need not 
have either a least or a greatest element. The empty set 0 is boimd d, 
any element of L serving as both upper and lower bound of 0. Fmally. 
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the entire set L may be but need not be bounded above or below; for 
example, (/, <) has a lower bound, 1, but no upper bound. 

It might be asked wliether the existence of an upper bound of a non¬ 
empty set implies tlie existence of a least upper bound. It should be 
recalled that this is the case for the system (7, <) [see (9.3.7)]. How¬ 
ever, it will be shown later [(17.3.3)] that not every system (L, <) has 
this property, that is, there exist systems {L, <) in which there are sub¬ 
sets of L which are bounded above but have no least upper bound. The 
next theorem shows that, in order to determine if a system (L, <) has 
this property, it is sufficient to examine the special kinds of subsets 
called lower sets. 

(17.2.6) Theorem: If every non-anpfy lower set T d L ivhick is 
bounded aboi>e has a least upper bound, then every non-empty set S CZ L 
which is bounded above has a least upper bound. 

Proof: Let S C L, jS 0 , and let 6 € L be an upper bound of S. 
Define 

T = [x € 7>; there exists y e S with x ^ y]. 

Wc shall show first that T is bounded above, in fact, that 6 is an upper 
bound. Let x € T. Then there exists y t S such that x ^ y. But y 
yields y ^ b. Hence x ^ b, and b is an upper bound of T. Cleaily 
T 0; in fact, *S (Z T and *S 5*^ 0. Next we show that T is a lower set. 
Let X eT,so that tliere exists y € S such that x ^ y. Let z e L such that 
z < X. Then z < y, wlience z t T. Thus T is a lower set. Since T is a 
non-empty lower set and is bounded above, by the hypothesis there is a 
least upper bound c of T. It will be shown that c is a least upper bound 
of S. Clearly c is an upper bouiul of iS since S (Z T. To prove that c is 
a least upper bouiul of S, let d be imy upper bound of S. For every x € T, 
there exists y € S with x ^ y. But y ^ d. Hence x ^ d, and d is im upper 
bound of T. Since c is the least upper bound of T, c ^ d. This com¬ 
pletes the proof. 

(17.2.7) Project: Prove (c), (d) in (17.2.2), 

(17.2.8) Project: Prove that least upper and greatest lower bounds 
need not exist in linearly ordered systems. 

(17.2.9) Project: Let S bo an open interval. Are the endpoints 
least upper and greatest lower bounds of 5? Why? 

(17.2.10) Project: Let S be i\n open initial half-interval. Is the 
upper endpoint the least upper bound of 5? Why? 

17.3. Axioms for One-Dimensional Continua. [No Basis.] Let us 
now return to our attempt to tiscertain what axiom should be added to 



Sec. 3] 


ONE-DIMENSIONAL CONTINUA 


281 


the three already proposed for a system {K, <) to insure “solidity” of the 
number scale. Such an axiom is suggested most readily by finding out 
what properties are associated with a “ lack of solidity.” In other words, 
in order to rule out the possibility of “missing points,” we first find what 
property is brought about by the “removal” of a “point.” Let us 
imagine our intuitive “solid” line to be before us and then consider that 
a single “ point” P is removed from the line. The system {K — [P], <) 
would still satisfy the three requirements of (17.1), that is, K — [P] 
would be linearly ordered by <, /C — [P] would have at least two 
elements, and the “density” property would remain valid. (Verifica¬ 
tion of these intuitive facts is left for the reader.) Now consider the set 
of all “points” to the left of P. This set S could be described mathe¬ 
matically as an open initial half-interval in K but would not be such in 
^ _ [p]; nevertheless, m K - [P], S would be a lower set. In K, S 
would be bounded above and indeed would possess a least upper bound 
P. In X - [P], however, S would be bounded above (by any point Q 
to the right of P) but would not possess a least upper bound. The 
removal of a point P seems to lead to the existence of a set S which is 
bounded above without having a least upper bound. And the process 
of passing from K - [P] to K, namely, the addition of [P], appears as 
the process of supplying the set jS (bounded above) with a least upper 


bound. . , , . 1 .L j 

The heuristic discussion just given indicates that, m order to guard 

against the “broken” character of the line K - [P], we might insist 
that every non-empty set S cz X vliich is bounded above must have a 
least upper bound. This requirement may be considerably less accept¬ 
able intuitively than the three axioms proposed m (17 Certainly we 
cannot prove that the property is vaUd for an intuitive solid line. 
However, it is hoped that we have succeeded in ma^ng such a require¬ 
ment seem reasonable. ActuaUy, in view of (17 2^6)- J® ° 

require that every non-empty lower set which is bounded above has a 

least upper bound. This ivill be the desired axiom to msure sohdity 
A sysLm (K, <) possessing this “solidity” property, together with 
the ttaee requi;ements discussed in (17.1), is caUed a one^rmer^ovul 
continuum. Its foundation is as follows. 


Basis: {K, <), where K is a set and < is a relation on K X K. 
Axioms : 

I. There exist a,beK ivith a ^ b. 

II. The set K is linearly ordered by <, that is, 

(a) < is irreflexive; 

(b) < is transitive; a = 6 or a < 6 or 6 < a. 

(c) for every a,beK, it is true rna., 
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III. For every a,h eK such that a < &, there exists xeK such that 
a < X and x < h. 

IV. Every non-empty lower subset of K which is bounded above 
has a least upper bound. 

Remark: In view of (17.2.6), IV implies the follo\\’ing: 

IV'. Every non-empty subset of K which is bounded above has a 
least upper bound. 

We were led to the adoption of Axiom IV by considerations connected 
Aith the intuitive concept of “solidity.” And we were led to the con¬ 
sideration of “solidity” by indications that the positive rational number 
system does not possess such “solidity.” Hence it is to be expected that 
the system (F, <) associated with an algebraic system (F, u, <, +, *) 
of positive rational numbers does not satisfy Axiom IV and hence is not 
a one-dimensional continuum. Before proceeding with the discussion of 
one-dimensional continua we shall devote the remainder of tliis section 
to proving (without recourse to intuition) that this is the case. Hence it 
will be seen that Axiom IV really imposes a restriction, that is, that 
Axiom IV is independent of Axioms I, II, III. 

The proof will be carried out with the assistance of two lemmas, one 
concerning (7, 1, <, +, *) and the other concerning (F, u, <, +, •)• 

(17.3.1) Lemma: Ld a, b e I such that 4 • 6 ^ a. Then there exists 
n € I such that 

a - b ^ 71- and n- ^ a * (6 + 1). 

Proof: Let a,b el and 

(1) 4 • 6 £ a. 

Define 

J = [k e I; k- < a • 6]. 

Now ke I implies k ^ k- ^ a • b, whence J C /n-*. Moreover, J ^ By 
since \ eJ hy virtue of the fact that a • 6 ~ 1 contradicts (1). Thus, by 
(9.3.7), there is a greatest element m in J, whence 

(2) < a • 6, 

and 

(3) a • b ^ (m + 1)^ 

From (2), we have 

(4) 4 • JH- < 4 * a *b. 

But, by (1), 

(5) 4 • a • Z) ^ a-. 

By (4) and (5), 

( 6 ) 


4 • 7)1^ < a*. 
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We now establish indirectly that 2 • m < a. Assume a ^ 2 • Then 
^ 2 • m • a ^ (2 • m) • (2 • m) = 2^ ■ = 4 * m^, whence ^ 4 • 

contrary to (6). Thus 



2 • m < a. 


By (2) and (7), 

+ 2 • 7n < + O; a < a • h -\- 

whence 

+ 2 • w < a • (6 + 1). 

By (9.2.10.b), 


(8) + 2 • m + 1 = "b !)• 

It ^vill be shown that + 2 • m + 1 = (m + 1)* [see Project (8.7.7.c)]. 
Indeed; 

(m + 1)^ = (m + 1) • (m + 1) 

= m • (m + 1) + 1 * + I) 

= m^+w+7n+l 
= m2 + (1 + 1) • m + 1 
= m2 + 2 • m + 1. 

Hence, by (8), 

(9) (m + 1)2 ^ a • (6 + 1). 

From (3) and (9), it is seen that the requirements of (17.3.1) are satisfied 
by n ^ m -j- 1. The proof is complete. 

(17.3.2) Lemma: Suppose (F, u, <,+, 0 is an algebraic system of 
positive rational numbers. Letfi, S% € F such thatfi < f^. Then there exists 

X€F such that 

/i < x2 and < fi. 


Proof: First, by (16.8.2), there exist ffi, gi t F such that 

(1) /i < Si, 

By (16.4.3), there exist pi, 3i, Pi. 92 «I such that 

Pi „ 

^‘ = il’ ^^“92 


Since g\ < fif 2 > it follows that 


Pi • ^2 < gi • P2f 


whence, by (9.2.10.b), 

( 2 ) 


pi • 32 “h 1 ^ 
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By (16,4.5), 

(3) 

and 

(4) 

If we define 


9i = 


92 = 


4 • ■ <7i * • (pi ‘ 92 ) 

4 * • 52^ 

4 • pi^ * gi • ^2 ■ (?! • P2) 
4 • pi^ • • q-z^ 


a = 4 • pi* • • g2, b = Pi • ^2, 


we have a, h el, and 

4 • 6 = 4 • pi • 92 ^ 4 • Pi • 52 * (pi • ?i) = 
By (17.3.1), there exists ne I such that 

(5) 4 • pi* • </i • <72 • (pi • </2) = a- b ^ n^ 


a. 


and 


( 6 ) 


n* ^ a • (6 + 1) = 4 • pr • (/i • ^2 * (pi • <72 + 1) 


From (6) and (2), we liuvc 
(7) n* ^ 4 • pi* • 51 • 72 * (^1 • p2)- 


Define 


n 


X = 


Then 

(8) 


X* = 


2 • Pi • • 92 


n* 


4 • pr • 9r • 92* 


Thus, by (3), (8), (5), (9.2.15) and (16.7.3), 


9i ^ 

and, by (4), (8), (7), (9.2.15) and (16.7.3), 


It follows from (1) that 


X* ^ 92. 

/l<X*, X*</2, 


and the proof is complete. 


(17.3.3) Theorem: Lei {F, u, <, +, •) 6c an algebraic system of 
positive rational numbers. Then (here exists a subset Sof F such that 5^0, 
S is bounded above, and S has no least upper bound. 

Proof: Define 





r ( F; ,r* < 


2" 

T/ 


First, jS 0 since u = 1/1 eS. Also, <8 is bounded above; for example, 
2/1 is an upper bound of S. For if y c F is such that y > 2/1, then 
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2/2 > (2/1)2 > 2/1, and y e' S. It remains to be shown that S has no 
least upper bound. This is proved indirectly. 

Suppose S has a least upper bound c. Then either < 2/1 or > 
2/1 or c2 = 2/1. These three cases are considered separately. Suppose 
first c2 < 2/1. By (17.3.2), there exists y^F such that 

2 

c2 < 2/2 and y'^ < y 


Hence y e *S. But from c2 < y’^ it follows that c<y. This contradicts 
the fact that c is an upper bound of S. Next, suppose 2/1 < c^. By 
(17.3.2), there exists zt.F such that 

I < 2^ < C^. 


Now, for every a: e S, we have < 2/1. Hence, from 2/1 < it fol¬ 
lows that a:' < 2^ and a: < 2 . Thus 2 is an upper bound of S But 
2 < c. This contradicts the fact that c is the least upper bound of S. 
Since < 2/1 and 2/1 < c® lead to contradictions, we have shown 
that = 2/1. But this contradicts (16.6.7). This contradiction com- 

pletes the proof. 

(17 3 4) Cohoplaby: Let {F,u,<,+, •) he an algebraic system of 
positive raticmal numbers. Then (F, <) is not a one-dim^anal con. 


Every one-dimensionaJ continuum satisfies IV'. But (F, <) 
does not satisfy IV' by (17.3.3). 

Remark: It is easily seen that the set S defined 
is actuaUy a lower set, so that (17.3.3) is a direct demal of IV foi the 

system {F^ <). 

The remamder of this chapter vdll be devoted to the study of one- 
dimLsional continua. Since (F, <) has been shown not to be a on^ 
dimLLnal continuum, the question of consistency remams open, and 
S ^ beTeated a^ usual before the study of consequences of 


Axioms I-IV. 

17.4. Consistency of the Axioms, pio ht 

the axioms for a o^^^-i^ensionaUontmuum ^ ^ instance will 

construction of an instance^ In numbers, and the 

consist of certam subsets of a set ^ , fUar,rptip inclusion Thus 

order relation will be defined by means of to 

the qaeMion ot 'Sl.l nnmbe»i this, in Inm, 

s S':.” trrs. Uio. m 
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In short, if one “believes in'’ the positive integers, one should “believe 
in ” . one-dimensional continua also. 

In the remainder of this section, (F, u, <, +, •) is an algebraic system 
of positive rational numbers. Then the subsets of F that wdll constitute 
the elements of our set K are those indicated by the follo\\ing definition. 

(17.4.1) Definition: A subset J of F is called a lower cut if 


(a) 


(b) 

J is a lower set; 

(c) 

J is bounded above; 

(d) 

J has no greatest element. 


The set K is defined by 

fC = [y d F; J is a lower cut]. 

(17.4.2) Definition: A relation < on if X K is defined by 

< = ^(J It tif X K't Jx ^ J 2 ]- 
Thus Jx < J 2 if and only if c J 2 and Jx ^ Ji¬ 
lt will now be shown, with the help of several lemmas, that (iv, <) as 
defined in (17.4.1), (17.4.2) is a one-dimensional continuum. 

(17.4.3) Lemma: If J is an open initial half-mterval in F, then J is a 
lower cut, and J € K. 

Proof: By (17.2.1.d), there exists h € F such that 

»/ = [j c P; a: < 6]. 

Then, by (16.8.1), J ^ G. By (17.2.3), J is a lower set. Clearly J is 
bounded above, since 6 is an upper bound of J. Finally, suppose J has a 
greatest element c. Then, since c € J, c < b. Then, by (16.8.2), there 
exists X € F such that c < x and x < 5. Since x <6, x eJ. But then 
c < X contradicts the fact that c is a greatest element in J. Tliis con¬ 
tradiction shows that J has no greatest element. We have established 
the four conditions (a), (b), (c), (d) of (17.4.1), and the proof is complete. 

(17.4.4) Corollary: Thei'c exist Jx, J^^K such that Jx ^ Jj. 

Proof : Define 

Then, by (17.4.3), Jx, J 2 e K. But J\ ^ J 2 since 1/1 Jx, 1/1 c 

(17.4.5) Lemma: The set K is linearly ordered by <. 

Proof: It is easily sho^^^l that < is irreflexive and transitive; the 
proof is left for the reader. Thus K is partially ordered by <. It re¬ 
mains to be sho^^^l that, if Jx, J 2 « iv, then 

( 1 ) Jx — Ji orJx<J2 ovJiKJx. 
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Suppose the contrary, so that there exist Ju J 2 such that Ji<flJ 2 , 
J 2 ct Ji. Since Ji <t J 2 , there exists x^F such that 

(2) xeJi and a:eV 2 . 


Since x e' J 2 , 


(3) for every y y ^ x; 

for otherwise there would exist yeJ^ ^^dth x ■< ?/, whence xeJ^ by 
4.1.b), contrary to (2). But, since ./i is a lower set, (2) and (3) show 
that y e Ji implies 2 / € /i; thus J 2 e Ji. This contradicts T 2 ct J,. The 
proof is complete. 

(17.4.6) Lemma: For every Ji, J 2 eK with Ji<J 2 , there exists 

Jz€ K sitch that J\ < Ji ct’w/ Jz < J^- /r-D^-u 

Proof: Since Ji 4 : Ju tl^ere exists xe/2 with xe Ji. But, by 

(17.4.1.d), J 2 has no greatest element; in particular, x is not a greatest. 
Therefore there exists y t Ji such that x <y. If 2/ « Ji, then, smce Ji is a 
lower set, x e Ti, contrary to x J Ji. Thus y e' Ji. Define 

J, s [z t T; 2 < yl, 


so that JieK hy (17.4.3). It is now easily proved that Ji < Ji and 
Ji < Ji', details are left to the reader. 

(17 4 7) Lemma: Let S be a non-empty subset of K which is bounded 

above. Then e K, and is « upper bound of S. 

Proof : Define Jo - ^S. We prove first that Jo e K, that is, that 

Jo is a lower cut. Since 5^0, there exists J . S. But J ^ 
is a lower cut), so that there exists an element xeJ. 

Jo 0; thus (17.4.1.a) is true for Jo- Now let x o Jo, and let yjjjncb 

that y g X. such^ esUblishes (17.4.1.b). Now, 

S iTbounded above, there exists Ji o K such that 

/e implies J ^ Ji- 

• T- QLnvp beinE a lower cut, there exists 

Thus Jo C Ji. Since J, is bounded above, bemg^ ^ ^ ^ ^ 

fe F such that w e -^This establishes (17.4.1.c). FinaUy, 

that f IS an upper bound ot Jo- greatest element g. 

(17.4Xd) i. proved topOeer S Pi 

Then, since g « Jo, there exists ^ greatest element of J, 

hence z € J implies 2 = ^1 n? 4 1 d) This completes the proof 
contrary to the fact that J satishes (17.4.l.a;. 

that Jo eK. 
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It remains to prove that Jo is a least upper bound of S. Evidently 

J e S implies J ^ Jo, 

so that Jo is an upper bound. Suppose Jo' is another upper bound of S. 
Then 

J € 5 implies J C Jo', 

whence Jo (= Jo'. Hence Jo ^ Jo, so that Jo is a least upper bound of S. 

(17.4.8) Theorem: The system {Kj <) defined in (17.4.1), (17.4.2) is 
a one-dimensional continuum. 

Proof: Axioms I, II, III, IV are immediate from (17.4.4), (17.4.5), 
(17.4.6), (17.4.7), respectively. 

The treatment of the question of consistency is complete. The ques^ 
tion of categoricalness remains. The definition of isomorphism of one¬ 
dimensional continua is contained in (14.2.5); thus categoricalness is 
defined. Actually it is possible, though by no means easy, to construct 
non-isomorphic instances of one-dimensional continua, so that, in fact, 
the axioms are not categorical. However, this fact not be demon¬ 
strated here and will not be required in subsequent developments. 

We conclude this section with two results concerning isomorphism of 
partially ordered systems. 

(17.4.9) Theorem: Let (L, <), (Lt, <t) he isomorphic partially 
ordered systems, with <p an isomorphism between them. Let 5 (Z L, and 
let p € Lbc a least upper bound of S. Then v>(p) e L^ is a least upper bound 
of <p{S) C Lt. 

Proof: Since p = l.u.b. S, 

(1) X € S implies x ^ p; 

(2) if ^ 6 L such that x eS implies x ^ q, then p ^ 

Let y € ipiS), so that there exists x tS with y — Hence, by (1), 

a: ^ p, so that 

(3) y = ip{x) ifiip) 

[use (14.2.5), treating the cases x = p and x < p separately]. Let 
r € Lt such that y « ^>(5) implies y r. Then x € implies v?(x) ^t r, 
so that X ^ <p*(r). By (2), p ^ *p*(r), Avhence tp{p) ^t r. This together 
with (3) completes the proof that v’(p) is a leiist upper bound of 

(17.4.10) Theorem: Let Ki, Kz be sets and let <i, <3 be relations on 
Ki X Ki and 07i K 2 X K 2 , respectively. If {Ki, <0 is tsomorp/iic to 
(K 2 , < 2 ) and if {Ki, <i) is a one-dunensional cotUinuumf then {Kt, <j) is 
a one-dimensional contimiuvi. 
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Proof: Let be a one-to-one correspondence between K\y such 
that, if a, 6 € K\y 

( 1 ) o <1 6 if and only if <p{a) <2 ^{h). 


It is to be shown that {Kiy < 2 ) satisfies I, II, III, IV. Evidently, if 
a, b € Ki, a 7 ^ hy then ^(a) 5 ^ *p{h)y whence (/C 2 , < 2 ) satisfies I. If there 
exists cei^ 2 , ^dth c < 2 C, then <p^{c) <i<p^{c) by (1), contrary to the 
irreflexive property of < 1 ; thus 11(a) holds. Similarly 11(b) and 11(c) 
are proved. If c, d € vith c <2 d, then v?*(c) <1 ^*(d) by (1), whence 
there exists X e Ki with <p*(c) <1 x, x <i ^*(d). Hence, by (1), c <2 ip(x), 
(p{x) <2 d. This proves III- Now, by virtue of the fact that {K2, <2) 
satisfies II, the hypotheses of (17.4.9) hold for {Ki, <i), (K^y <2). If 
T K 2 , T ^ B, then S ^ (p*{T) d Ki, S ^ 0, and (p{S) = P. If P is 
bounded above by 5 , then S is bounded above by <p*{q). But then S has 
a least upper bound p, by IV applied to (i^i, <i), so that, by (17.4.9), 
<p{p) is a least upper bound of T. This establishes IV for (X 2 , < 2 ) and 

completes the proof. 

(17.4.11) Project: In the proof of (17.4.5), show that < is irreflexive 
and transitive. 


(17.4.12) Project: Complete the proof of (17.4.6). 

17.5. Properties of One-Dimensional Continua. [Basis: (K, <), 

Axioms* I II HI IV] In this section there will be derived a few of the 

consequences’of Axioms I-IV. It is emphasized that (A <) is any 
system satisfying Axioms I-IV and no use is made of material pertaimng 

to the specific instance defined in (17.4). ... . • 

The first theorem removes an apparent lack of symmetry m the 

statements of IV and IV' by showing that the assertion obtamed from 

IV' by replacing < by > is a consequence of Axioms I IV. 

(17.5.1) Theorem: Every non-empty subset of K which is bounded 

below has a greatest lower bound. j cr ^ n 

Proof: Let C K be bounded below and Define 


r = [fc € -K; A: is a lower bound of ^ 


K. 


The. r U bounded ebovj » f “ts 1. 

Hir,:yi^T.L‘rilfuppefb:»d:^ Th.. H i. eeudy -bo™ 
STi. . sreiteel lower bound of Si d.teil. ere left for the niwler. 

_ . +v,q 4 - /'17 ^ 11 could have been used to replace FV as an 

j^^^orrruS— -Luu”. x. f=e,hh,.. 1.—. 

the next theorem, we first give a defimtion. 


[Ch. 17 


290 THE ANATOMY OF MATHEMATICS 

(17.5.2) Definition: Let (C„; n « 7) be a sequence of closed intervals 
in K. Then (Cn) n € 7) is called a nested sequence if, for every n el, 

c= C„. 

The appositeness of the word nested is clear but should not lead the 
reader astray. A closed interval of a nested sequence is not required to 
be “properly interior” to its “predecessor.” AU intervals might, for 
example, have a common endpoint. Or, since set-theoretic inclusion 
does not exclude equality, some or all intervals Cn might be the same. 

The next theorem to be proved states that every nested sequence of 
closed intervals contains a common element (“point ). This theorem 
is a rather good indication that, intuitively, a one-dimensional con¬ 
tinuum represents a “solid line.” However the intuitive reasonableness 
of the theorem is somewhat misleading. For example, the untrained 
intuition usually fails to perceive that the theorem becomes false if re¬ 
stated for open rather than closed intervals. In many proofs, the use of 
this theorem is more convenient than use of Axiom IV. 

(17.5.3) Theorem: Let {Cn)ne 7) he a nested sequence of dosed inter¬ 
vals. Then there exists k e K such that, for every nel,ke Cn. 

Proof: Let S be the set of all lower endpoints of intervals C„, that is, 

(1) 5 = [p c 7?^; there exist q e K, n el such that 

Cn = [xeK; p ^ x, x £ 5 ]]. 

Now S is bounded above; for example, the upper endpoint of Ci is an 
upper bound of S. Since >S 0, IV' yields that there exists a least 
upper bound k of S. It will be showm indirectly that, for every nel, 
k e Cn. Suppose this statement is false, so that there exists m e I such 
that k e' Cm. Let p*, q* be, respectively, the lower and upper endpoints 
of Cm. Since k is an upper bound of S, and p* e S, we have p* S k. If 
k ^ q*, then k e Cm, contrary to k e' Cm. Thus, k $ q*, whence, by II, 
5 * < k. Then, by III, there exists h e K such that 

( 2 ) q* < h, h < k. 

Now it is easily sho^\m from (2) and the definition of a nested sequence 
that h is an upper bound of S; details are left for the reader. Hence (2) 
contradicts the definition of A: as a least upper bound of S. This com¬ 
pletes the proof. 

The use of (17.5.3) in proofs is illustrated by proving the very impor¬ 
tant result that K is infinite but not countable. Fii*st, a Icnuna is demon¬ 
strated. We shall call an interval proper if its endpoints are distinct. 

(17.5.4) Lemma: Let C he a proper closed iniei'val in K and let k « K. 
Then there exists a proper closed interval D CZ K such that D (Z. C and 

Zee' D. 
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Proof: Let p and q be respectively the lower and upper endpoints of 
C, so that p < q and 

C = [x eK; p ^ X, X ^ q"]. 

Now like' C the conclusion of the lemma is true with D = C. Suppose 
fc € C, so that p ^ k, k ^ q. We consider the cases p = k, p < k sep¬ 
arately. If p = A:, then k < q since p < q- Then, by III, there exists 
he K such that k < h, k < q. Define 

D = [^x e K; h ^ x, x ^ 9 ]. 


Then D is proper and D d C, since p = k <'h < q. Also k e' D since 
k < h. Hence, if p = A:, the conclusion of the lemma is true. Finally, 
suppose p <k. Then, by III, there exists g eK such that p < g, g < k. 
Define 

D = [x € K; p S X, X ^ g']. 


Then again D is proper, D d C and k e D. 

(17.6.5) Theorem: The set K is infinite hut not countable. 

Proof: The principle of choice is employed. It is first proved that K 
is infinite. By I, there exist a, beK vAth a 9 ^ b. By 11(c), a < 6 or 
b < a. We treat the case a <b only, the treatment for the case b < a 

being similar. Define 

A ^ \jy e K; a < y, y < bj 

Then by III, A 0; let a: be any particular element of A. Define a rela¬ 
tion Ron A X A thus: 

R^l{y,z)eA XA;y<zJ 

Since y € A implies y b, whence, by III, there exists z with y <C z, 
z < 6, it follows that ye A implies the existence oi ze A such that y R z. 
Hence A = domain of R. By the principle (11.6.1) of general inductive 
definition, there exists a sequence a in A such that 

( 1 ) aW = 

( 2 ) for every n el, a(n) R a(n + 1). 


But (2) yields 

(3) 


for every n e I, a(n) < a(n + 1). 


It may now be proved that 

( 4 ) m, n e I, m 9 ^ n implies a{ 7 n) 5 ^ o:(n); 

details are left to the reader [use (3) and induction]. Now, by (4) and 
(10.2.2), a is a one-to-one correspondence between / and the set 

B = [a(n) ;ner]d A d K. 



292 


THE ANATOMY OF MATHEMATICS [Ch. 17 


If K is finite, then B is finite by (10.4.7); but then 1 — B jnelds that 7 is 
finite by (10.4.4). This contradiction shows that K is infinite (since 

K 7^ 0). 

Now it is sho^^'n indirectly that it is not countable. If it is countable, 
then it is denumerably infinite, since it has been proved infinite. Now 
by (13.5.5) there exists a sequence {kn', n e 7) in it such that 


n c 7] = it. 


Let e be the set of all proper closed intervals in it, so that 6 0 by 1. 

Define a sequence (i?n; n e I) of relations on 6 X C so that, for every 

n e I, 

( 5 ) Rn = C(C, 7)) € e X e; 7) c= C, k^ e' 7)]. 

Now, by (17.5.4), for every C e e there exists DeQ such that C Rn D; 
hence Rn has domain e. Let C be any proper closed interval in K (any 
element of e) and let (C„; n e 7) be a sequence of closed intervals defined 
inductively by C and (i?„; n e 7) [see (11.6.2)]. Then Ci = C and, for 

every nil, 

ffi') Cn Rn C'n+l* 


From (5) and (6), we have 

(7) for every n « 7, Cn+i C Cn, ^*n Cn+i- 

By (7), the sequence (Cn*, n e 7) is a nested sequence of closed intervals, 
whence, by (17.5.3), there exists k « K such that, for every € 7, fc € C«. 

But _ 

fc 6 it = \_kn; n e 7J, 

whence there exists m e I such that k = km- Then, for every n € 7, 

6 C„; in particular, A*m e Cm+i- But this contradicts (7). The proof 

is complete. 

Theorem (17.5.5) provides the first demonstration of the existence of 
infinite non-countable sets. It should also be noticed that (17.5.5) 
provides an alternate proof of the corollary (17.3.4) stating that the 
system (F, <) is not a one-dimensional continuum. For it was shown 
earlier, in (16.5.1), that F is countable, whence (F, <) cannot be a one¬ 
dimensional continuum by (17.5.5). 


(17.5.6) Project: Complete the proof of (17.5.1). 

(17.5.7) Project; Complete the proof of (17.5.3). 

(17.5.8) Project; In the proof of (17.5.5), prove (4). 
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(17.5.9) Project: Prove that (17.5.1) may be used as an axiom to 
replace IV in the foundation of a one-dimensional continuum. 

(17.5.10) Project: Let {K, <) be the system defined in (17.4). 
Define a nested sequence of open intervals by the same condition as is 
employed for closed intervals. Prove the existence of a nested sequence 
(Cn; n el) of non-empty open intervals such that no J eK exists with 
J eCn for every nel. 



Chapter 18 

THE POSITIVE REAL NUMBERS 

18.1. Axioms for the Positive Real Numbers. [No Basis.] The 
preceding chapter treated the problem of describing mathematical^ a 
measuring scale. But the treatment is still far from complete. For 
even if it is agreed that the positive rational number system caimot 
serve the purpose of providing an adequate measuring scale, a^d if it is 
accepted that a satisfactory scale must have the property that every 
non-empty subset bounded above has a least upper bound, it does not 
follow that any one-dimensional continuum satisfies all the requirements 
on which one might wish to insist. Moreover, it is not at all clear how 
one might use a one-dimensional continuum for practical purposes in¬ 
volving measurement. 

Now it is reasonable to expect that, in any mathematical system capa¬ 
ble of serving as a measuring scale, operations analogous to +, *, 
appear in the theory of positive rational numbers, ought to be available. 
The need for something like + is evident if one wishes to be able to 
measure the result of placing two measured segments end to end^ ihe 
need for an analogue of •, or at least of O, is clea.r from (16.2). Hence 
this chapter continues the task begun in the preceding, aiming, m particu¬ 
lar, at the introduction of suitable operations. ^ 

Deeper analysis than wc shall attempt to give shows that it would be 

erroneous to attempt to define operations like +, •, within the theory of 
any one-dimensional continuum. In fact, it seems to be necessary to 
discard from further consideration most one-dimensional continua, and 
to limit discussion to certain ones having further properties. In other 
words, it will be necessary to restrict one-dimensional continua by ^^ 
posing further basic material and axioms in order to obtmn the desirM 
measuring scale. Introduction of this further material is accomplished m 
a manner which parallels the approach to the positive rational number 

system [(16.2)]. 

The basis for our system, to be called a baste systetn of posUtve real 
tiumhers, is ((P, v/o), where ((P, @) is a one-dimensional continuum 

[(17.3)], V€ <9, and O is an operation on / X (P to (P. Of course, the 
additional axioms cannot consist of those employed in (16.2) for the 
positive rational number system. For by (17.3.4) these axioms contra¬ 
dict those for a one-dimensional continuum, so that our totality of 

294 



Sgc. 2] 


THE POSITIVE REAL NUMBERS 


295 


axioms would be inconsistent. We shall employ a much weakened form 
of (16.2.1) and slightly strengthened forms of (16.2.II) and (16.2.III). 
The foundation of the theory of positive real numbers is as follows: 

Basis: ((P, ®,O), where (P is a set, ® is a relation on (P X (P, is 
an element of CP, and O is an operation on / X (P to tP. 
Axioms : 

I- ©) Is a one-dimensional continuum, that is, 

(a) there exist a, 6 « (P with a h; 

(b) the set CP is linearly ordered by 

(c) for every a^h € <? such that a @ 6, there exists x c CP such 
that a@x and x©h; 

(d) every non-empty (lower) subset of CP which is bounded 
above has a least upper bound. 

II. (a) For every a, 5 e CP for which a©b, there exist X€(P and 
rriy nel such that a© x, x ©b, m O x ~ n O v; 

(b) for every me I there exists x e (P such that m O x = v. 

III. For every m, nel and ae 6 ^, m <71 implies m O a©n O a. 

IV. For every me I and a, be CP, a @ b implies m O a©m O b. 
V. For every m, n e I and a e CP, m O (n O a) = (m. * n) O a. 

Any system (CP, @, t', G) satisfying Axioms I-V is called a basic 
system of po^iive real numbers. Elements of (P are called positive real 

numbers. 

The notations g and @ are used to designate @ + E and the trans¬ 
pose of respectively. 

Remark: The reader should note carefully the relation between these 
axioms and those in (16.2). In particular, 11(a) should be compared 
with (16.2.I.a); instead of requiring m O x ^ n O v for every x e (P, 
we have required that, for every a, he (9 ^vith a ® 6, such an element x 
should exist “between” them. Also, it should be noted in what way 
III IV strengthen (16.2.II), (16.2.III). Finally, it is seen that 11(b) and 
V are identical respectively with (16.2.I.b) and (16.2.IV), aside from 
obvious differences in notation. 

Remark; It should be observed that 1(a) is implied by 11(b) in view 
of III and 1(b). For in 11(b) let to = 1 and to = 2, so that there e.xist 

Xi, X 2 £ (P such that 1 G = v, 2 O X 2 = p. If 
1 O a;i@2 O X 2 by III, whence v©v, contrary to 1(b). Moreover, 
1(c) isTn immediate consequence of 11(a). Hence m the mterest of 
independence of the axioms, we might have omitted 1(a) and 1(c) from 

the list. 

18.2. Consistency of the Axioms. [No Basis.] In order to establish 

consistency of our axioms, we shaU, as usual, construct an mstance. 
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The validity of the instance to be constructed will depend on the con¬ 
sistency of the axioms for the positive rational numbers; thus ultimately 
the consistency of the axioms for the positive integers is required. The 
situation here is similar to that described in (16.3) and so requires no 
further discussion. We shall employ the same instance as that intro¬ 
duced in (17.4.1), (17.4.2) to prove consistency of the axioms for a one¬ 
dimensional continuum; of course, v and G must be suitably defined. 
Hence, for (18.2.1)-(18.2.9), (F, u, G) is a basic system of positive ra¬ 
tional numbers. Definitions leading to a full description of the instance 
will now be restated for reference. 

(18.2.1) Definition: A lower cut in F is a subset J of F such that 

(a) J Q; 

(b) J is a lower set, that is, 

X € Jj 7j € F, y < X implies y tJ\ 

(c) J is bounded above; 

(d) J has no greatest element. 

(18.2.2) Definition: Denote by (P the set of all lower cuts in F. 

(18.2.3) Definition : Define a relation @ on (P X (P so that @ Js 
if and only if J'l S J 2 ; thus, 

© = ^{J 1 , 1 / 2 ) € (P X (P; i/i ^ J 2 ]. 

(18.2.4) Lemma: The set \J‘e F-, f < u] is on cJemc7it of (P. 

PnooF; This follows from (17.4.3), which states that every open initial 

half-interval in F is a lower cut. 


(18.2.5) Definition: Define e = [/« F;/ < u] € (P. 

The next theorem paves the way for an appropriate definition of G. 


(18.2.6) Theorem: If J € 6* and m e 7, and if 


K = 


• h; h € 

j € F; there exists h eJ with j = 7n * h 



then K € (P. 

Proof: First, since 0, it follow'S that iv 0, since heJ 5 ields 
m • he K; thus (18.2.1.a) holds. To prove (18.2.1.c), w’e note that J has 
an upper bound /, wiience m *f is an upper bound of K, in ^iew of 
(16.7.6.g). We prove (18.2.l.d) indirectly. Suppose K has a greatest 
element jo; since jo e K, there exists ho e J with jo = • ho. Now J has 

no greatest element, whence there exists heJ with h> ho. Hence, by 
(16.7.6.g), m • h > ?n • ho = jo. But 7n • he K, contrary to the fact that 
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jo is a greatest element in K. Finally, let ji € K, j^ e F, < j\', it is to be 
proved that ^2 € K. Now there exist h eJ and p, q, s e 1 such that 


ji = m^h, h = 1^ j2 = 


Since j-z < ju 


whence 
so that 


P. ^ ^ 


p * s < m * q • Tj 


q • m s 


Define/ii = p/{q -m), whence < h. By (18.2.1.b) applied to J, e/, 
whence m • hie K. But 


m 


V V * m p 

• /ii = m • —— = —— - ^ - J2. 


q * m q • m 


Thus jieK, and the proof of (18.2.l.b) is complete. This establishes 
that i’L € (P. 

(18.2.7) Definition: Define an operation O on 7 X (P to (P so 
that, for every (m, J) el X <?, 

m O J = [m * A; A € y] € (P. 

The construction of a system {<P,©,v,0) is complete. It remains 
to prove that Axioms I-V are satisfied. 

(18.2.8) Lemma: If J e (P is an open initial half-interval with upper 
endpoint h, and if me 7, then m O J is an open initial half-interval with 

upper endpoint m • h. 

Proof: Let r- r - 

J = <hj, 

anddefine k ^ Lk e F; k < m ■ hi- 

It is to be proved that m O J = K. Clearly any element m-joimOJ, 
where j e /, has the property 

rri'j < m - h 

bv (16 7 6^1 since f< ft. Hence m O C X. Now let ft e X whence 
by lib./.D.g;, smcej ..v ^ r tViPn define ? = p/(jl * wi). Since 
k<m-h. If ft = p/q, "'ith p, qel, then dehne j pm 

ft < m ■ ft, it follows easily that j < ft, so that j e J. Moreover, 

p _ m ■ p ^ 

» mi • I- +>.of K m G> J and completes the proof, 
and k em O J’ This shows that K 
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(18.2.9) Theorem: The s^jsicm v, O) is a basic system of posi¬ 

tive real numbers. 

Proof: By (17.4.8), ((P, @) is a one-dimensional continuum, whence 
I holds. 

Let us prove 11(a) next. Suppose such that JxQJ^. 

Since Ji c: ^ J 2 , there exists keF such that keJi, ke' J\. By 

(18.2.1.d), k is not a greatest element in J2, whence there exists 
such that k < h. Define 

Jz = [/eF;/ < /i]. 

By (18.2.1.b), c t/2. Also Ja ^"2 sincee ^2, ^ c'./3. ThusJ3@t72. 
Moreover, it is immediate tliat JidJz] also, Ji^Jz since fceJs, 
k e' Ji. Hence «/i ® ^3. Now, by (16.2.1.a), there exist m, n « 7 such that 

(1) 7 n * h = n • u. 

But, by (18.2.8), 

m O J 3 = Lg € F; g < m • ;0> 
n O V = Hg e F; g < n • li]. 

Hence, by (1), 

m O Jz = n O V, 

and 11(a) holds. 

To prove 11(b), let mel. By (16.2.1.b) there exists g ^F with 


m • g — u. 

Define 

Then, by (18.2.8), m O J is an open initial half-intei^^al with upper 
endpoint m • g = u, that is, 

m O J = [h € F; h < u} = V, 

The proof of III is somewhat more difficult. First we sliow that, 

(2) if m,n 61 with m ^ n, and if J e (P, then 7n O J d n O 
By (18.2.7), 

m O J — [m * h\ht J]; 
n O J ~ Cn • ^ c ‘ZD- 

Let kem O Jj so that there exists hieJ with k = m *hu Then 
n • hien O J. But m ^ n yields k — m * hi ^ n • hi. Since n O J is a 
lower set, it follows that ken Q J. This completes the proof of (2). 
Next it is sho^\^l that, 

(3) for every 7n e 7, ;« O J 9 ^ (?« + 1) G «7. 
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To this end, let/o e J. Since/o e F, there exist kylc I such that/o = k/l. 
Define 

(4) h = k/(l • (m 1)), 
so that 

(5) 4“ 1) ' k = fo e J. 


Now it is showTi that 

(6) [/+A;/€j]ct: J. 

For if (6) is false, then, for every / e J, it is true that / + A e J. From 
this it is easily sho^\’n, by induction, that for every tel, and every f eJ, 
f+t^heJ (the proof of this is left for the reader). Now let a be an 
upper bound of (the lower set) J and let p, gel such that a = pig. 
Since f-\-t*heJior every t e I, we have 

(7) /+ (p • ^ • (mH- 1)) ■ Ac J. 

But from (4) and a — p/g it follows that 

(8) (p • Z • (m + 1)) • ^ ^ a, 


ciripA 

p • Z • (w + 1) * • g ^ P • ^ * (wi + 1). 

Rv 

f (p • I * (pt- ~\~ 1)) * > a, 

so that (7) contradicts the fact that a is an upper bound of J. This 

contradiction establishes (6). ^ , x 

By (6) there exists /i € J such that fi+h('J. Smce J i^s a lower set, 

fi + hf'J implies that /i + fi is an upper bound of J. In particular, 

whence i ^ ^ 

m • h < jif 

so that 

(9) m-(J,+ h) =:m-f,+ m-h <m-f, + h= (to+1)-/i. 

B.t, ai.oe/, + » is an upper bound »'.£12 
is an upper bound of m O */, whence m (A + Uv ('Q'l e 

hand, A e J, whence (m + D • A ^ + 1) © 

(m + 1) O J. This completes the proof of ,p. by 

Now to prove III, let J . cP, a-d let mne I with m < - Then by 

O), :< "ft 

Hence m O J g (wi + 1) O 
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+ 1 ^ n, so that, by (2), (w + 1) O C n O Hence m G J g 
n O J, OY m O J ©n O J- This completes the proof of III. 

The proofs of IV, V are quite easy and are left for the reader. 

The proof of (18.2.9) is complete. 

It is evident from (18.2.9) that Axioms I-V are consistent. 

(18.2.10) Project: Complete the proof of (18.2.9). 

18.3. The Rational Positive Real Numbers. [Basis: ((P, t>, O); 

Axioms: I-V.] Before investigating the categoricalness of the axioms, 
we develop some of their consequences. No use is to be made of the 
material pertaining to the specific instance of the last section. 

In the theory of positive rational numbers it was found possible to 
define a subsystem of an algebraic system of positive rational numbers 
which is an algebraic system of positive integers [see (16.9), (16.10)]. 
We prepare for a corresponding result in the theory of positive real 
numbers by showing first that there is a subset of (P such that e, O) 
is a basic system of positive rational numbers. Here the use of the nota¬ 
tion (;?, y, G) is based on the suppositions that c « and that 

7n € /, / € JF implies 7 n G / € 5, 

so that the “reduced’* operation (m G /; m e I, /e SF) is on 7 X $F to tF. 
(This is similar to the requirement (14.5.2) in the discussion of subsys¬ 
tems.) 

(18.3.1) Theorem: For every o « (P. 1 G « = a. 

Proof: By V, 

(1) 1 G (1 G fi) = (1 • 1) O o = 1 G a. 

Now we have, by 1(b), 

(2) 1 G « @ rt or a @ 1 G o or 1 G a = o. 

If 1 G a @ a, then, by IV, 

1 G (1 G a) @1 O a, 

contrary to (1). Hence 1 G a ©' a. Similarly, a ©' 1 G a. Hence 
1 G a = a by (2). 

(18.3.2) Definition; Define 

(F = [x € (P; there exist 7a, n € I such that 77* O x = n G p]. 
Elements of $F are called ratiofial positive 7'eal nuttihcrs. 

(18.3.3) Theorem: The system ( p, G) is a basic system of positive 
ralional 7iu7nhcrs. 
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Proof: First & e since 1 O = 1 O Next it is shown that 


(1) me I, a€ ^ implies w O a e JF. 

Since a € CF, there exist q e I with 


( 2 ) 

Hence 


p O a = q O V. 


p O (m O a) = {p -m) O a [by V] 

= (m • p) O a 

= m O ip O a) [by V] 

= in O iq Q v) [by (2)] 

= {m • q) O V [by V], 


whence m O a e and (1) is proved. Now Axioms (16.2.II) and 
(16.2.III) for (JF, O) follow from III and IV in view of 1(b)- Axiom 
(16.2.IV) holds by virtue of V. Axiom (16.2.1.a) holds by (18.3.2). 
To prove (16.2.I.b), let me I. By 11(b), there exists a: e CP such that 

m Q X = V. But, by (18.3.1), 

mOx — V— lOv, 


whence x e The proof is complete. 

The reader should compare (18.3.3) wth its analogue (16.9 3) In 
view of (18.3.3), (IF, t', O) is a system to which all the results of Chap¬ 
ter 16 pertaining to such systems apply. In particular, the notations 

- (or m/n) (with m,nel) for all elements of J may be employed, 

and the definitions and theorems of (16.4)-(16T0) may be used^ 
Furthermore, there is an algebraic system (JF,® ^ , . 

rational numbers which possesses a subsystem (B, <, , w c is 

an algebraic system of positive integers. Apphcation of this result is 

now made. 


(18.3.4) 


Definition : Define 



JF; there exists m el with x 



Elements of d are called integral positive real numbers. 


(18.3.5) Corollary: v = 
Proof: This is immediate 


1 / 1 €^. . 

from (16.4.2) applied to (ff, v, O) 


It i. n.tu,d to «.k wh.t oonnoctioo .»ts I"*™",^.5 
this question. 
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(18.3.6) Theorem: // x,y€^, then x < y if and only if x@y. 
Proof: Since Xyy there exist n, p, q € I such that 


( 1 ) 

or equivalently 


mOx = nOt/, p O y ^ q O V, 


X 




Suppose X < y. Then n • p < m • q, so that, by III, 

(2) {n • p) O v@ {m > q) Or. 

But 

{n • p) O V = p O {n O v) 

= p Q {m O x) 

— (p * m) O X 

and, similarly, 

(m ‘ q) Q V = (p * m) O y. 

Hence (2) becomes 

(3) (p • m) G X @ (p • m) O 2/. 


[by V] 
[by (1)] 
[by V], 


Now if X ©' ?/, we have y@x or y = xhy 1(b); if p — x, (3) is obviously 
contradicted, and, if p ® x, then, by IV, 


(p • 7 r) O p @ (p • w) O X, 

contrary to (3). Therefore x@p. Conversely, let x@p. To prove 
X < p, suppose the contrary, whence x = p or p < x by (16.7.6.f). But 
X = y contradicts x @ p by 1(b), and p < x implies, by the proof just 
given, that p ® x, contrary to x © p. Hence x < p. 


Remark: In view of (18.3.6), the notation < may be used inter¬ 
changeably with © for elements in JF. In other words, \vhen x, p e £F, so 
that X == n/m, y = p/p, the assertion x © p is equivalent to n • p < m • p. 


(18.3.7) Theorem: Let a, 6 e (P, a © 6 . Then there exists / < such 
that a©/,/©6. 

Proof: This is a restatement of 11(a), in view of the definition (18.3.2) 
of 


(18.3.8) Theorem: Let a € (P, atid define 

= [x € JF; X ©a]. 

Then a is the least 'upper hound of Sa. 

Proof; Clearly a is an upper bound of Sa. Let h be any upper bound 
of Sa. It is to be shown that a g h. Assume the contrary, namely, 
by 1(b), that 6 ©a. Then, by (18.3.7), there exists /« such that 
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&©/./©“• ^ SO that / g 6, since 6 is an upper bound of Sa. 

But / g b contradicts 6 ©/by 1(b), and the proof is complete. 

(18.3.9) Lemma; The set CP has no upper hound and no lower hound. 
Proof: Suppose there exists an upper bound a. Then by (18.3.1), 

III, 

(1) a = 1 G a©2 G a. 

But 2 G a g a, since a is an upper bound of (P, contrary to (1). Sup¬ 
pose there exists a lower bound h. Then by (18.3.1), III, 

6=lGb@2G&, 


so that, by (18.3.7), there exists / e JP with b @/, / @ 2 G b. Let / — 
m/n with m, n e I. Then m/{2 • n) e if, and we have 


( 2 ) 


2 G 


m 


2 • n 


= 2 


m 


= ^ = /@2 O 6. 

n n 


It follows from (2), IV, 1(b) that 


m 


2 • n 


©h. 


But this contradicts 6 i m/(2 • n), which holds since 6 is a lower bound. 
The proof is complete. 

(18.3.10) Theorem: Let ae (?. Then there exist f, geS such that 

^Roopfslnce a is not an upper bound of CP by (18.3.9), there easts 
h e <P such that a©b. By (18.3.7), there exists g e such that a©g, 
g©h. The existence of / is similarly proved. 

Remark: The results expressed in (18.3.7), (18.3.10) show how the 
elements of are “distributed” in (P. In terms of the measunng scale 
which we are trying to describe, they yield that every pomt (element 
of (P) has “ rational points” (elements of S) as near to it as we please. 

(18.3.11) Project: Let a, h e < 5 > vnth a© b. Prove that the set 
[x e IP; o ® X, X @ 6] is infinite. 

18.4. Categoricalness of the Axioms. [No Basis.] In this section 
isomorphism for basic systems of positive real numbers “d ^t 

is sho^ that the axioms for positive real “>^bers are categoncal. A 
preliminary theorem is first proved; for it and its corollary, (CP, ©.v,0) 
is any basic system of positive real numbers. 

(18.4.1) Theorem: Let S be a lower cut in ff. Then there exists a 

unique a e (P such that 

S = Sa^ Lx€^;x©aj. 
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Proof of Existence: Since is a subset of (P bounded above, it 
follows from 1(d) that S has a least upper bound a e (P. Hence xeS 
implies x © g. ^loreover, if there exists x € S such that x a, then 
o € S, whence a is a greatest element of S, contrary to the definition of 
lower cut [(18.2.1.d)]. Thus 

X € S implies x @ a, 

whence, since S Cl jy, iS CZ Sa- Conversely, if x € Sa, then x e f?, x @ a. 
Suppose that x e' S, and let 7j i S. By 1(b), y = x ot x©y or y©x. 
But 7 / = X is impossible since y e St x e' S. If x @ y, then x « S by 
(18.2.1.b), contrary to x e' S. Hence y©x. We have thus proved that 

y € S implies y ©x, 

that is, X is an upper bound of S. But o is a least upper bound of S, 
whence a Q x, contrary to x @ a. This contradiction shows that x e' S 
is impossible, so that x c *S, and we have established that 

X € Sa implies x € *S, 

that is, Sa C S. The proof is complete. 

Proof of Uniqueness: Let o, l>€ (P such that S — Sa, S = Sb, 
whence (So = If a 9 ^ b, then a©b or b©a by 1(b). If a ©by 
there exists x « with a©XyX©b by (18.3.7). Hence x e St; but then 
xeSa (since Sa = Sb), so that x g a, contrary to a @ x. Thus a @ 6 is 
impossible; similarly 6@a is impossible. This proves that a^b can¬ 
not hold, so that a = b follows, and the proof is complete. 

(18.4.2) Coroll.-vry: The dotnain of the function 

(Sa ; a e cP) 

is (P and the range is the set of all lower cuts in iJ. 

Proof: The first statement is obvious. The reader may easily verify 
that, if a € CP, then Sa is a lower cut in ^ (conditions (a), (b), (c), (d) of 
(18.2.1) are all easily proved). Hence the range is a subset of the set of 
all lower cuts in CF. Finally, in view of (18.4.1), every lower cut is in 
the range. 

(18.4.3) Definition: If (Pi, (P 2 are sets, if @ 1 , ©2 are relations on 
CPi X (Pi and on 6*2 X (P 2 , respectively, if ci c (Pi, cac (Pa* and if Gi» Os 
are operations on 7 X (Pi to (Pi and on 7 X (Pa to (Ps, respectively, then 
((Pi, @ 1 , Oi) is iso7norphic to ((Pa, @ 2 , r-a, Gs) if there exists a one-to- 
one correspondence between (Pi and (Pa such that 

(a) if a, 6 e (Pi, then a @1 b if and only if ^(a) ©a <p(b); 

(b) ¥>(ei) = fo; 

(c) for cvciy a e (Pi and m « 7, ip(m Gi a) = Ga 
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Remark: The reader should state and prove the analogue here of 
(14.2.3). 

For the purposes of the following theorem, {(?,©, is a basic 

system of positive real numbers; {^,v, O) is the corresponding basic 
system of rational positive real numbers as defined in (18.3.2). Finally, 
(tPb t'b GO is the basic system of positive real numbers defined in 

terras of (3^, y, O) in (18.2.2), (18.2.3), (18.2.5), (18.2.7)3- 

(18.4.4) Theorem: The system (cP, G) is isomorphic to the 

system (CP^, GO- 

Proof: As in (18.4.1), define, for every a e CP, 

Sa = [j: e X ® a], 

and define 

<p = (So; a € CP). 


Then is a fvmction on (P to (Ph By (18.4.2), the range of v is (Pt, in 
view of (18.2.2). We shall prove first that ^ is a one-to-one correspond¬ 
ence between (P and (Ph For this purpose, let a, b e (P, a ^ b, with the 
aim of proving ip{a) 9^ ipib), that is, Sa 5^ Sb- Suppose Sa — Sb, by the 
uniqueness in (18.4.1), a = b, contrary to our assumption This verffies 
the criterion (10.2.2.b). We turn now to the proof of conditions (a), (b), 

(c) of (18.4.3). 

Proof of (a): Let a, 6 e (P, a©h. Then clearly 

<p{a) = Sa Sb = *pQ>). 


But, by (18.3.7), there exists/ c El with a ©f, f©b. Thus/ « Sb,ft S 
and Sa ^ Sb- Hence Sa S Sb, so that 


( 1 ) 


a ©b implies ipia) ip{b). 


Conversely if «>(o) <pib), we have, by 1(b), a = b or a© b orb ©a. 
Obviously U 6 is impossible, and b ® a cannot hold, 

<p{b) @t via) by (1) ^vith a, 6 interchanged. Hence a © b foUows, 

that the converse of (1) is also true. 

Proof of (b): Clearly 

•p(v) = [x 6 9=; X @ t*] = 


by (18.2.5) (note that the present symbols v, vt replace u v in (18.2)). 
Proof of (c) : Let a . (P, m e 7. It is to be proved that 


( 2 ) 


<f>(m O a) = mO^ 


Let X € <p(jn G ct), so that 



X € 3, X @ m G a. 
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Since x e if, there exist p, g e I with x = p/q. Define y = p/(g • m) e SF, 
whence 


(4) 


m O y = 'fn • 


_P_ = n 

q ' m q 


It is now proved that y @ a. If y = a, then 

x = mOy — rnOcLy 



contrary to (3). If a @ y, then, by IV, 

mOa@7nOy = x, 

contrary to (3). Hence, by 1(b), y @ a, and we have, by (4), 

X € \m O y; y € iSJ = m O’ ^(a)» 

the last equality holding by (18.2.7). Therefore 

(5) ip{m O a) cz m O’ <pip). 

Conversely, let x e m O’ so that there c.xists y « mth 

y © a, X = m O y. 

Then, by IV, 

x = mOy@wOa, 
and X e tp{m O a). This proves 

(6) m O’ fp{o) cz ip{m O a). 


Now (2) follows from (5) and (6). 

(18.4.5) Theorem: If ((Pi, ri, Oi), (cPa, © 2 , Os) ore haste 
systems of positive real numbers^ then ((Pi, © 1 , Pi, Oi) is isomorphic to 
((Ps, © 2 , C’ 2 , O 2 ). 

Proof: Let (iFi, vi, Oi), (ffs, O 2 ) be the corresponding basic sys¬ 
tems of rational positive real numbers as defined in (18.3.2), and let 
(tPi^» ©i’> t' 1’1 Oi’), ((P 2 ’, © 2 ’, fs’, O 2 ’) be the corresponding systems 
of positive real numbers as defined in (18.2). (This notation is parallel 
to that used in (18.4.4).) By (18.4.4), 

(1) ((Pi, © 1 , vi, Oi) is isomorphic to (6>i’, @ 1 ’, n’, Oi’), 

(2) (CPs, © 2 , V 2 , O 2 ) is isomorphic to (CPs’, @s’, 02 ’, Os’). 

By (16.4.9), 

(CIi, tJi, Oi) is isomorphic to (CFa, Oa), 

so that, by (16.4.7), there exists a one-to-one correspondence ^ between 
and (Fs such that 


q>{v\) = fo; 

/€ ;Fi, m € I implies v»(w Oi/) = m Oa v>(/). 
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The remainder of the proof will be outlined, details being left to the 
reader. Define a function $ with domain (Pi^ so that, for every e CPib 
that is, for every lower cut J i in JFi, 

HJi) = W^i); xieJij 


Note first that the range of is (P 2 ^ For let J 2 be any lower cut in ^ 2 , 
and define 

X 2 e</ 2 ]; 


it is easily verified that J\ is a lower cut in and that <!>(*/ 1 ) — J^. One 
proves next that satisfies the conditions (10.2.2.b), (18.4.3. a), 
(18.4.3.b), (18.4.3.C); it follows that 

@ 1 ^, Oi^) is isomorphic to ( 6 ^ 2 ^, @ 2 ^, e' 2 ^, 020 * 

From this, together with (1), (2), we obtain the desired result. 

Categoricalness of the axioms is now established by virtue of (18.4.5). 
This section is concluded with another result concerning isomorphism 

of positive real number systems. 

(18.4.6) Theorem: Let (CPi, @ 1 , Oi)» ((Pa, © 2 , t' 2 , O 2 ) he haste 
systems of positive real numbers, with ip an isomorphism between them. 
Let (ffi, t>i, © 1 ), (JFa, © 2 ) be their respective basic systems of rational 

positive real numbers, and define 

V' = (v’(/);/« 3 ^ 1 )* 

Then is an isomorphism between (JPi, Oi) and (ff 2 , ^^^ 2 )- 

Proof* Since tp is an isomorphism between ((Pi, @1, fi, Oi) and 
(CPa, @ 2 , t^a, O 2 ), it follows from (18.4.3) that is a one-to-one corre¬ 
spondence between (Pi and CP 2 , aad that 


(1) <p{^l) — ^2f N /-V / \ 

(2) for every m € /, p e (Pi, ip(m Oi p) = m O 2 

Now, if 5i, it foUows from (18.3.2) that there exist m,nel such that 

( 3 ) m Oi/ — n Oi vi. 


Thus 


m O 2 <p(f) 


ip{m Oif) 
(pin Oi J^i) 

n O 2 <p(vi) 
n 02 V2 


[by (2)] 
[by (3)] 
[by (2)] 

[by ( 1 )], 


and 

( 4 ) m O 2 <p(f) = w O 2 ^ 2 - 

By (4), (18.3.2), ^.(/) e This proves ^(EF.) C EF^- 
Sion is easily proved; details are left to the reader. 


The reverse inclu- 
Hence <pi^i) — 
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so that, by (10.2.6), V' is a one-to-one correspondence between and ^ 2 . 
Moreover, (1), (2) yield (since vi c ^i) 

= V2; 

for every m e I, f e ^(m Oi/) = O 2 ^(/)- 

In view of (16.4.7), ^ is an isomorphism between (S'l, n, Oi) and 
(JTs, V 2 , 02)- 

(18.4.7) Project: State and prove the analogue of (14.2.3) for 
isomorphism as defined in (18.4.3). 

(18.4.8) Project: Complete the proof of (18.4.5). 

18.6. Operations for Positive Real Numbers. [Basis: (CP, v, O); 
Axioms: I-V.] It was indicated in (18.1) that an essential part of the 
theory of positive real numbei's would be the introduction and study of 
operations analogous to +, * already available for positive rational 
numbers. Now if ((P, ®, t>, O) is a basic system of positive real num¬ 
bers, then (f, O) is a basic system of positive rational numbers. Let 
(Jf, V, <,+> *) be the corresponding algebraic system of positive rar 
tional numbers; we shall in this section employ the operations +, • to 
obtain similar operations on (P X (P to (P. 

(18.5.1) Theorem; Let a, 5 e (P. Then there exist tinique eletnenis c, 
d e CP such that c is a least upper bound of the set 

S ^ [/+£?;/,(/« /©a. 61 

and d is a least upper hound of the set 

Proof: It suffices by 1(d) to prove that the sets in question have upper 
bounds. (These sets are non-empty by (18.3.10).) By (18.3.10), there 
exist h, keif such that a @ /i, 6 ® A*. Now let x c 5. Then there exist/, 
g e if with 

/©«, C7®6, X =/+ g. 

It follows that /@ A, g ©k by 1(b), whence f < hj g < k hy (18.3.6). 
Thus, by (16.7.6.d), 

/ + < 6 + p < /* + A*, 

so that X = f g < h k\ whence .r @ A H- k. Thus /i + A: is an 

upper bound of <8. Similarly T is shown to have upper bound h • A'. 

(18.5.2) Definition: Define operations 0, ® on cP X cP to (P so 
that, for every a, 6 « (P, a 0 6 is the unique c of (18.5.1) and o ® 6 is 
the unique d of (18.5.1), 
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= f2-{Z •/). 


[hy (16.6.4.e)] 
[]by (16.6.4.d)] 
[by (16.6.6)]. 


Remark: It follows [see the remark after (17.2.5)] from (18.5.2) that, 
for a, 6 e (P, 

a © 6 = l.u.b. [/+ ^;/, £?€ 
a ® b = l.u.b. [/ • e 9", / © a, Sf ® &]• 

We now investigate properties of the operations ©, ® on (P X (P to (P 
and their connection Avith the operations +, • on 5^ X O' to 3". 

(18.5.3) Lemma: Let /i, fz, /e O'. Then, 

(a) ^/ / < /i + / 2 , there exist gi, ^2 e O' sitch that f = gi-\- ^ 2 , Qi < /i, 92 < U; 

(b) if f < fi* h there exist hi, h^e'S such that f = hi • hz, hi < fi, hz < fz~ 
Proof of (a): Define z as the reciprocal of /i + fz, that is, the inverse 

of/i + /2 in the group (0, •) [see (16.6.5), (16.6.6)], so that (/i + fz) ' z — v. 
Define 

=/i • (2 •/)» =/2 

Hence , , 

+ ?2 = (/i + ff) • (2 * /) 

= ((/i fi) *2=) */ 

- V •f - f 

Moreover, since / < /i + hi 

z • f < 2 * (/i + / 2 ) = ^ 

by (16.7.6.g), whence, by (16.7.6.g), 

= /i • (2 •/) </i *2^ = /i- 

Hence < /i; similarly < h This completes the proof 

Proof of (b): Define z as the reciprocal of /i, so that z-fi- v. bince 

( 1 ) z ■} <z-fi-h = •»h 

by (16.7.6.g). By (1) and (18.3.7). there exists e 5 with 

(2) z 'f < hz, hz < f 2 . 

Define w as the reciprocal of hz, and define hi — f uj. Then 

( 3 ) ji^.fi^=f-wh2=f^v=f- 

It remains to prove hi < /i. By (2), z *f < hz, whence 

(■4) / = f, . / = /i • 2 • / < /i • ^ [>y (16.7-6.g)]. 

Thus, by (4), (16.7.6.g), 

(5) /ii = / • UJ < /i * ^2 * u; = /i 

The proof is complete, in view of (2), (3), (5). 

(18.5.4) Theorem: Letfi, fz e O'. Then 

(a) /i © /2 = h + 

(b) /i0/2=/i*/2. 


V = /l- 
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Proof of (a): Define 

5 = [a:i + X 2 ; Xi, X 2 € Xi < fi, X 2 < fi\. 

By (18.5.2), /i 0/2 = l.u.b. S. It will be shown that also /i +/2 = 
l.u.b. S. Let y eS, whence there exist Xi, X 2 e such that 

2/ = Xi + X2, Xi < fi, X 2 < U- 

Then, by (16.7.6.d), 

y = xi + X2 < xi + /i < /i + /i, 

and /i + J 2 is an upper bound of S. Now let a « (P be any upper bound 
of it is to be proved that /i + /2 S a. Assuming the contrary, we 
have a ®/i + / 2 , whence, by (18.3.7), there exists/ e JF such that 

(1) o@/i /</l + /2‘ 

Now (18.5.3.a) applies, yielding the existence of <?i, ga € JF such that 

/ = gi + g2, Qx < fu 92 < /2- 

Hence / = gi + ^2 € iS so that f Q a, inasmuch as o is an upper bound 
of S. This contradicts (1), and the proof that /id-/a = l.u.b. 5 is 
complete. Hence /i 0/2 == /i + / 2 . 

Proof of (b): This is similar to the proof of (a) and is left to the reader. 

The connection between the basic operation O and (S> may now be 
ascertained. 


(18.5.5) Theorem: If me ly at (P, then 

m O a = Y ® 


Proof: Define 

S = 


[ 


Xi • X 2 ; Xi, X2 € $F, Xx < Y» ^5 



It will be proved directly that w O n = l.u.b. S. Let y t S,so that there 
exist xi, X 2 6 ^F with 



y = xi • X2, 



xa® a. 


Since Xi t IF, there exist p, q 1 1 s\ich that Xi = p/q. Then, by (1), 
p/q < m/1, whence 

( 2 ) P < 5 ' wi. 

By (2), III, 

p O Xa < (g • m) O Xa. 

Hence, by (1), IV, V, 

(3) p • Xa = p O Xa < (g • 7n) O a = g O (m G a). 



Sec. 5] 


THE POSITIVE REAL NUMBERS 


311 


But (3) may be written 

g O @ g O (m G a), 

so that, in view of (1), IV, 1(b), 


(4) 


y — xi ' X 2 = m O a. 



Now (4) yields that m G a is an upper bound of S. It remains to show 
that if h is any upper bound of S, then m Q aQb. Assuming the con¬ 
trary, we have & @ m G a, so that there exists, by (18.3.7), g € with 

b©g, g©mO a. 

Moreover, by (18.3.7), there exists /e 0= such that & ®/, f©g. Now 
define 


Then 


/. rn . 1 


, ml j* j* 


= g 


By (18.5.3.b), there exist h, hi e 3= such that 

f = hi • hi, hi < fi, hi < fi. 

Since hi < fi, it follows that 

m m , m 1 

mO hi = 

From mOh©g and g©mOa we conclude, by IV, that fe@a. 
This, together with hi ©fi = m/1, yields that f = hi-In (S. But 6 is 
an upper bound of S, so that / S 6, contrary to b ©/. The proof is 

complete. 

(18.5.6) Theorem: Lei ai, az e <P> / e Then 

(a) / @ ai © 02 if only if there exist gi, gz e ^ such tJuxt 

/ = gi + g2, g\ © 9^ © 02 ; 

(b) f©ai®a<tifand only if there exist hi, hi e suxh that 

/ = Ai • hi, hi ©ai, hi© 02 - 

Proof of (a): Define 

,s = [xi + Xi'y Xi, Xi e^yXi© ai, Xz @ 02]. 

We are to prove that / © m 0 a. if and only if / .S Suppose that 
ik r© L Now/ is not an upper bound of S, smce othenvise a, © 
it 'b* a / U. .h. h,P«th«s. Eeno. th™ 

that S<y- But 2/ £ S means the existence of /i, /a e ^ such 

i/=/i + /2. /2®a2- 
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Thus / < /i + / 2 . By (18.5.3.a), there exist (72 € such that 

/ = + 92 , 9i < Su 92 < / 2 - 

From 9 i©fi, /i@ai, we obtain 91 © ai; similarly ^2 002. Therefore 
fiS. 

Conversely, let f t S. Then there exist ^ 1 , ^2 c O' such that 

/ = i7i + 92 , 9 \ © flii 92 © 02- 

By (18.3.7), there exist Xi, X 2 c such that 

(1) 92 © X 2 , X 2 ©a 2 . 

Hence, by (1), (16.7.6.d), 

(2) (7i + ff2 < + X2; 

but xi + X 2 € 5 by (1), whence 

(3) Xi + X2 g Oi + 02, 

since Oi © 02 = l-u.b. S. But (2) yields 

(4) /®xi + X2; 

and (3), (4) yield/©oi © 02 by 1(b). 

Proof of (b): This is similar to the proof of (a) and is left to the 
reader. 

We are now ready for the analogue of (16.6.4) for the present opera¬ 
tions ©, namely, the assertions of commutativity, associativity and 
distributivity. 


(18.5.7) 

(a) 

(b) 

(c) 

(cl) 

(e) 


Theorem: Let a,b,ce (P. Theti 

a © 5 = 6 © o; 

(o © 6) © c = 0 © (6 © c); 
o ® 5 = 5 0 o; 

(a 0 6) 0 c — o 0 (6 0 c); 
a 0 (6 © c) = (a 0 6) © (o 0 c). 


Proof: These arc consequences of the definition (18.5.2) of ©, 0 
together with (16.6.4) and (18.5.6). Proofs of (a), (b), (c), (d) are left 
to the reader; the proof of (e) which we now give, is typical of the argu¬ 
ments employed. 

Define 

S = [x • y; X, ?/€ ff, X @ a, 2 /@ 6 © c], 

T = [r + s; Ty s € r © a ® by s © a ® c}, 


whence 

( 1 ) 

(2) 


o 0 (6 © c) = l.u.b. Sy 
(o 0 b) © (a 0 c) = l.u.b. T. 


Sec. 51 THE POSITIVE REAL NUMBERS 313 


It mil be shown that S — T, so that the desired result mil follow from 
(1) and (2). First let z eS. Then there exist x,ye^ mth 

(3) z = X x©a, y©b ® c. 

By (18.5.6.a) applied to h, c, y (in place of a, &,/), there exist/i,/ 2 € ^ 
such that 

( 4 ) y = fi + f2, fi @ b, /2 @ c. 

From (3), (4), we have 

z = X • y = X ■ ifi-{- f2) X X 

by (16.6.4.e). Define r = x ' fi, s = x * fi, whence 

(5) 2 = r + s. 

Now by (18.5.6.b), (3), (4), r@a ® b; similarly s @ a ® c. Hence, 
in view of (5), z e T. This proves S (Z T. 

Conversely, let zeT, whence there exist r, s e ^ such that 

(6) 2 = r + 5, r ® a ® 6, s @ a ® c. 

Applying (18.5.6.b) to a, b, r and to a, c, s (in place of a, b, f) we obtain 
the existence of Xi, /i, Xz, /a e ^ such that 

(7) r = xi‘/i, s = X2*U, xi,X2©o„ fi©b, f2©c. 


By (6), (7), 

(8) 2 = r + s = Xi • /i + ^2 • /a- 

If xi = X 2 , define x = xi = xz, gi = fu 02 = A, whence, by (8), (16.6.4.e), 

(7), 

(9) z = X • {gi-{- 92 ), x©a, gi©b, g 2 ©c. 

If xi © xz, define x = xz, let w be the reciprocal of x, and define ^1 = 
Xi^fi* w, gz = / 2 . Then 

X ■ (gi+ 92 ) = X • (xi '/i ■ w? 4 -/ 2 ) 

= {X • W) ■ (ll • /l) Xz •f2 
= V • {xi • fi) + X2 • /a 

= Xi • fi-\- Xz *f2 = z; 

moreover, x © a, gz©c are obvious by (7), and gi©b follows since 

Ql • Xz — Xi ' fi * w ‘ X = Xi • fi < Xz ' fl = fl * 

from which ©A (we had /. © 6 by (7)A Hence again (9) holds^ A 
similar argument establishes (9) m case xj © xi. Now, by (9), (18.5.6.a;, 

it follows that . ^ ^ 

y = gi“\- 92 ©^ ® 


and, by (9), (18.5.6.b), it follows that z = x • 2 /«-S. The proof that 
T c S is complete, whence also S = T, and the desired result follows. 
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Operations ©. ® on (P X CP to CP analogous to those introduced for 
previous number systems have now been defined. The system 
(CP, c, ©, (S') is referred to as an algebraic system of positive real 
mimbers. We conclude this section with a result on isomorphism of 
systems of positive real numbers. 

(18.5.8) Theorem: Let (cPi, ®i, vi, Oi) and (CP2, @2, t^2, O2) be 
basic systems of positive real numbers, and let (CPi, @1, ©1, ®i) and 
(CP2, e’2. @2, ©2, (S'2) be ike corresponding algebraic systems of positive 
real numbers. Let (p be an isomorphism between (CPi, @1, ci, Gi) and 
(CP2, @2, e'2. O2). Then <p is also an isomorphism between (cPi, ri, @1, 

01, ® 1) and (CP2, E'2. @2. ©2, ©2). 

Proof: It is to be shown that, for every r, se (Pi, 

(1) v?(r) ©2<p(s) = ©is); 

( 2 ) *p{r) ®2 </>(s) = Ar ®i s). 

We prove only (1); the proof of (2) is left for the reader. Let (5i, vi, Gi) 
and {^2, f’ 2 , G 2 ) be the respective basic systems of positive rational num¬ 
bers. Then, by (18.4.6), 

(A = (sP(/);/€ ^^i) 

is an isomorphism between (Ji, ri, Gi) and (t72, ^’ 2 , G 2 )- Furthermore, 
by (16.10.2), yp is an isomorphism between the algebraic systems 
< 1 ,+!, Xi) and (CT 2 , c-., < 2 ,+ 2 . X 2 ) of positive rational num¬ 
bers corresponding to (fFi, ci, Gi) and (:T 2 , f 2 , G 2 ), respectively. Thus, 

for every/, g e Ji, yj/{f) +2 \p{g) = \p{f + 1 g), 

whence 

(3) for every f,g€ JTi, v?(/) +2 <f(g) = *p{f + 1 o)- 
Now let r, s € (Pi, and define 

( 4 ) S = C/+i( 7 :/, ge tFi,/®i r, g ©i s], 
so that 

(5) r 01 s = l.u.b. S. 

Then, by (4), 

<p{S) = Mf -\-i g);f,g^ i^uf©\ r, g©is']. 

But, bj^ (3) and the fact that carries ®i into ©h, 

(6) ^(S) -= Mf) +2 <p(g');f, g e ;Ti, ^(f) @2 ^(r), >p(g) ©3 ip(s)J 
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From (6) and the fact that i/' is a one-to-one correspondence between 
3^1 and ^ 2 , it is easy to show that 

(7) ip{S) = [p +2 g; p, V € 3=2, p @2 <p{r), q @2 ^(s)]; 
details are left for the reader. By (7), 

(8) <p{t) ©2 v’(s) = l.u.b. <p{S). 

From (5), (8), (17.4.9), we have 

<pir ©1 s) = (p(r) ©2 (p{s), 
and the proof of (1) is complete. 

(18.5.9) Project: Prove (18.5.4.b). 

(18.5.10) Project: Prove (18.5.6.b). 


(18.5.11) Project: Prove (18.5.7.a)-(18.5.7.d). 

(18.5.12) Project: Let n e /, let (6^; m e h) be an n-tuple in 3=, and 
let 0 6 3=. Prove that 


® bm) = O ® 

m» 1 



18.6. The Algebra of the Positive Real Numbers. [Basis: (cP, 
O); Axioms: I-V.] This section is devoted to a continuation of the 
theory of (18.5), with particular emphasis on interconnections between 
the operations ©, ® on (P X (P to (P and the relation @ on (P X £P. 
We shall find further similarities between the algebraic system of positive 
real numbers and its algebraic system of positive rational numbers. 


(18.6.1) Lemma: ^ i_ / 

(a) Letae <9, ft 3=. Then there exists gt^ such that g^a^a^g-t J- 

(b) Let at (P, / 6 3=, ©f. Then there exists gt^ such that g©o.,a©g^f. 
Proof of' (a): By (18.3.10), there exists he 3? such that a©h. If 

/ = m/n, h = p/q, we have 


Hence 

( 1 ) 

Define 


11 - 

H = •/©“]• 


By (1), H so that H has a least element h by (9.3.9). Clearly 




(2) 
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Suppose first that A:o = 1- Then, by (2), a@/. By (18.3.10), there 
exists g^'5 such that g©a. Moreover, / < + / by (16.7.5), whence 

from a ©/ it foUows that a @ + /, and the desired result is proved. 

Now suppose fco > 1- Define p = ko 1, so that p e H, and 

(3) Y'/go¬ 

lf (p/1) • / @ a, define g = (p/1) • /• Then ff @ a is obvious, and 

so that the desired conclusion holds. In view of (3), it remains to con¬ 
sider only the case (p/l) •/ = a. In this case a e Since 1 e' H, it 
follows that (1/1) * / g a. Thus, by (16.7.6.g), 

since evidently 1/2 < 1/1. Hence (1/2) • f < a, and, by (16.7.5), there 
exists g € ^ such that 

I •/ + !7 = 


It follows that g < a, and that 

g'\- f = + = 

this establishes g © (i and o © g f. The proof is complete. 

Proof of (b); Since / > e, there exists, by (16.7.5), he 5 such that 

(1) / = e + h. 

Also, by (18.3.10), there exists k e ^ such that 

( 2 ) k © a. 

By (18.6.1.a), applied with/replaced by k • /), there exists U J such that 

( 3 ) I ©a, a©l-^ (k-h). 

Suppose first that 

(4) I S k. 

Then define g = k. We have g ©a by (2), and 

g 'f = fc • (e + /i) D^y (1)1 

= k • z* “{•' k • h 

^k + (k- h) 

^ + (A* • h) [by (4), (16.7.6.d)] 

® (I [by (3)], 

whence a©g • f. It remains only to treat the case 

(5) k < I. 
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Here define g = I, so that g©ahy ( 3 ). Moreover, 

g ‘f = Z • (y + /i) Cby (1)] 

= Z + (Z • /i) 

>l+(k-h) [by ( 5 ), ( 16 . 7 . 6 .g), ( 16 . 7 . 6 .d)] 
@ a [by ( 3 )]. 

The proof is complete. 

We turn now to the proof of an analogue of ( 18 . 5 . 6 ) in which @ is 
replaced by The converse parts are not proved here since they ^vill 
be easy consequences of a later result ( 18 . 6 . 6 ). 

( 18 . 6 . 2 ) Theorem: Let oi, (P, / € 3 ". Then, 

(a) iff® ai e ^2, there exist gi, g^ e 9 = such that 

/ = 4" ^2) g \ ® ® 02; 


(b) if f®ai® 02, there exist Ai, A2« 5 such that 

/ = Ai • A2, Ai ® ai, A 2 @ 02. 

Proof of (a); Since ai ® 02 ®/, there exists, by ( 18 . 3 . 7 ), h c such 
that 

( 1 ) ai 0 a 2 @A, A@/. 


Since A < /, there exists get? such that 

( 2 ) h + g = f 

by (16.7.5). We now apply (18.6.1.a) with a, / replaced first by a, 
( 1 / 2 ) • 9 and then by 02 , (1/2) • g. It foUows that there exist h, fe . 5 

such that ^ 

(3) fci @ oi, oi @ fci + 2 * 

( 4 ) fc2 @ 02, 02 @ A2 + I * g- 

By the definition (18.5.2) of a, © 02 , it Mlows that h + t 
wLnce, by (1), h+k,© h. By (16.7.6.d), (2), it follows that 

(5) ki+ k2-{- 9 < g = f- 

Now, by (5), (16.7.5), there exists I € fF such that 

(0) ki + k2 + g + ^ = f- 


Define 
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whence it follows from ( 6 ) that gi-\r gz = f- But, by (16.7.5), (3), (4), 

gi > + 

!72 > A:2 H- I • !7 ® 02. 

whence @ oi, ff 2 ® 02 . This completes the proof. 

Proof of (b): Since ai ® 02 ®/. there exists, by (18.3.7), ^ < JF such 

that 

( 1 ) ai ® a2©h, h ©/. 

Now (JF, 0 is a group [by (16.6.5)], whence there exists g such that 

( 2 ) h-g = f. 

We have, by (1), 

h*v = h<f=^h'gf 

so that, by (16.7.6.h), v<g. Now, by (17.3.2) there exists k t JF such that 

( 3 ) V < A- 2 , k^ < g. 

Since = v < k"^, it follows from (16.7.6) that v < k. Hence we may 
apply (18.6.l.b) with a,f replaced first hy Oi, k and then by 02 , A-, obtain¬ 
ing the existence of Ai, A' 2 « JF such that 

(4) Ai@ai, ai@A*i'A, 

(5) A 2 @ 02 , 02 @ A *2 • k. 

By the definition (18.5.2) of ®, we have, since A'l ® oi, A 2 ® os, 

A*x • A ‘2 2 Oi ® 02 . 

Thus, by (1), Ai • A *2 < k. Moreover, by (3), (2), 

ki-k 2 -k^ < h-k‘ <h-g 

so that 

(6) A-x . A 2 • < /. 

The elements in ( 6 ) are in whence, again by the group property of 
(JF, •)» there exists ( 7 ' e CF such that 

(7) Ax • A 2 • A2 

It follows that g' > v, since other^^^se 

/ = Ax • A 2 • A- • g' ^ Ax • A 2 • A^ • t« = Ax • k% • 

</ 

whence f < f, contrary to the irreflexive property of <, 


[by (6)1 
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Now define 

hi = ki • kf h 2 = k 2 • k • g'. 

Then 

hi • hz = h ‘ k 2 ^k^ ‘ g' = f [by (7)]; 

also hi ® tti by (4), and 

h 2 = k 2 ‘ k ' g’ > k 2 ’k@a 2 [by (5)], 

so that A 2 @ 02 . The proof is complete. 

The next result states an important group property of the system 
(CP, 

(18.6.3) Theorem: If a, fee CP, then there exists c e CP such that fe = 
a 0 c. 

Proof: Define 

>S = [^ e there exists/e JF such that o @/, / • ^ @ &]. 

It will first be sho^^m that S is non-empty and bounded above. By 
(18,3.10), there exist /, A e £F with a©f, h©h. By (16.6.5), there 
exists g e CF such that f * g = h. It follows that g e S, whence S ^ 

To prove that S has an upper bound, note first that there exist kif 
k 2 e^ with b©k 2 [by (18.3.10)]. By (16.6.5), there exists 

k € (F with ki-k ^ * 2 - Suppose that k is not an upper bound of S, that 
is, that there exists g € S such that g > k. Since g ^ S, there exists 

/ € JF such that 

(1) f©a, f'g©h. 

It is now shown that 


(2) a 0 g / * £?■ 

Suppose the contrary, whence f • g©a ^ By (18.5.6.b), there 
exist hi, ^2 € such that 

f • g = hi • h 2 , hi ©a, h 2 <■ k. 

It follows that f < hi (assumption of the contrary leads to an u^edi^ 
contradiction in view oi g > h). But then, by the transitivity of @ 
/©a, contrary to (1). This contradiction proves (2). Sunilarly [with 

the help of (18.6.2.b)i, it is shown that 

(3) ki ‘ k ® a ® k. 

By (2), (3) and the transitivity of g, 


f • g ki ‘ k — k2, 

whence, since h©h, f-g®h, contrary to (1) 
proves that k is an upper bound of S. 


This contradiction 
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Now, since S 0 and 5 is bounded above, S has a least upper bound 
c « (P by I. It is to be shown that a ® c = b. To this end, we first show 
that a ® c g 6, and then that a ® c @ b is impossible. Define 

T = [_x ■ y, x,y e 5 , X @ a, !/ @ c]. 


By the definition (18.5.2) of 

(4) a <S> c = l.u.b. T. 

If it is sho^vn that h is an upper bound of T, then it is clear that a ® c 
g b. Let X, x®a, y©c. Since c = l.u.b. 5, and y©c, it 

follows that y is not an upper bound of S; hence there exists 2 e S such 
that y©z. The property 2 e implies the existence of w? € SF such that 

( 5 ) a©w, w z©h. 

By (5), since x © a, we have x < w, whence 
( 0 ) X • y < w • z ©h. 

From (6) we infer that every element of T is @ 6, so that b is an upper 
bound of T. By (4), 

(7) a ® c § b. 

Suppose now that a ® c©h. There exists i « fF such that 

a ® c©ty t©b 


by (18.3.7). By (18.6.2.b), there exist r, s e JF such that 

(8) i = r • s, r@a, s@c. 

But a©r, r-s = t©b yield s « S. Since c is an upper bound of S, 
5 g c, contrary to (8). This contradiction, with (7), establishes a ® c = b 

and completes the proof. 

The familiar connection [see (16.7,5)] between @ and © is now to be 
established. 


(18.6.4) Theorem: // a, b c (P, then a @ b ?/ and only if there exists 

c € CP such that b = a © c. ^ 

Proof: First suppose that there exists c c CP ^^'ith b = a © c. By 
(18.3.10), there cxists/e J such that/@c. Now, by (18.6.1.a), there 

exists {7 € (F such that 

<7 ©a, a@j7 + /. 

But £7 + /§a©cby the definition (18.5.2) of ©. It follows that 

a © a © c = b 

by the transitivity of @. 

Conversely, suppose a © b. Define 

S = [^ € iSt; there exists / € fF such that a ©/, / + (7 @ ^3* 
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The steps of the remainder of the proof are to show that S is non-empty 
and bounded above, to define c = l.u.b. S and to prove that 6 = a © c. 
These steps are quite similar to the corresponding parts of the proof of 
(18.6.3), and details are left to the reader. Note that here (18.5.6.a) 
and (18.6.2.a) are used instead of (18.5.6.b) and (18.6.2.b), inasmuch as 
we are dealing here with © rather than ®. 

An important corollary of (18.6.3) is the following. 

(18.6.5) Theorem: The system (CP, is a commutative group; the 
elemerd v is the identity of {(?, ®). 

Proof: The associative property of ® has been proved [see (18.5.7.d)]. 
Commutativity was shown in (18.5.7.c). The other two group axioms 
are immediate from (18.6.3) and commutativity. To show that v is 
the identity of (cP, 0) let r e CP. Then, define 

S^Lf-g; g©v-], 

so that r ® V = l.u.b. S. It will be shown that also r = l.u.b. *S. First, 

if € iS, then there exist /i, gi^ ^ such that h = fi • ffi, /i ® r, < v. 
Then = /i © r by (16.7.6.g), whence r is an upper bound of S. 

Now let s be any upper bound of S, and suppose s©r. By two applica¬ 
tions of (18.3.7), there exist fi, /s e such that s @/ 2,/2 </s, /s © ?*. 
Since (JF, •) is a group, there exists « JF such that £72 - /a = h But 
g,<v (since otherwise f, = g, ^ v ^ h ^ fz). Since furthermore 
/a © r, it foUows that /a * £72 € S. But s©f 2 =h‘ £72, which contradicts 
the fact that s is an upper bound of S. This show^s that r is the least 

upper bound of Sy and the proof is complete. 

We are now ready to assert the various interconnections among ©, 
0, © similar to those proved for positive rational numbers m (16.7.6). 

(18.6.6) Theorem: Let a, 6 , c e CP. Then 

(a) a©h implies a © c© 6 © c; 

(b) a©c©5©c implies a © b; 

(e) a©h implies a ® c©b ® c; 

(d) a 0 c © 6 <S> c implies a©h. 

Proof of (a): If a @ there exists d e <P such that a ® d = b by 
(18.6.4), Hence 

(o © c) © d = (a © d) © c 

= 6 © c, 


whence a®c©6©c by (18.6.4). 



322 


THE ANATOMY OF MATHEMATICS [Ch. 18 

Proof of (b) ; Let a © c @ & 0 c and suppose that a @ b is false, so 
that 6 g a. It follows from (a) (with a, b mterchanged) that 

iXi h & r a. 


contrary to the hypothesis. Hence a©b . - , k 

Proof of (c) : If a @ 6, there exists d e (P such that a © d = 6. 


Hence 


{a ® c) ® (d ® c) = {a ® d) ® c [by (18.5.7.e)] 

= 6 0 c, 


and a 0 c @ 6 ® c by (18.6.4). ^ ^ ^ • i rw 

Proof of (d): This is similar to the proof of (b) and is left to the 

reader. 

Corollaries of (18.6.6) are the familiar “cancellation laws”; 


(18.6.7) 

(a) 

(b) 


Theorem; Let a,b, c e (P. Then 

a © c = b © r wiplies a 
a 0 c = b 0 c iinpUcs a 



Proof - This is immediate from (18.6.6.b) and (18.6.6.d) in ^dew of the 
fact that @ is a linear ordering of iP; the detailed proof is left to the 

reader. 


(18.6.8) Project; T.ot a. b, c, d « (P ^^'ith u @ b, c @d. Prove that 

a © c @ b © d luid a 0 c @ b 0 d. 

(18.6.9) Project: Prove that, if c, be (P, then « @ b if and onh if 
@ bK 

(18.6.10) Project: For a e (P, lot a"* denote the inverse of a in the 
group ((P, ®). Trove that, if a @ c, then a"* @ r, luid that, if a @ r, 

then a”‘ @ v. 

(18.6.11) Project: Prove the following companion to (18.6.^). 
Let ae (P, /c 5, /® c- Then there exists (? c such that g -/©o. 

a©g. 

(18.6.12) Project: Let a « (P, b « with r®b. Prove that there 
exists n € I such that a @ b". (Heiv b” is defined as in (12.4.1).) 


(18.6.13) Project: Let a€ (P, b< fl, b@t’. 
n € I such that b" ® u. 


Prove that there exists 


18.7. Conclusion. [B.^sis: ((P, ©, r, O); .\xioms; I-V.] At this 
point it is well to examine to what extent a positive i-eal number s>'stem 
accomplishes its objective, namely, to furuisli a mathematical measuring 

scale. 
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First, it is clear that a positive real number system is at least as satis¬ 
factory a measuring device as a positive rational number system. For, 
according to (18.3.3), a positive rational number system exists ^vithin 
every positive real number system. Hence all the “positions” on the 
ruler (17.1.2) which are designated by elements of J are also designated 
hy certain elements of CP, namely, those in 3^. But CP contains many 
elements not included in (F, since (P is not countable while ^ is countable. 
(Elements of CP — ? are usually called irrational numbers.) 

In order to be certain that the number scale is represented by (P, it 
would be necessary to prove that (CP, @) is isomorphic to (measuring 
scale, “is to the left of”). Since this is evidently impossible, because 
of the intuitive character of the latter “system,” we are forced to rely 
on intuitive methods for gauging the extent to which the objective has 
been accomplished. For example, one feels that the linear ordering of CP 
forces all the elements of CP to designate points on the scale. And one 
can use positive real numbers as though they do represent points of the 
scale properly, exercising constant vigilance for discrepancies. 

That positive real numbers do not possess the specific defect of posi¬ 
tive rational numbers, namely, that no x « exists with = 2/1, will 
now be sho^vn. This result is but one of many tests to which ( CP, v, 

®, 0) might be put in the quest for evidence on which to base our belief 
in the effectiveness of positive real numbers as a measuring scale. A 
lemma is proved first. 

(18.7.1) Lemma: Lei a, b e <P suck that a©b. Then there exists 

f € ^ such that a©p,P ©b. rj. -t-v. 

Proof: By (18.3.7), there exists/i e such that a ©fiji @ b. ihen, 
again by (18.3.7), there exists /s € if such that /i ®/ 2 , fi © b. Fmally, 
by (17.3.2), there exists fe 5 such that fi ©P, P ©P- Then, by the 

transitivity of ®, a©p,P©b. 

(18.7.2) Theorem: There exists x e CP such that = 2/1. 

Proof: Define 

< 2 / 1 ]. 

Then S is bounded; for example, 2/1 is an upper bound. ^1®°-f ^ 
empty, since 1/1 . S. Then, by 1(d), there exists a 
* of S. It vviU be shon-n that = 2/1 by ^hat x-@2/1 and 

x2@2/l are impossible. Suppose first ^ ® <’2/f 

(18.7.1), there exists g e such that ® ^ contra- 

geS. But, since x^©g^f we have x©g ’ 2 /i 

diets the fact that x is an upper bound of . ow 
Then, again by (18.7.1), there exists h e ^ such that 2/1 

Now, to every f\ S,P< 2/1 < whence f < and / < A. Thus 
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u Blit h- ^ whence h©x, contrary to the 

Luhr'l^rel bo- ™. oo„p,e« tbe p„.>. 

We fg“foTth^ origTally used in an 

the next cha^c Therefore we shall replace them henceforth by 

the system of positive real numbers will be 

placements is shown by (18.3.6). (18.5.4), (18.6.5). 

(18.7.3) rnoJECT: Prove that, if a, 5 e (P with a © b, then there 
exists c c tP — ^ such that a @ c, c @ &• 


Chapter 19 

THE REAL NUMBERS 


19.1. Introduction. [No Basis.] It was indicated in (18.7) that a 
positive real number system appears to provide a satisfactory mathe¬ 
matical measuring scale. Yet there is one obvious shortcoming, namely, 
positive real numbers designate points of only a “half-linerather than a 
full line. In (17.1), after the discussion of a three-inch ruler, it was 
stated that the scale would henceforth be considered as extending “in¬ 
definitely to the right”j simultaneous extension both to the “right arid 
to the “left” was not envisaged and is not reflected in the structure of 


the positive real number system. 

It is quite easy to see intuitively how one might describe positions on a 
whole line if one has already obtained a method for describing positions 
on a half-line. Ail that is required is to choose, at random, some point 
on the line and note that this point divides the line into two half-lines, 
each extending from the chosen point indefinitely, one to the right and 
the other to the left. Positions on each of the two half-lines can then 
be described by a positive real number system; all that is necessary is to 
distinguish by some device positions and designations on t e e t o 


the break-point from those on the right. 

This intuitive description of the considerations leading to an exten¬ 
sion of the positive real number system is so simple that it seems now 
quite remarkable that it did not occur to mathematicians for many 
centuries. The reason seems to be that positive real num ers (or a va^e 
approximation to them) were used primarily as des^nations or 
of line segments, rather than for points on a line. Thus the entire moti¬ 
vation for devising an extension was probably lacking. 

When finally an extension of the positive real number systein wa 

made, which extension was capable of representing an en ire ' 
algebraic rather than geometric considerations tha urms e ^ . 

motivation. SpecificaUy, the defect that finally became a su^ient 
irritant to stimulate mathematical invention is, expressed m terms ot 


our notation, that ((P, -f) is not a group. freouentlv 

The reader wiU have observed in the preceding chapter how Jre^ ^ 

it was convenient to introduce a new positive rea ™m ® ’ _ 

two existing ones, / and g, by the requiremen a / ... j 

process occL repeatedly in proofs and indeed m aU uses of positive 
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numbers. However, it is clear that such an x exists only if y gf. How 
one objective of algebra (for example, present-day high school algebra) 
is to use the operations +, • ^^^th numbers whose size is not yet known; 
the final step in the process is the determination of the size (value) of the 
numbers involved. In particular, it is often desirable to determine an x 
in terms of / and ff, without knowing in advance whether or not / > g is 
true. Evidently this process could be carried out without exception if 
it were true that, for every f, g, there exists x such that/+ ^ = g- But 
this would be precisely the retjiiircment that ((P, +) be a group (since + 
is associative and commutative). 

How, of course, (CP, -h) is not a group, so that if the demands of 
algebra are to be met, it becomes necessary to devise a system similar to 
the positive real number system which has the group property. At the 
same time, it is desirable that the numbers of the new system serve as 
designations for points of a full line. 

19.2. Axioms for Real Numbers. [Xo Basis.] In this section we 
shall set forth a system of axioms for real numbers. On this occasion it 
will prove more convenient to place in the basis a relation ^) and opera¬ 
tions 0,0, rather than a more primitive operation. Thus we choose as 
basis (R, @,0,0) where R is a set, @ is a relation on R X R and 0, 0 
are operations on R X R to R. The axioms are chosen to retain, as far 
as possible, the properties of an algebraic system ((P, e, <,+,*) of 
positive real numbers but will impose the requirement that (R, 0) form 
a group. 

Tlie foundation of the theory of real numbei*s is as follows: 

Basis: (R, ®, 0, 0), where R is a set, ® is a relation on R X R, and 

0 and 0 are operations on R X R to R. 

Axioms: 

I. (Ri ®) is A one-dimensional continuum, that is, 

(a) there exist o, b tR with a 9 ^ h; 

(b) the set R is linearly ordered by ®; 

(c) for every a, 6 e R such that o ® 6, 11101*0 exists x e R such 
that a ® ;r and .r ® 6; 

(d) every non-empty (lower) subset of R which is bounded 
above has a least upper bound. 

II. (R, 0) is a commutative group, that is, 

(a) for every a,teR, 006 = 600; 

(b) for every o. 6, c € R. (o 0 6) 0 c = a 0 (6 0 c); 

(c) for every o, 6 e R, there exists .r e R such that o 0 x = 6. 

The identity element of the group (R, 0) is denoted by 0. 

The set []r c R; 0 ® r] is denoted by P. 
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III. (P, is a subsystem of (R, (gt) and is a commutative group, 

that is, 

(a) if a, 6 € P, then a ® 6 € P; 

(b) if a, 6 € P, then a (g 6 = 6 g a; 

(c) if a,b,ce P, then (a (g 6 ) ® c = a g (6 (g c); 

(d) if a, 6 6 P, then there exists x cP such that a ® x = b. 

IV. The operation g is “doubly” distributive with respect to ©, 

that is, 

(a) if a, 6 , c € R, then (a © 6) g c = (a g c) © (6 g c); 

(b) if a, b, c e R, then a g (6 © c) = (a g 6 ) © (a g c). 

V. If a, 6 e R such that a @ 6 , then, for every CfR, a©c@ 6 ©c. 

Any system (R, ©, g) satisf 3 dng Axioms I-V is called a system of 

real numbers. Elements of R are called real numbers. 

Remark : It should be observed that g on R X R to R is not assumed 
to be associative or commutative; it will be proved from the weaker as¬ 
sumption III that g does have these properties. The necessity of 
assuming both distributive laws IV(a) and IV (b) is due to the absence 
of an axiom of commutativity for g. It should be mentioned that the 
density requirement 1 (c) is actually a consequence of the remaining 
axioms, although this fact is by no means obvious. Hence, in the inter¬ 
est of independence, 1 (c) could be omitted from the above list. 

19.3. Definition of an Instance. [No Basis.] The axioms are proved 
consistent, as usual, by the construction of an instance. Since the task 
is somewhat more extensive than in preceding chapters, we shall devote 
this and the next three sections to it. The instance A\dll be constructed in 
terms of a system of positive real numbers. Again, as in (18.2), consist¬ 
ency will depend ultimately on consistency for positive integers. Now 
it would be possible to follow indications given in (19.1) for the con¬ 
struction of a full line from a half-line, thus obtaining a mathematical 
treatment of this geometrico-intuitive procedure. However, we find it 
algebraically more satisfying to employ equivalence classes of pairs of 
positive real numbers in a manner similar to that employed for the 
construction of an instance of positive rational numbers [see (16.3)]. 

For the remainder of the section, (CP, <, v, O) is a basic system of 
positive real numbers, satisfying Axioms (18.1.I)-(18.1-V), and (CP, y, 
<,+,•) is the corresponding algebraic system. Before defining the 
set R of the instance, we introduce the appropriate equivalence relation. 

(19.3.1) Definition: Define ^ on (CP X (P) X (CP X CP) thus: 

~-C(Kn). (P,?))^( 0 ’X (P) X((PX (P):m+3 = n+p]. 

Thus (w, n) (p, q) if and only ifmH-^ = 
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(19 3 2) Theorem: The relation ^ is an equivalence relation. 

Proof • It is to be sho^vn that is reflexive, symmetric and transitive. 

First the reflexive law is obvious, that is, for every m,nt (?, (m, n ~ 
(m, n ). since m + n = a + m by the commutativity of +. The sym¬ 
metric’ law also follows from the commutativity of +. Suppose m,n,p, 
q, (Pand(m,n)~(p,9),sothatm-b9 = n+P- Then p 4-n = gm, 
whence (p, q) To prove — transitive, assume wii, ni, nw, n^, 


W 3 , Rs € 

(P and 



( 1 ) 

{mit Ri) 

^ (m2, R2) and 

(m2, Ri) {mzt Rs)- 

Then 




( 2 ) 


mi + R 2 = 

Rl "H 7712) 

and 




( 3 ) 


m2 + Rs = 

712 4 " mz. 

By (2) 

and ( 3 ), 



( 4 ) 

(mi + 712 ) 

1 + (m2 + R3) = 

(ni + m2) 4 - (R2 4 “ mz) 


Since -f is a commutative and associative operation on (J> X (P to (P, it 
is easy to see that (4) yields 

(rni + na) + {m 2 + R 2 ) = («i + "*») + 

or, by the “cancellation'* rule (18.6.7.a), 

mi + n3 = + mz. 

Hence 

(m\. ni^ (ma. Rs). 


This completes the proof. 

(19.3.3) Definition: If (m, r) € (P X (P, define (m, n) to be the 
equivalence class of (m, 71), that is, 

(a) (m, nl ^ [(p, q) t (P X (P; (»», n) ~ (p, g)]. 

Also, define 

(b) R - [(m, r) ; (w, n) e (9 X 

Remark : The general ideas and theorems pcrtnining to equivalence 
relations and equivalence classes are found in (15.3). Free use will be 
made of these results. 


The next lemma prepares for the definition of ® on R X R* 



Sec. 3] 


THE REAL NUMBERS 


329 


( 19 . 3 . 4 ) Lemma: If wi, wi, ?/i2, ^2, pi, Qu P2, ^2 e CP that 

{mu Hi) ~ (?n2, n2), (pi, qi) ~ (p2, $2), 

if 

miqi < rii ~\- pu 

then 

nviq-i < -{■ p2- 

Proof: Since (wi, nO ~ {m^, W2) and (pi, 91) (p2, 52)1 

(1) mi + 712 = ni + ?n2, 

and 

( 2 ) Pi + ?2 = 9 i + P2. 

By (1) and (2), 

( 3 ) (mi + $1) + (712 + P2) = (ni + Pi) + (7772 + 52). 

Now 

( 4 ) mi + gi < Til + qu 
Suppose 

( 5 ) 77 i 2 + 32 < 712 + P2, 

SO that, by 1(b), 

( 6 ) 7 i 2 + p 2 ^ 77 i 2 + 32 - 

By (4), ( 6 ), (18.6.6.a), 

(mi + 3i) + (7i2 + P2) < (Til + pl) + (7712 + 32)- 

But this contradicts (3) and shows that the assumption ( 5 ) is impossible. 
This completes the proof. 

( 19 . 3 . 5 ) Corollary : Let T*, s € R. Then one of the following is true: 

(a) for every (m, n) e r, (p, 3) c s, m + 3 = 7 i + p; 

(b) for every (m, 7 i) c r, (p, 3) e s, m + 3 < ti + p; 

(c) for every (m, n) c r, (p, 3 ) « s, m + 3 > 7i + p. 

Proof: Let r = {mi, ttiJ, s— (pi, 3 i 1* Then, since (P is linearly 
ordered by <, one of the following is tme: 

(1) mi + 3 i = 

( 2 ) mi + 3 i < 

(3) mi + 3i > + Vi¬ 
la case ( 1 ), (mi, nf) ^ (pi, 31). so that r = s, and (a) is true. For eveiy 

(m, 7i) c r, (p, 3) € 5, it is true that (mi, rii) — (m, n) and (pi, 31) ^ 

Hence, in case (2), ( 19 . 3 . 4 ) yields 

Tw + 3 < ^ + P* 

and (b) is true. Similarly (c) follows if (3) holds. 
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( 19 . 3 . 6 ) Definition: Define 

© = Lir, s) € R X R; ( 19 . 3 . 5 .b) is true]. 

Thus r © s if and only if, for every (wi, n) e r and (p, q) e s, it is true that 
m q < n -i- p. 

Next we turn to the definitions of operations ©, ® on R X R to R. 
Again a preliminary lemma is proved. 

( 19 . 3 . 7 ) Lemma; Let mi, ni, pu Qi, ^2, K2, P2, ?2 c <? such thai 
{mi, Til) ^ (?«2, «2) and {pi, gO ^ (p2, 92)- Then 

(a) {mi + pi, Til + 9 i) (^2 + P2, Ti2 + 92); 

(b) {mi • pi + • 9i» TTii ■ 9i 4 - Til ■ pi) 

(T7i2 • P2 + ”2 • 92, Tii2 • 92 4 “ ^2 • P2). 
Proof: Let {?ni, ni) (Tii2, Ti2) and (pi, 91) (p2i q^), so that 

( 1 ) ?»1 4 - Ti2 = Til + T/i2, 

and 

( 2 ) Pi + 92 “ 9 i 4- p2. 

Then, by ( 1 ), ( 2 ), 

( 3 ) (/Til 4 - pi) + («2 + 92) = («1 + 9O + ("'2 + P2)- 

But ( 3 ) proves (a). To prove (b), note that, by ( 1 ) and the distributive 
law ( 18 . 5 . 7 .e), 

( 4 ) TKi • Pi 4 “ Ti2 • pi = Til • pi + T/i2 * pit 
and 

(5) Til • 5i 4- T?i2 • 9i = • 9i + Ti2 • 9i- 

Hence, by ( 4 ), ( 5 ), 

(6) (ttii • Pi + Til • 91) 4 - (Ti2 • Pi + TTi2 • 91) 

= (Till • 9i + • PO + ('''2 • Pi + Tia * 90- 

But, by ( 2 ) and ( 18 . 5 . 7 .e), 

( 7 ) TTia • pi + Tiia • 92 = th2 ■ 9 i + ^'*2 • pa, 
and 

(8) Ti2 • + Ti2 • p2 = Tia • pi + Tia • 9 j. 

Then, by ( 7 ), (8), 

( 9 ) (TTi2 • 51+ TI2 • P2) 4 - (th 2 • Pi + Tia • 9 i) 

= (TTi2 • P2 + Tia • qt) + (iia ‘ Pi + Wa • 9 i)- 
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Now, by ( 6 ) and (9), 

(10) {i7ni •pi+ ni‘ qi) + (m 2 • ^2 + ^2 • P 2 )) 

4- ((«2 • Pi + m 2 • qi) + (m 2 • Pi + n 2 • gO) 

= ((w3i • (7i + rii • pi) + (m2 • P2 + ri2 • 72)) 

4- ((n 2 ' Pi 4- m 2 • 7i) 4- (m 2 • Pi 4- • 7i)). 

From (10) and the ‘‘cancellation” law (18.6.7.a), we have 

(mi • pi 4“ • 7 i) 4“ (m 2 • 72 4- W 2 • P 2 ) 

= (mi • 7i 4- • pi) 4 - (m 2 • P 2 4- ■ 72 ), 

and (b) is proved. 

(19.3.8) Corollary: Let r, seR. Then 

(a) there exists a unique x e R mch that, if (m, n) € r, (p, 7 ) e s, then 

(m 4- p, n 4 - p) € 2 *; 

(b) there exists a unique y eR such that, if (m, n) e r, (p, 7 ) e s, then 
(m ‘ p 4" w * 7 » m • 7 4- n • p) e 7 . 

Proof: Let mi, ni, 71 , pi € (P such that 

(1) r = (mi, Kil, s = [pi, 7il- 
Then define 

(2) X ^ (mi 4“ Pij 4" 7il J 

(3) y = {mi • Pi 4- wi • 71 , mi • 71 4- * Pil- 

Now, for every m, n, p, 7 such that 

(4) (m, n) € r, (p, 7 ) « s, 

it is seen that (1) and (4) yield 

(5) (m, n) ^ (mi, nO, (p, 7 ) (Pl 7i)- 

By (5), (19.3.7.a), 

(m 4 - p, n 4- 7 ) ^ (^1 + Pi' 

whence (m + p,n+g)ex. Hence the existence is proved. Now sup- 
pose x' e R satisfies (a). Then, by (1), 

( 6 ) (mi 4- Pu 4 - 7i) € 

It foUows from (6) and (2) [see (15,3.2)] that = :r This completes 
the proof of (a). The proof of (b) is similar and is left to the reader. 

(19.3.9) Definition; Define operations ®, ® on R X R to R so that, 
for every (r, s) € R X Rt 

(a) r ® s is the unique a: e R satisfymg ; 

(b) r ® s is the unique y € R satisfying (19.3.8.b;. 

(The unique existence of i and i/ are proved in (19.3.8).) 
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It is to be proved in the following three sections that the system 
(R, as defined in (19.3.3), (19.3.6), (19.3.9), is a system of real 

numbers. 

19.4. The Relation [Basis: (CP, <, cj, O); Axioms: (18.1.1)- 
(18.1.V).] In this section we begin the task of proving that the system 
(R, ®) defined in (19.3) is a system of real numbers. First some 

of the properties of the relation @ ^nll be determined. 

(19.4.1) Theorem: R is linearly ordered by that is, 

(a) for every r < R, r r; 

(b) ifr,S€R such that there exists t € R unih r @ t and i @ s, then r @ s; 

(c) for every r, s € R, it is true that r = s or r @ s or s @ r. 

Proof: This is immediate from the definition (19.3.6) of @ and Axiom 

(18.1.1.b). 


(19.4.2) 

Theorem: Let r, s,t,ut R. Then 

(a) 

r@s implies r 0 < @ s 0 

(b) 

r 0 i @ s 0 i implies r @ s; 

(c) 

r@s, t@u implies r 0 < @ s 0 u. 


Proof: This is left for the reader; use is made of (19.3.6), (19.3.9) and 
(18.6.6). 

(19.4.3) Corollary: The system (R, 0, ®) satisfies Axiom V. 

Proof: This is a restatement of (19.4.2.a). 

It is convenient for later purposes to single out two specific elements 
of R. 

(19.4.4) Definition: Define 

0 = \v, v\, w ^ 1 p+ e, v]. 

(19.4.5) Corollary: 0 @ w. 

Proof: This is immediate from the definition (19.3.6) of since 

The next definition recalls the definition of P and introduces a com¬ 
panion set. 

(19.4.6) Definition: 

P- [reR;0®r]; 

N ^ [r e R; r @ 0]. 

If r e P, then r is called positive; if r c N, then r is called negative, 

(19.4.7) Corollary: R = P + N + [0]. 

Proof: This is obvious from (19.4.l.c). 
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(19.4.8) Theorem; Let r c R. Then 

(a) r e P ij and only if there exists m e (P such that r — {m-\- v,v]; 

(b) r e N if and only if there exists me (9 such that r — ft', m + t'j. 


Proof; To prove (a) let r = {p, ?] « P with qe (P. It follows that 
ip) ?! ® f^'» whence 

(1) p + v> q-}- V. 

By (1) and (18.6.4), there exists m e (P such that 

( 2 ) p V = (q v) m = q {m v). 

But, by ( 2 ), (p, 5 ) ~ (yn + &, v), so that 

r = (p, ?! = {^ + ^ tf\. 

Conversely, if r = »1, then clearly 

r = {m H- y, z*) @ {v, z*! = 0 

since m + z» + t;>z' + z'; hence r e P, and (a) is proved. The proof of 
(b) is left for the reader. 

It will now be shown that (19.4.8) leads to an isomorphism between 
({P, <, +, ■) and (P, ®, 0, ®). 


(19.4.9) Definition ; Define 

^ = {\m Vj v] \ m € CP). 

Thus, for every m « CP, fp{m) — {m + zj, p). 

(19.4.10) Theorem: <p is a one-to-one correspondence leiween <9 and P. 
Proof: Clearly domain of »> = 9; it was sho\vn in (19.4.8.a) that 

range of = P- Hence it suffices to show that, if m n, then 

{to + v,v] 9 ^ {n + V, »}. Suppose {to + 0, »1 = {«• + ''Ij 

(to + », ») ~ (n + V, »), whence m+v+v = n+v+v, and to - n 

by (18.6.7.a). This contradiction completes the proof. 


(19.4.11) Theorem: Ifm^ne <9, then 

(a) <p{m) @ <p{n) if and only if m < n; 

(b) <p(m) 0 p(n) — 

(c) p(m) (S> <p{n) = <p(rn • n). 

Proof: The proof of (c) is typical. It is to be shown that 

{ to +», »} ® {n+v,v} = {m-n+v,v]. 
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By (19.3.9.b), 

|m v,v] 0 {n + V, v\ 

~ \(m v) • (n v) V ’ V, (m v) • V (n -{• v) * v] 

= [m ' n ~\- V, v\. 

The proofs of (a), (b) are left for the reader. 

(19.4.12) Corollary; The system (P, @) is a one-dimensional con^ 
tinuum. 

Proof: By (19.4.10) and (19.4.11.a), (P, @) is isomorphic to ((P, <). 
But ((P, <) is a one-dimensional continuum by (18.1.1). Hence (P, @) 
is a one-dimensional continuum by (17.4.10). 

(19.4.13) Corollary: The system (R, ©, ®) satisjks Axiom III. 

Proof: Let r, s € P. By (19.4.10), there exist in, n e (P such that r = 

s = ip{n). Then, by (19.4.11.c), r ® s ^ ip{m • n) eP, whence 
(P, ®) is a subsystem of (R, ®). Now, by (19.4.10) and (19.4.11.c), 
(P, <S>) is isomorphic to ((P, *)• But ((P, ■) is a commutative group by 
(18.6.5). It is now easily sho\\Ti that (P, <S>) is a commutative group; 
detailed proof is left for the reader [compare ^vith Project (14.2.20)]. 

(19.4.14) Project: Prove that, if r « R, s € P then r @ r + s. 

(19.4.15) Project: Prove that, if p, <7 € (P, then (p, © (g, p) = 0. 

(19.4.16) Project; Complete the proof of (19.4.13). 

(19.4.17) Project: Let r, s € R with. r@s, and let t e P. Prove that 

(r ® 0 @ (s ® 0- 

19.6. The Operations ©, (g). [Basis: ((P, <, v, O); Axioms: (18.1.1)- 
(18.1.V).] In this section we continue the task of proving that (R, 

(g)) is an instance of a real number system, \\dth special attention 
to the operations ©, 


(19.5.1) 

(a) 

(b) 

(c) 

(d) 

(e) 


Theorem: Let n, r^, rz t R. Then 

ri © r 2 = ra © n; 

(n © Fa) © rs = n © (ra © rz); 

Fi ® r2 = rs ® Fi; 

(fi ® rz) ® Fa = Fi ® (r2 ® rz); 

Fi ® (rz 0 Fs) = (fi ® rz) © (fi ® rz). 


Proof: Let 

(1) Fi = (?«i,nil, F2 = {W2,n2l, rz - {ms,ns}, 

with mi, mz, ms, ni, nz, ns € (P. Then, by (19.3.9), 

(2) Fi 0 F2 = (mi + m2, ni + ns), 

(3) F2 0 Fi = jmo + mi, nz + ru). 
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But, since + is commutative, it follows that n 0 r 2 == rz © n. This 
proves (a). The proofs of (b), (c), (d) are similarly straightforward and 
are left for the reader. The most difficult part, (e), \vi\\ now be proved. 
By (19.3.9) and (1), 

r2 0 rs = \nh + m 3 , ^2 + nz\. 

Hence, again by (19.3.9), 

(4) Ti ® {tz © rz) 

= {mi • (m2 + m3) + ni • (?i2 + nz)y mi • (712 + riz) + ni • (m2 + ms)). 

Similarly, . 

r\ ® Tz = {mi ■ m 2 + ni • 772, mi ■ 712 + ni • m 2 !, 

and 

7*1 ® Ts = |mi • 7rt3 + Til • 713, mi * 773 + Til • m3! . 

Hence 

(5) (n ® r 2 ) © (t*! ® rs) = ((mi ■ m 2 + 77i * 772 ) + (mi • m 3 + tii * 773 ), 

(mi • 772 + Til • 7712) (mi • 713 + Til • m3) | - 

It is easily shoAvn, from (4), (5) and the commutative, associative and 
distributive laws for +, • [see (18.5.7)], that 

ri (S> (r 2 © rz) = (ri ® rz) © ( 7*1 ® rz). 

(19.5.2) Corollary: The system (R, ®, ©, ®) satisfies Axiom IV. 
Proof: This is immediate from (19.5.1.e), (19.5.1.c). 

(19.5.3) Theorem: (R, 0) is a group. 

Proof: It is to be proved that the group axioms are satisfied for the 
system (R, 0). Thus it must be shown that, 

( 1 ) for every n, r2, 7-3 e R, 

(ri © r2) © rs = T-i © {rz © rz)\ 

(2) for every ri, r 2 e R there exists x € R such that 

n © x = 7*2; 

(3) for every ri, rzeR there exists y e R such that 

2/ 0 ri = r 2 . 

Now ( 1 ) is true by (19.5.1). To prove ( 2 ), let 

( 4 ) n = (mi, nil, ^2= {7712,712! 

with mi, mz, n\, nzt (?, and define 

a: = {7712 + Til, mi + 712I e R- 

Then, by (19.3.9), 

(5) r, © X = {toi + + m), + (mr + n^))- 

Now, by (15.3.2), n © x = rz follows when it is proved that 

(6) {rm, Tn) ~ (TOi + + «i)- 
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But (6) is easily verified and is left for the reader. Finally, (3) follows 
from (2) and the fact that 0 is commutative. 

(19.5.4) CoROLiiARY: The system (R, 0, ®) satisfies Axiom II. 

Proof: The system (R, 0) is a group by (19.5.3) and is commutative 

by (19.5.1.a). 

Since (R, 0) is a group, there is, by (7.3.3), a unique identity element 
in R. It will be shown that this identity element is the element 0 defined 
in (19.4.4). 

4 

(19.5.5) Theorem: The clement 0 is the identity element in (R, 0). 
Proof: It is to be shown that, for every r c R, r 0 0 = r. To this end, 

let r = \p,q\. Then 

r 0 0 = (p, 7l 0 { v , p) 

= |p-f p] 

= Ip, = r. 

Since (R, 0) is a group, each element of R has an inverse element ^see 
(7.3.6)]. In groups in which the group operation is denoted by + 
(or 0) it is customary to use a different notation for inverse elements 
from that of (7.3.6). 

(19.5.6) Definition: Let r € R. Then the inverse of r in the group 
(R, 0) is denoted by — r. 

(19.5.7) Corollary: Let r € R. Then r 0 (—r) = 0, 

Proof: This is a restatement of the definition of an inverse in view of 
(19.5.5). 

(19.5.8) Corollary: Lc/r c R. Then —( —r) = r. 

Proof: This is a restatement of (7.3.7) in the present notation. 

(19.5.9) Project: Let r, sc R. Prove that 

(a) (— r) ® s = — (r 0 s); 

(b) r 0 ( —-s) = — (r 0 s); 

(c) ( —r) 0 ( —s) = r 0 s. 

(19.5.10) Project: Let r, s c R with r @ s. Prove that (—s) © (“>■)• 

19,6. Consistency of the Axioms. [TBasis: ((P, r, G); Axioms: 
(18.1.I)-(18.1.V).] In this section we complete the proof of the fact 
that the axioms for real numbei's are consistent by sho^^ing that the 
instance (R, ®, 0, 0) as defined in (19.3) satisfies those axioms, 

(19.6.1) Theorem: The system (R, 0, 0) satisfies Axiom I, tkatiSt 

(R> ®) is a onc-dimcnsional cojitinuu7n. 
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Proof: Axiom 1(a) is trivial since R P and (P, @) is a one-dimen¬ 
sional continuum by (19.4.12). That 1(b) holds has already been shoAvn 
in (19.4.1). To prove 1(c) let a, b eR vdth a @ fc. Define 

ai = a ® ( — a) © w and hi = b ® ( — a) 0 w. 

Then ai = w by (19.5.7), (19.5.5), whence ai e P by (19.4.5). Also, by 
(19.4.2.a), ai @ 5i, whence hi e P. Since Qi, foi e P and since (P, ®) is a 
one-dimensional continuum, there exists ci e P such that ai @ ci, ci @ bi. 
But then, by (19.4.2.a), if c is defined by c = ci ® a © (-w), we have 
a @ c, c ® 6. Finally, to prove 1(d), let 5 be a non-empty subset of R 
which is bounded above. Let a e S and define 

Si = [r © ( —g) © w; r e jS] • P- 

Then 5i cz P and iSi is non-empty since w e Si. Also Si is bounded above; 
in fact, if c is an upper bound of S, then c © ( “g) © w is an upper bound 
of Si, as is easily seen from (19.4.2.a). Since (P, @) is a one-dimensional 
continuum, there is a least upper bound b of <Si. Then it is easily shown 
that 6 © a © ( — w) is a least upper bound of S; this is left for the reader. 

(19.6.2) Theorem: The system (R, ®, 0, ®) is a real number system. 
Proof: The system (R, @, 0,®) satisfies Axiom I by (19.6.1), 
Axiom II by (19.5.4); Axiom III by (19.4.13); Axiom IV by (19.5.2); 

and Axiom V by (19.4.3). 

19.7. The Multiplicative Group. [Basis: (R, ®, ©,®); Axioms: 
I-V.] In this section we begin the study of the consequences of Axioms 
I-V for an abstract system of real numbers. No use is to be made of the 
material pertaining to the specific instance of (19.3)-(19.6). e se 
is defined, as in the axioms, to be [r « R; 0 @ r]. 

(19.7.1) Definition : Define 0 to be the identity of the group (R, ©). 
For every a € R, let -a denote the inverse of a m the group (R, ffll- 
Finally, let w be the identity of the group (P, ®). 

(19.7.2) COROLLAKY: For every a € R, 


(a) a ® {-a) = 0; 

(b) -(-a) = a; 

(c) 0 @ w. 

Proof: That (e) is true follows from w € P. Also (a), (b) are immediate 
from the definitions of an identity and an inveise. 

(19.7.3) THEOREM:Lefa,5.R. Then a © h if and only if there exists 

Proof: This is immediate from II and V; details are left for the reader. 
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(19.7.4) Theorem: If a, b € R such that a@b, and if c e P, then 
a ® c @ b ® c. 

Proof: By (19.7.3), there exists x eP such that a 0 x = b. Then 
(a (S' c) 0 (x <S> c) = b ® c by IV(a). But x (S> c e P by Ill(a). Then 
a 0 c@h ® chy (19.7.3). 

(19.7.5) Theorem: For every a, b eP , if a then —a@ —b. 
Proof: Suppose a @ b and —a g — b. Then, by V, 

a 0 ( — a) @ b 0 ( — a), 
b0 ( — a) gb0 ( —b), 

whence 0 @ 0, contrary to the irrefiexive property of 

(19.7.6) Definition: Define 

N = [re R; r® 0] 

(19.7.7) Corollary: R = P + N + [0]. 

Proof: Since ® is a linear ordering, it follows that, for every reR, 
r @ 0 or r = 0 or 0 @ r. 

(19.7.8) Theorem: For every reR, 


(a) 

i/r e P, then —r e N; 

(b) 

7/ r e N, then —r e P; 

(c) 

-0 = 0. 


Proof: First, (c) is tnie since the identity is its own inverse in any 
group. If re P, then 0@r, whence, by (19.7,5), — r@ —0 (= 0) and 
— r e N. This proves (a). The proof of (b) is similar. 

(19.7.9) Theorem: For every reR, 

(a) 0 ® r — 0; 

(b) r ® 0 = 0. 

Proof: From the distributive law IV(a), it follows that 

0 ® r = (0 0 0) r = (0 (gi r) 0 (0 ® r), 

whence 

0 = (0 ® r) 0 (-(0 (g) r)) = (0 ® r) 0 ((0 0 r) 0 (-(0 0 r))) 

= (0 0 r) 0 0 
= 0 0 r. 

This proves (a). The proof of (b) follows in a similar way from rV(b) 
and is left for the reader. (Caution: Remember that 0 on R X R to R 
is not kno^vn to be commutative.) 

(19.7.10) Theorem: For every r, s e R, 

(r) (“?*) 0 s = —(r 0 s); 

(b) r 0 ( —s) = — (r 0 s). 
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Proof: By (19.7.9.a), 

0 = (r © ( —r)) ® s 

= (r ® s) © (( —r) (g» s ) [by IV(a)]. 

Then 

— (r ® s) = ((r ® s) © ( —(r (g) s))) © ((—r) ® s) 

= 0 © (( —r) (gi s) = ( —r) ® s. 

This proves (a). The proof of (b) follows in a similar way from (19.7.9.b) 
and IV(b); this is left for the reader. 


(19.7.11) Theorem: For every r 6 R, 

;*<gw = w0r = r. 

Proof: If r e P, this is true by the definition of w as the identity element 
of the group (P, ®). If r = 0 this is (19.7.9). Finally, if rcN, then 

-reP. By (19.7.i0.a), 

r ® w = —((— r) © w) = —( — r) == r. 

Similarly, by (19.7.lO.b), 

w igi r = — (w 0 (—r)) = — ( — ?*) — 


(19.7.12) Theorem: The system (R, ®) is not a group. 

Proof: It will be shown that it is not true that, for every r, s e R, there 
exists X € R such that r ® x — s. Let s € R, s 0 and define r = 0. 
Then there does not exist x e R such that 0 0 x = s, since, for every 
xeR, O0x = O?^sby (19.7.9). 

(19.7.13) Theorem: The system (R - [0], ®) “ subsystem of 

(R, 0) and is a commutalive group. . 

Proof: First it is shown that (R — [0], 0) is a subsystem, ^ 
that if a, b € R - [0] then a 0 6 « R “ [0]- To this end, suppose a 0 6 - 

0. Since a 0, it follows that aeP or a eH. If a « P, 
impossible, since otherwse a 0 b € P by 111(a)) contrary to a • 

But then beN, whence -6 e P by (19.7.8), and a ® (-b) « P, contrary to 

a ® (-b) = -(a ® b) = -0 = 0 . 

The case acN similarly leads to a contradiction; details are left for 
the reader. 

Now it is shown that 


( 1 ) 

(2) 

(3) 


ivery a, b 6 R — [0], a0b b0 , h^ 6ii c 

jvery a, b, c € R - L^J) a ^^9 ^ ^ ^ 

every a, b e R - [0], there exists x * R - [0] such 

X = b. 
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To prove (1), we consider separately the four cases, 

a € P, he?; 
aeP, b € N; 
a e N, 6 e P; 
a € N, b € N. 


In the first case, (1) follows from the fact that (P, ®) is a 
group [Axiom III]- In the second case, -b e P, whence 


co: 


mil 


utative 


a® b = -(a® (-b)) =-((-b) ® a) = b ® a. 


The other two cases are treated similarly and are left for the reader. 

The proof of (3) can be accomplished by considering the same four 
cases and the proof of (2) by considering eiglit cases. Details are left 

for the reader. 


(19.7.14) Corollary; The element w is the identity of the group 
(R - [0], ®). 

Proof: This is immediate from (19.7.11). 

(19.7.15) Definition: The inverse in the group (R — [0], ®) of an 
element a e R - [0] is denoted by a-K 


(19.7.16) Corollary: For every a € R — [0], 

(-a)-* =-(a-0. 


Proof: This is left for the reader. 


(19.7.17) Corollary: Lei a, b, c e R. Then 


(a) 

(b) 


a®b = b®a; 

(a ® b) ® c = a ® (b ® c) 


= 0 


Proof: If a 5 ^ 0 and b 0 then (a) is true by (19.7.13). But, if a 
or b = 0, then (a) is true by (19.7.9). The proof of (b) is similar. 

(19.7.18) Project: Complete the proofs of (19.7.3), (19.7.8), 
(19.7.9), (19.7.10), (19.7.13). 


(19.7.19) Project: Provo (19.7.16), 

(19.7.20) Project: Let a, b e P with a @ b. Prove that b ' @ o '• 

19.8. The System of Positives. [Basis: (R, ®,®); Axioms; 

I_V.] Tliis section will treat in some tletail properties of the system 
(P, ©. ®)- The main result is that an operation O on / X P to P 
may be defined so that (P, ®, w, O) is a basic system of positive real 

numbers. 
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(19.8.1) Theorem: The systein, (P, 0, is a subsystem of 

(R, e, ®). 

Proof: It is to be shown that, 


(1) for every o, b € P, a 0 b € P; 

(2) for every a, b e P, a 0 b e P. 

To prove (1), note that, from 0@a, 0@b it follows by V that 
a @ a 0 b, whence 0 @ a 0 b by the transitivity of Axiom III 
yields (2). 

An operation G will now be defined with the help of an extension of 
the operation 0; the notations and results of Chapter 12 will be used. 
In particular, the remark in (12.2.7) will serve to remind the reader of 
the significance of the notation to be used. 

(19.8.2) Definition: Define an operation O on 7 X P to R so that, 
for every (m, r) el X P, 

m 

7n O T — 2 ^- 


(19.8.3) Corollary: The operation O fs on 7 X P to P. 
Proof : It is to be sho\vn that, for every r € P, m € 7, m O r e P. 
is proved by induction. Let re? and define 


This 


Now 1 eH since 


H = e 7; ^ ^ J 


cz 7. 


1 

2?* = re?. 
J-1 


Suppose qeHySO that 6 P. Then 

'Sr = (2r) 0 r, 

j-i V-i / 

which is in P by (19.8.1). Thus i7 = 7 and the proof is complete. 

(19.8.4) Theorem: Let m, n el and r, s c R. Then, 

(a) ifm<n, then m O r ® n O r; 

(b) ifr©s, then m O r©m O s. 

Proof: By (12.4.2), 

n m ^ 

This proves (a). The proof of (b) is by induction. Define 

H ^[mel;m O r@m O s}. 
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Then 1 < H, since lGr = r@s=10s. Suppose qtH, whence 

% © % 

Then, since r @ s, 

2^ = ( 2^1 ® r @ (2s) © s = 2® 

^-1 v-i / v-i / j-i 

by V, and 5 + 1 € H. Then H = I and the proof of (b) is complete. 

(19.8.5) Corollary: If m 1 1, r, s e R sv/:h that m O r = m G s, 
then r — s. 

Proof; This is immediate from (19.8.4.b). 

(19.8.6) Theorem: Let m, ne I and r, s € R. Then 

(a) m G (n G r) = (m • n) G r; 

(b) (m G r) G s = m G (r ® s). 

Proof: By (12.4.4), 


m / n \ m • n 

2(2-)- 2- 

J~l v-l / 


This proves (a). The proof of (b) is by induction and is very similar to 
the proof of (12.2.8); it is left for the reader. 

(19.8.7) Theorem: Let me/. Then there exists xeP such that 
m G X = w. 

Proof: Define a: = (m G w)~*. Then 

(1) (m G w) G X = (m G w) G (m G w)~* = w. 

But, by (19.8.6.b), 

(2) (m G w) G X = m G (w G x) = 7n G x. 

By (1) and (2), m G x = w. 


(19.8.8) Theorem; For every a, 6 e P, there exists me I such that 
h@m Q a. 

Proof: Suppose this false, so that, for every m « J, m G o § 6. Then 
the set 

S = [in G a; m c /] 

is non-empty and bounded above hy h. Hence, by I, tliere is a least 
upper bound c of S. Since c is a least upper bound, c 0 (—a) (@ c) is 
not an upper bound. Then there exists j e I such that 

c © (-a) @ j G o. 

But then, by V, 

c®(jOa) ©a = (j+ 1) Ga, 
contrary to the fact that c is on upper bound of 5. 
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(19.8.9) Theorem: Let a, 6 « P with a©b. Then there exist x eP and 

4 

m, n € I such that 

x@b, m O X = n O w. 

Proof: Since a@b, there exists, by (19.7.3), y eP such that 

(1) a © 2 / = &. 

By (19.8.8), there exists me I such that 

(2) w @ m O 3 /. 

Now the set 

(3) [j € /; m O fe g y G w] 

is not empty, by (19.8.8). Let k be the least in the set (3), so that 

(4) m O 6 2 fc O w. 

Now A: > 1. For, if A: = 1, then m O 6 g w and, since y @ & by 
(1), mOy<mObhy (19.8.4.b), whence m Q y©w contrary to (2). 
Define n = k — I and 

(5) X = n O {m O w)~^. 

It is first proved that m Q x = n O By (5), 

(m O w) ® a: = (n O (m O w)-^ G (w O w), 

whence, by (19.8.6.b), 

m O a: = n O w. 

It is next shovTi that i @ 6. Suppose 6 g a:, that is 

6 g n O (m O w)-^ 

Then, by (19.7.4), 

(m G w) G 6 g (n O (m O w)-^ G (m G w), 
whence, by (19.8.6.b), 

m G b g O w, 

and n is in the set (3). But this contradicts the fact that A: = n + 1 is 

the least in (3); this contradiction shows that i @ fc. 

FinaUy, it is shown that a © x . Suppose i i a, that is, 

n O (m O w)“^ g a. 

Then, since A: = n + 1, 

(6) kO (mO w)-* = (n O (m G w)-*) 0 (m O w)-* 

g a 0 (m G w)”^ 

But, by (19.8.6.b), 

m O y = M O (w ® 2 /) = (to O w) ® 2 /, 

w @ (m G w) G 2/- 


so that, by (2), 
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Then, by (19.7.4), 

(7) {m G w)-^ @ y. 

From (6), (7), (1), we have 

k O {rn O w)“* @ a ® y = 6, 

whence 

A;Ow@(7reGw)®6 = mG6. 

But this contradicts (4). 

(19.8.10) Theorem: The system (P, @) is a one-dimensional con- 
iinuum. 

Proof: It is to be shown that (P, @) satisfies (17.3.I)-(17.3.rV). 
Axiom (17.3.1) is obvious since wcP and wGwcP, w 5 *^w©w. 
Axiom (17.3.II) is an immediate consequence of the fact that R is linearly 
ordered by Axiom (17.3.Ill) is true by (19.8.9). Finally, to prove 
(17.3. IV), let *8 cz P with 5 0 such that S is bounded above. Then, 

since (R, @) is a one-dimensiona continuum, there exists a least upper 
bound 6 € R of (S. Since S is non-empty, there is an element a e S. Then 
a Q b. But a € jS c P, whence 0 @ a. Then 0 @ 6, and 6 € P. It is im¬ 
mediate that 6 is a least upper bound of ^8 in (P, @). 

(19.8.11) Theorem: The system (P, w, O) is a basic system of 
positive real numbers. 

Proof: The system (P, w, G) satisfies (18.1.1) by (19.8.10); 
(18.1.Il.a) by (19.8.9); (IS.l.II.b) by (19.8.7); (18.1.III) by (19.8.4.a); 
(18.1.IV) by (19.8.4.b); and (18.1.V) by (19.8.6.a). 

(19.8.12) Project: Prove that Axiom 1(c) is dependent on the re¬ 
maining axioms (and so can be removed from the list of axioms). 

(19.8.13) Project: Prove (19.8.6.b). 

19.9. Project. fNo Basis.] Prove the following tw^o theorems. 

(19.9.1) Theorem: Let (R, @, ©, G) be a system of real nuyriberSf let 
(P» w, G) 6c the basic system of positive real numbers as in (19.8), 
and let (P, w, +, •) be the corresponding algebraic system of positive 
real nuinhers. Then (P, w, -F, •) is a subsystem of (R, w, ®, ©, ®), 
so that (P, w, ®, -h, •) = (P, w, @, ©, G). 

Outline of Proof: Introduce the system (R^, @^©^ defined 
from (P, w, ®, -F, .) as in (19.3). Let (Pt, ©t, ®t) be the sub¬ 
system of “ positives” in (R^ ©t, GO- Define a function ^ on P to P^ 

by defining, for every m « P, ^(?/i) = {w -F w, wj. Then sliow that ^ is 
an isomorphism between (P, w, @, -F, •) and (Pt, {w-F w, w}, @0 

[see (19.4.9), (19.4.10), (19.4.11)]. Also define a function tp 
on R to R^ thus: 
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f I m + w, w} if m e P 

<p{m) = I jw, wj if m = 0 

[ {w, { — m) + w] if w € N. 

Then show that <p is an isomorphism between (R, 0 , igi) and 

(R^ 00- Note that i/' = (<p(rn); m eP), so that cp carries 

P into Pt. Finally, since (pt, 0 t^ (g,t) jg a subsystem of (R^ 

0^ show that (P, w, +, •) is a subsystem of (R, w, 0, 0 ). 


(19.9.2) Theorem: The axioms for a system of real numbers are 
categorical. 

Outline of Proof: Given two systems of real numbers (Ri, @i, 0i, 
0i) and (R 2 , @ 2 , 02, 02), let (Pi, wi, @ 1 , 0i, 0i) and (P 2 , W 2 , @ 2 , © 2 , 
02 ) be the algebraic system of positive real numbers such that 
(Pi) @ 1 ) 01) 0i) and (P 2 , @ 2 , © 2 , 02) are subsystems of the original sys¬ 
tems. Then there is an isomorphism <p between (Pi, wi, @i, 0i, 0i) and 
(P 2 , W 2 , @2) 02) 02)- Define ^ on Ri to R 2 thus: 



if m e Pi 
if m € Ni 
if w = Oi. 


Prove that \f/ is an isomorphism between the original systems. 


19.10. Subsystems of a System of Real Numbers. [[Basis: (R, @, 0, 
0); Axioms: I-V.] Before introducing the many subsystems of (R, @, 
0) 0), we shall again simplify the notation by replacing 0, 0 by 
<, +, ■, recognizing that the context will make the meaning clear. 
Moreover, in order to bring the notation closer to that in common use, 
we shall replace w by 1, again depending on the context to clarify the 
meaning. 

One (algebraic) subsystem of (R, 1, <, + , *) already studied is (P, 1, 
<)+) *) [see (19.8), (19.9)]. Applying (18.3.3), (18.3.6), (18.5.4), we 
see that (P, 1, <,+)*) contains a subsystem of positive rational num¬ 
bers, and, applying (16.10.1), we find a further subsystem of positive 
integers. Hence it is to be expected that (R, 1, <,+)*) has subsystems 
of these types also. We shall tabulate these together with other impor¬ 
tant subsystems after introducing the necessary subsets. 

(19.10.1) Definition: Define 

(a) I = 

(b) F = [a: -y-^; x, t/e Q; 

(c) E ^ l+[0] + C-a:;a:€G; 

(d) T = F + [0] + l-x; X € F] = [a: • a:, 2 / € E, y OJ. 

Remark : It should be noted that icFczT, icEcT, IcrFczP 


]=[ 


n O l;nel 
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We tabulate various (algebraic) systems based on the various subsets 
now available. 

System Name of System 

(a) (P, 1, <, +, •) system of positives 

(b) (P + [0], 1, <, H", •) system of non-negative real numbers 

(c) (F, 1, <, 4“, •) system of positive rational real numbers 

(d) (F -\- [0], 1, <, +, •) system of non-negative rational real numbei's 

(e) (!,!,<,+, •) system of positive integral real numbers 

(0 (I + [0]. <. "hi •) system of non-negative integral real numbers 

(g) (T, 1, <, +, •) system of rational real numbers 

(h) •) sijstcm of integral real numbers 

(19.10.2) Table 

(19.10.3) Theouem; The systems in (19.10.2) are subsystems of 

(R» <, +» ')• 

Proof; The proof for (a) has been made [see (19.8.1)]. Proofs for 
the remaining systems are straightforward and are left to the reader. 

(19.10.4) Remark: It should be observed that many interrelations 
exist among the systems in (19.10.2). For example, (h) is a subsystem 
of (g). Furthermore, certain of the systems are of types considered 
earlier. Indeed, by (19.9.1), (a) is an algebraic system of positive real 
numbers. Moreover, (c) is an algebraic system of positive rational 
numbers, and is, in fact, that associated with (F, 1, •), which may be 
proved a basic system of positive rational numbers. Finally, (e) is an 
algebraic system of positive integers, namely, that associated ^^^th 
(h 1» ( 2 :+ 1; ;r € 0), which may be proved to be a basic system of positive 
integers. It would, of course, be possible to find appropriate axioms for 
each of the systems listed, although tliis has not been necessary for our 
purposes. 

Once a real number sj’stem and its subsystems have been made avail¬ 
able, it is customary to discard for purposes of future work the systems 
Uf <, +, ■)) {Ty u, <, -f-, •), ((P, Vy <, -f, •), replacing them by their 
counterparts (19.10.2.e), (19.10.2.c), (19.10.2.a). All the properties 
proved in the earlier chapters hold for the systems wdthin (R, 1, <, + , •). 

Of course, such a replacement is entirely optional, but it possesses certain 
advantages. 

For many purposes, the systems (T, 1, <, -f, 0, (E, 1, <, +, •) are 
more useful than systems of positive rational numbers and of poatiw 
integers, chiefly because of the facts contained in the next theorem. 
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(19.10.5) Theorem: The systems (T, +), (E, +), (T — [0], •) are 
groups. 

Proof : This is left to the reader. 

Similarly, (I + QO], 1, <, +, •) possesses advantages over a system 
of positive integers. The next theorem illustrates tlois fact. 

(19.10.6) Theorem: If m e I, n € 1 + [0], then there exist unique 
elements 5 , r € I + [0] such that 

(a) n = m ' q + r and r < m. 

Proof: If m < n and m n, this is a consequence of (9.4.9); in fact, 

r € I in this case, so that 9 7 ^ 0, r 0. If m < n and m | n, then, by 
the definition of |, there exists q « 1 such that n = m ' q, and (a) is true 
with r = 0. The uniqueness in tliis case is easily demonstrated and is 
left for the reader. If w = w, then g = 1, r = 0 are effective in (a), and 
again uniqueness is easily sho\Mi. Finally, if n < m then q = 0, r = n 
are effective and are again unique. This completes the proof. 

Remark: The reader should note that (19.10.6) implies both (9.4.9) 
and (9.8.1), and thus effects a simplification in their combined statement. 

(19.10.7) Project: Prove that R, P, N are uncountable, and that 
F, T, I, E are countable. 

(19.10.8) Project: Prove (19.10.3). 

(19.10.9) Project: Prove (19.10.5). 

(19.10.10) Project: Prove that, if a, 6 e R with a < 6, then there 
exists X €J such that a < x, x < b. 



Chapter 20 
FIELDS 


20.1. Introduction. [No Basis.] In the preceding chapters many 
mathematical systems have been introduced and studied briefly. In 
particular, some of these systems have been referred to as “number 
systems.” Let us briefly consider two of these, the real number system 
and the rational real number system [see (19.10.2.g)]. While these sys¬ 
tems are by no means alike (isomorphic), since, for example, the set of 
real numbers is uncountable, while the set of rational real numbers is 
countable [see (19.10.7)], they do have many common properties. For 
example, two associative operations +, • appear in each system; (R, +), 
(R — [ 0 ], •) and (T,+), (T — [0], •) are commutative groups; also, 
+ and • satisfy the distributive laws (19.2.IV) in each S 3 ’’stem. It follows 
that mathematical systems ma^^ possess strikingly similar properties, 
although they are not isomorphic and so possess also strikingly different 
properties. 

Until the beginning of the present century, most mathematical work 
with such systems as were known was directed toward stud>nng the 
contrasts. Interest was centered on the special properties of each in¬ 
dividual system—in particular, those properties possessed by that sys¬ 
tem and by no other (not isomorphic to it). In the past few decades, 
however, increasingly more attention has been devoted to the similari¬ 
ties between systems—the properties common to various mathematical 
domains. 

The technique for comparative study is to accept a few of the common 
properties of the several systems as ax oms, thence to develop the conse¬ 
quences of those axioms alone. Such deductions mil of course be valid 
for any (kno^^^l or unknown) systems for which the axioms are true, in 
particular, for the original several systems. The resulting theory is a 
“unification” of the several theories mth respect to their common 
features. 

The reader has probably thought already of group theory in this con¬ 
nection. Several divei'se examples of groups were given in (7.2) and 
(14.3); more instances appeai*ed later, in the sj’^tems (F, •) of positive 
rational numbers, ((P, •) of positive mil numbers, (R, +) of real numbers, 
(R — [0], •) of non-zero real numbei's. Many further instances beyond 
our scope here have been found to be of great importance. In the theory 
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of groups, then, lie the common features of all these instances and still 
others. That such common properties are proved for all instances at 
one stroke, when they appear as deductions from the gi'oup axioms, 
is a powerful motivation for extensive study of groups. The primary 
purpose of the present chapter is to illustrate the principle of unifica¬ 
tion in the theory of number systems. We shall postulate a few com¬ 
mon properties of the rational real and the real number systems, 
namely, those pertaining to the operations +, •; subsequent deductions 
from the axioms will include those properties which are particularly 
interesting for the real (or rational real) number system, A secondary 
aim, namely that of extending the theory of Chapter 19, ^vill thus be 
achieved. The theory to be presented is the theory of fields) it is the 
springboard for much of modem algebra. 

20.2. Axioms for a Field. [No Basis.] The foundation of field 
theory is as follows: 


Basis: {K, + , •)> where A: is a set, and +, • are operations onKXK 
to K. 

Axioms: 

I. There exist a, b e AT with a 9^ h, 

II. {Kj +) is a commutative group: 

(a) a,hy ctK implies (a + 6 ) + c = a + (6 + c); 

(b) a, b e X implies a + b = b a; 

(c) if a, b e Ky there exists xe K with a + x = b. 

The identity of the group {K, +) is denoted by 0. 

III. For eveiy Oj by c e K, (a * b) • c = a * (b • c) (associativity). 

IV. For every u, b e Kj a * b = b • a (commutativity). 

V. li aybeKy a 9 ^ 0, there exists x e K with a • x = b. 

VI. If a, b, c e X, (a + b) • c = a ■ c + b • c (distilbutivity). 


Remark: In II, the third group axiom is lacing, since it follows ^om 
(c) in view of (b). Note that III, IV, V together do not state that {K, ■) 
is a group; the h 3 q)othesis a 0 in V makes this trio much wea er t ^ 
the group axioms. In (20.3) this matter is fully discus^d. It should be 

noted that a generalization arises if the commutativity 
provided mates of V and VI are appended, to the effect that a, & « A, 
o 0 implies the existence ofx eK with x • a — b, an t a c a 
c . a + c • b for a, 6, c e A. The system so obt^ed ^ 

quasi-field and division ring. We shaO not s u y qu^i > 

although many of the properties of fields are vahd also for q^^s. 

Finally, the notational conventions of (8.7) will be adopt 

With respect to consistency, we might readUy ^ 

(R,+, .) of real numbers, which satisfies our axioms [see (19.2.I.a), 
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(19.2.II), (19.7.17), (19.7.9), (19.7.13), (19.2.IV)]. However, simpler 
examples exist, which do not depend ultimately on consistency for the 
- positive integers. Perhaps the simplest is the following; 

(20.2.1) Example: K = [m, n], m ^ n; +, * are defined thus: 



m n 
in in n 

n n m 


m n 


m m m 

n m n 


Note that (iiT,+) is the commutative group in (7.2.1); moreover, 
0 = 7 n. Thus II holds. Now I and IV are obvious. In V, since a 0, 
we have a — n\ if b = m, then x = m, and if h = n, then x = n. 
Finally, III and VI may be verified directly. 

A simple proof that the axioms for a field are not categorical is ob¬ 
tained when one proves that the following example is a field: 


(20.2.2) Example: K = [p, q, r], where p, q, r arc pairwise distinct; 
• are defined thus: 



p q r 


p q r 



q r p 


r 


r P q 


V 

Q 


r 


p q r 

p p p 

p q T 

p r q 


It is left to the reader to verify the axioms for (20.2.2). Now, if this 
field is isomorphic to that of (20.2.1) [[use (14.2.10) for the definition of 
isomorphism], then «] Qp, g, r], which is false. 

Consequences of the axioms will be developed in the next sections. 


(20.2.3) Project: Verify III and VI for (20.2.1). 


(20.2.4) Project: Prove the axioms for (20.2,2). 

(20.2.5) Project: Give an alternate proof of the noncategorical 
feature of the axioms for a field xising the real numbers and the rational 
real numbers. What objection might be raised to this alternate proof? 


20.3. The Special Role of 0, []Basis: (Tv, + , •); Axioms: I-VI.] 

(20.3.1) Definition: If a € iv, define —a to be the unique inverse of 
a in the group (A', +). The element —a is called the negative of a. QSee 
(7.3.6) and the remark immediately following (7.3.6).] 
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(20.3.2) 

Corollary: Let a, 6 e X. Then 

(a) 

-(-a) = a; 

(b) 

a b implies —a 7 ^— 6 ; 

(c) 

-0 = 0 ; 

id) 

— (a + 6 ) = ( — 6 ) + ( — a) = ( — a) + (— 6 ). 


Proof: These results are restatements of the corresponding properties 
for a general group. Thus (a) is (7.3.7), (b) is (7.3.8), (c) is (7.3.12), and 
(d) is (7.3.13), in view of 11(b). 

(20.3.3) Theorem: For every aeif, a*0 = 0*a = 0. 

Proof: Since 0 is the unit of the group {K, +), we have 0+0 = 0. 
Hence, by VI, 

0*a = (0+0)*a = 0*a+0*a. 

Then, since —(0 - a) is the inverse of 0 • a, 

0 = 0 *0 + (-(0 • a)) = ((0 • a) + (0 • a)) + (-(0 - a)) 

= (0 .a)+((0*a)+(-(0 ‘a))) [byIII] 
= 0 * 0 + 0 
= 0 • a. 

That a • 0 = 0 follows from the commutativity IV. 

« 

(20.3.4) Corollary: If a, b, x e K stick that 6 7 ^ 0 and a * x — 6 , 
then x 7 ^ 0 . 

Proof: If x = 0, then 6 = a • 0 = 0 , contrary to 6 0. 

Remark: This strengthens V, in case 6 7 ^ 0 , to yield 2 : 7 ^ 0 . 

(20.3.5) Theorem: If a, beK such that a • 6 = 0, then a = 0 or 
6 = 0 . 

Proof: The proof is indirect. Suppose that a • 6 = 0 and the con¬ 
clusion is false, that is, a 7 ^ 0 and 6 7 ^ 0. By V, (20.3.4), IV, there 
exists X e K such that x • 6 = 6 , a: 7 ^ 0. By IV, V, there exists y e K 
such that y • a = X. Hence, by (20.3.3), 

0 = y- 0 = 2 /'a '6 = X '6 = 6 , 

contrary to 6 0 . 

(20.3.6) Corollary: If a, btK such thal a 7 ^ 0 and b ^ 0, then 

a • 6 7^ 0 . 

Proof: This is a contrapositive of (20.3.5). 

(20.3.7) Theorem: The system (K - [0], •) is a subsystem of (K, •); 

as such, it is a commutative group. 

Proof: In accordance with (14.5.3), it is first to be s own a 

a, 6 € X - [0] implies a-beK - [0]. 
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But this is exactly the statement of (20.3.6). In view of III, TV, it 
remains to show that 

if a, 6 € X — [ 0 ], there exists xeK — such that a • x = h. 

That X eK exists follows from V; since b 7 *^ 0, it follows from (20.3.4) 
that X e K — [03- 

(20.3.8) Definition: The unique identity of the group K — [0] is 
denoted by 1. li a e K — [0], the unique inverse of a is denoted by 
a~^ and is called the reciprocal of a. 


(20.3.9) 

(a) 

(b) 

(c) 

(d) 


Corollary: Lei a, 6 e X such that a, 6 5 *^ 0. Then 
(a->)-i = a; 

a 7^ h implies a~* 9^ 6 “^; 

1 -* = 1 ; 

(a • h)-^ - 6-* • a-> = a"* • 5-‘. 


\ 


Proof: This follows from group theory; in the present notation, (a) is 
(7.3.7), (b) is (7.3.8), (c) is (7.3.12), and (d) is (7.3.13) in view of IV. 


(20.3.10) Corollary : 

(a) 1 0; 

(b) if a € Kj then a • 1 = 1 • a = a. 

Proof: That I 7 ^ 0 follows from the fact that 1 « X — [0]. Clearly 
(b) holds i( a 7 ^ 0, by the definition of 1 as an identity of (X — [0], •)• 
But if a = 0, then, by (20.3.3), a*l=0*l— 0 = a and 1 ■ a = 1*0 = 
0 = a. 


One might naturally ask why the axioms are not formulated so that 
(X, •) is a group rather than the subsystem (X — [0], •). Suppose that 
V is strengthened to road 

V'. if a, 6 € X, there exists x e X with a • x = 6 , 

and that the other axioms are unmodified. It is now shown that the 
axioms become inconsistent. By III, IV, V', (X, •) is a group. Let 1 be 
its identity. Moreover, (20.3.3) holds in the modified system. Now 
apply V' with a = 0,b = 1, to obtain x c X with 0 • x = 1. By (20.3.3), 
0 • X = 0, whence 0 = 1 . Now if a e X, we have 

0 = 0*a=l*a = a. 

It follows that for every a, be X, it is true that o = 6 (= 0), in direct 
contradiction to T. Of course, there is no objection to stud>nng a system 
(X, +, •) in which X = [0], and (X, +), (X, •) are groups. Such a 
system satisfies trivially Axioms II, III, IV, V', VI, but its tlieoiy is com¬ 
pletely uninteresting. 
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The element 0 is thus seen to play a highly special role in the theory 
of a field; its character as a unit for {K, +) precludes the possibility of its 
possessing an inverse in the system {K, ‘)- 


(20.3.11) Project: Let neZ and (a„; mel^) be an w-tuple in K. 
Prove that 


(a) 


for every h eK, * 6) = ( 

m» 1 '//i =1 / 


[see (12.2)]; 




n 

0 for every m € In, then 

1 



(20.3.12) Project: Define F = ( — a; a e K), whence F is on to K. 
Determine whether F is an isomorphism between 

(a) K and K ; 

(b) (Z:,+)and(iC,+): 

(c) (f:, .)and(i^, 0 ; 

(d) {K, 0) and (K, 0); 

(e) (z:, l)and(F:, 1 ); 

(f) .)and(ii:,+, *)■ 

(20.3.13) Project: Prove that any isomorphism between {K, +, •) 
and {K, +, •) carries 0 into 0 and 1 into 1. 

(20.3.14) Project: Define a function F on / to F: so that, for every 

ne Ij 

F(n) = 2l. 

and define Ko ^ range of F. Prove that 

(a) for every m, n elj F(in + «) = F(m) + F(n); 

(b) for every m, n e I, F(m • n) ~ F (m) • F(n). 

Is F a one-to-one correspondence between I and Is 0 in Kol 

(20.3.15) Project: Let nel and (am, ^ ^ In) be an n-tuple in K such 
that, for every m e am ^ 0- Prove that 

J]am ^ 0 - 

m “ 1 

20.4. Negatives, Products and Quotients. [Basis: {K, + , •); Axioms: 
I-VI.] In this section, we shall determine interconnections between 

the “product” operationand the function (—a; a € iO- ® ^ 

study the “quotient” operation (a • 6“^; (a>, h) eKy, (K — C J))- 

(20.4.1) Theorem: For every a, 6 ei?, (-a) • 6 = - (a * &)• 

Proof: Clearly a + (-a) = 0, so that, by (20.3.3), VI, 

a • 6 + (-a) • 5 = (o + (“«)) • 6 = 0 • 6 = 0. 
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But the unique xeK with a 'b + x = 0 is — (a ■ 6 ), whence ( — a) • b = 
— (a • b). 

Remark: We may write -a-b for the common value of ( —a) • 6 
and — (a • 6 ) without danger of ambiguity. 

(20.4.2) Corollary: For every a, b € K, ( — a) • ( —6) = a • 6. 

Proof: Applying (20.4.1) twice, we have 

(-a) • (- 6 ) =-(a • (- 6 )) =-{-{a -b)). 

But — ( — {a ' b)) — a 'b by (20.3.2.a). Hence the result follows. 

(20.4.3) Corollary: For every a € K, ( — 1) • a = — a. 

Proof: We have, by (20.4.1), ( —1) • a = —(1 ■ a) ~ —a. 

(20.4.4) Lemma: If a e/v, a ^ 0, (hen { — a)-' = —(a“0. 

Proof: Clearly ( — a)“‘ i.s the unuiue x^K such that ( — a) • x = 1. 
We shall show tliat — (a“^) lias the same property. In fact, 

(-fl) • (-(a-*)) = « • (a-0 [by (20.4.2)] 

= 1. 

The result follows. 


Remark: We may write — for the common value of ( — a) ' and 
— (a“')» without fear of being ambiguous. 

(20.4.5) Definition: Define an operation / (read “divided by”) 
on K X {K — [0]) so that, for every (a, b) e K X {K — [0]), 

a/b = a • 6“^ = • a. We also write ^ for a/ 6 . 


Remark: We may refer to a/b as the quotient of a by b and call a the 
numerator and 6 the denominator. 


(20.4.6) Theorem: For every a,b e K with 6 0, there exists a unique 

element x e K such that 6 • x = a; moreover^ x — a b. 

Proof: If a = 0, then 

X = 0 = 0 • 6~‘ = a • 6“^ = a/'6 

is effective; moreover, if 6 • ?/ = a = 0, then y ^ 0 contradicts (20.3.5), 
in view of the hypothesis 6 0 . Hence y = 0 ~ x and the uniqueness 

is established. Now suppose a ^ 0. Then a, 6 c X — [0], and (7.3.9) 
applies, yielding the desired conclusions. 

Remark: That the condition 6 0 in (20.4.6) is required is seen thus. 

Suppose 6 = 0. If o 5 *^ 0, then x cannot exist in view of (20.3.3). But 
if a = 0 , then, although x exists — for example, x = 0 and x = 1 are 
effective — x is evidently not unique, since 0 1 . 
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(20.4.7) 

Theorem :Lcta^ K. Then, 

(a) 

if a ^ 0, then 1/a — a~^ ^ 0; 

(b) 

if a 9^ 0, then a =1; 

(<*) 

a/1 = a. 


Proof; Evidently 1/a = 1 • a-’ = a->; also, a”* 0, since a-^ is the 

inverse of a in the group K — [0]. This proves (a). The proofs of (b), 
(c) are left to the reader. 


(20.4.8) Theorem; If a, b e K, b 0, then 

— ® _ 0. _ a 

~Y ~~b~ 


Remark; This is an analogue of (20.4.1) for the operation /. 
Proof; We have 


Also, 


^ = (-a) -6-* =-(a-6-‘) 
0 



[by (20.4.1)] 


^ = a ■ (-6)-' = a ■ (-(6-*)) [by (20.4.4)] 

= -(o-6 -') [by (20.4.1)] 

_ a 

~~ b 


(20.4.9) 

(a) 


Corollary; 7/ a, 6 e X, 6 5*^ 0, then 




Proof: This follows from (20.4.8) and (20.4.1); details are left to the 
reader. 


(20.4.10) Theorem : If a, b,c,de K, such that h,d 9^0, then 

a c _ g * c 
b d b • d 

Proof: We have 

5.1= (o . 6-') • (c • rf-') 

= (a • c) • (6-* • d-0 [by 

= (a • c) • (6 • d)-^ [by (20.3.9.d)] 

_ 9lL£., 

~ b • d 
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(20.4.11) Corollary: If a, b, d e K suck that 6, d 5*^ 0, then 


a ♦ d _ 
h ' d b 


Remark: This is a “cancellation law" for quotients. 
Proof: We have 

a * d _ a d 
b • d b d 


Cby (20.4.10)] 


= I . 1 = I [by (20.4.7.b)]. 


(20.4.12) Lemma: If a, h € K such that a, 5 5*^ 0, then 



b 


Remark : This states that the reciprocal of a quotient is obtained by 
“inverting,” that is, interchanging the numerator and denominator. 

Proof: Since b ^ 0, we have b~^ 0 by (20.4.7.a). Hence a 5*^ 0 

yields a/b = a - 6"^ 0 by (20.3.6). Now (20.4.7.a) applied to o/5 

yields the first equality. But 

' = (a . 5-1)-’ = 

= • h 

^ b 
a 

whence the second equality also holds. 

(20.4.13) Theorem: If b, c, d € K such that b, Cj d ^ 0, then 

a d _ a • d 
c b b • c 




[by (20.3.9.d)] 
[by (20.3.9.a)] 


Remark: This states that the quotient of two quotients is obtained 
by “inverting” the denominator and then forming the product. 

Proof; The second equality follows from (20.4.10). To obtmn the 
first, we use (20.4.12) to obtain 



_ 5 

c b 
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(20.4.14) Lemma : If a, b, c e K stock that c 9 ^ 0, then 

a . b a + 6 
—— =-. 

c c c 

Proof: We have 

- + - = a • + 5 • c“^ 

c c 

= (a + 6) • c~^ 

_ a b 

c 


[by (20.4.5)] 
[by VI] 

[by (20.4.5)]. 


(20.4.15) Theorem: If a,b,c,d€K such that c,d7^0, then 


Proof: We have 



a • rf + c • 6 
c • d 



a 


c 

a 


d , £ 
d^ c 
d c 


d 

b 


d 


[by (20.4.11)] 
[by (20.4.14)]. 


Remark: Appropriate rules for applying the operation + to quotients 
are contained in (20.4.14), (20.4.15), the former applying when the 
denominators are the same and the latter appl 3 dng generally. 


(20.4.16) Project: Prove the “laws of exponents*^: ii a eK, and 
m, ne I, then 

(a-) • (a") - (a”)” = a'" ”, 


by referring to Chapter 12. 

(20.4.17) Project: Compare (20.4.10), (20.4.11), (20.4.13), (20.4.15) 
with (9.8.11.a), (9.8.9), (9.8.11.b), (9.8.11.c) [see the appendix], in 
which plays the role of /. Note particularly that the hypotheses m 
(9.8) must be more stringent than in (20.4) in order to secure that the 
symbols are meaningful. State and prove for / analogues of (9.8.4), 
(9.8.5). 

(20.4.18) Project: Let aeK, nel. Prove that 

n is even, and (-a)” = - (a") if « is odd. Also show that, if a 0, 

(l/o)" = l/o". 

(20.4.19) Project: Prove (b), (c) in (20.4.7). 

(20.4.20) Project: Let nel and (flmitnelji) be an 7i-tuple in K. 

Prove that ^ 

2 (— 

m-l 
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also prove that, if 5 *^ 0 for every m e /«, then 

]_ ^ 1 
1 

m « 1 

20 . 6 . Differences. [Basis: (/C,+,•); Axioms: I-VI.] We define 
an operation — {minus) on K X K to K analogous to the operation / 
introduced in the last section. This operation will be seen to be very 
much like the operation on > (c 7 X /) to / bearing the same name 
[see (9.6)]. However, the domain of the present operation is all of 
KXK. 

(20.5.1) Definition: Define an operation — (read “minus”) on 
K X 7C to so that, for every (a, b) € 7C X 7C, o — b = a + ( —b). 

Remark: The element a — b is referred to as the difference between 
a and b. 

(20.5.2) Theorem: For every a, b e A", there exists a unique element 
X € K such that b x = a; 7norcovcr^ x = a — b. 

Proof: Wc may apply (7.3.9), since (A, +) is a group; all conclusions 
are immediate, in view of (20.5.1). 

■ (20.5.3) Theorem; Let a, b c A. Then 

(a) — (a+ b) = (—a) — b = (-b) — a; 

(b) -(a - b) = ( — a) + b = b — a; 

(c) a — a = 0. 

Proof: We have, by (20.5.1), 

(_a) - b = (-a) + (-b) = -(a + b) [by (20.3.2.d)] 

= _b+(_a) [by (20.3.2.d)] 
= —b — a [by (20.5.1)], 

and (a) holds. By (a), 

-(a - b) =-(a+ (-b)) = (-a) - (-b) 

= (-(-b)) - a 
= b - o [by (20.3.2.a)], 

so that (b) is true. Finally, (c) holds by (20.5.2), since a + 0 = o. 

The following “associative law's” are analogous to those in (9.6.6) 
which refer to — on > to 7. The reader sliould compare the results for 
the Uvo environments, noting especially the fact that no restrictive 
hypotheses ore necessary here. 


n 

n 

m • 1 
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(20.5.4) Theorem : Let b, ce K. Then 

(a) (a + 6) — c = a + (6 — c) = a — (c — b); 

(b) {a — b) — c = a — (b c) = {a ~ c) — b; 

(c) (a — 5) + c = (a + c) — 6 = a — (b — c) = a + (c — 5). 


Proof: We prove only (b), leaving (a) and (c) to the reader. We 
have 

(a - 6) - c = (a+ (-b))-\-{-c) 

= a + (( —b) + ( —c)) 

= a + ((-b) - c) [by (20.5.1)] 

= a + (-(b + c)) [by (20.5.3.a)] 
= a — (b + c) [by (20.5.1)]. 

The other equality follows by interchanging b and c. 


Remark: As in (9.6.7) we may agree to use the symbols m + n — p, 
m — n -\- p, m ~ n — p to represent respectively (m + w) — p, 
(w — n) + p, {m — n) — p. 


(20.5.5) Theorem: For every a, b, c e 

(a — b) ■ c = (a • c) — (b ■ c). 

Proof : We have 

{a-b)-c= (a + (-6)) • c = (a • c) + ((-b) • c) [by VI] 

= {a-c)+ (-(b-c)) [by (20.4.1)] 

= (a • c) — (b ■ c). 

The “distributive law” just proved leads immediately to the follo^^^ng 
theorems pertaining to differences between quotients. 


(20.5.6) Theorem: If a, b, c e K such that c 9^ 0, then 

a b _ g — b 

c c c 

Remark: The reader should compare this i^dth (9.8.8). 
Proof: We have 

“ _ ^ = (a • c->) - (b • c-') 
c c 

= (a-b)- c-' 

_ g_3^_b^ 

c 


[by (20.5.5)] 


(20.5.7) Theorem : If a, b, c, d eK such that c.d^Q, then 

a _b _ a-d — c - b 
c d c * d 

Proof: This is immediate from (20.5.6) and (20.4.11). [See the proof 
of (20.4.15).] 
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Further properties of the operation—are readily obtainable from those 
given. Readers familiar ^vith “coUege algebra” -svill recognize that 
much of that subject is devoted to applications of our theorems concern¬ 
ing the operations +, ■, /, —, and so applies to a general field. 

(20.5.8) Project: Complete the proof of (20.5.4). 

(20.5.9) Project: Define an operation O on 7 X K thus: 

O = a) € 7 X 


Develop as many properties of this operation as you can. 

(20.5.10) Project: If a,b€K,n€ I, express (a • 5)" in another way. 

Treat also (a/6)" if 6 0. 

(20.5.11) Project: If a, 6 € ti € 7, then (a + 6)" and (a — 6)" are 
defined. Express these in other ways for n = 1, 2, 3, 4, QUse the nota.- 
tions implied by (20.5.9) where possible.] 

(20.5.12) Project: If a, 6 « 7C with a,b 9^ 0, express as simple quo¬ 
tients, and state all further necessary hypotheses: 



20.6. Conclusion. [No Basis.] The material presented in the pro- 
ceding sections completes our treatment of number systems. If the 
reader has read carefully this chapter and the preceding, he should 
realize that all the results pertaining to a field yield many theorems con¬ 
cerning the real number system; he should see also tliat, inasmuch as 
the theorems on fields apply oven to such bizarre systems as those intro¬ 
duced in (20.2.1) and (20.2.2), a kinship, distant though it may be, can 
exist between systems whose basic sets are respectively uncountably 
infinite and finite with 2 or 3 elements. 


Chapter 21 
CONCLUSION 


21.1. The Axiomatic Method. The persistent reader should at this 
stage have a rather clear conception of the nature of mathematical 
systems and theories. Let there be no mistake concerning the breadth 
and depth of mathematical content contained in the preceding chapters. 
The thoroughness and care in presentation which our aims and point of 
view have demanded have severely limited both the number of theories 
which could be presented and the extent to wliich each could be devel¬ 
oped. NeverthelesSj the material presented is typical in treatment and 
content; constructions, procedures and proofs included are similar to 
those occurring in all branches of mathematics. 

One virtue of the axiomatic method has been discussed in Chapter 20 
and has been illustrated there by the theory of fields and throughout the 
book by group theory. When several non-isomorphic instances of a 
mathematical system exist, great economy in effort results from a unified 
simultaneous treatment of the various systems through deduction of 
their properties from the common axioms. 

A second advantage of the axiomatic procedure exists which has not 
been stressed and which plays a role in connection with systems described 
by categorical axioms. In this case a particular instance, constructed, 
for example, in the proof of consistency, may be regarded as “typical of 
all instances. It may then be argued that this instance will serve all 
purposes for which a system of the type under consideration is requir^. 
For example, would it not have been satisfactory to define a positive 
real number system to be the specific instance (18.2), and present no 

axioms at ail? ^ ^ ... 

Though such a procedure is logically unobjectionable, it enta s a 

practical disadvantage. For it may weU happen that, in other theones, a 
system wiU arise that is isomorphic to this positive real number ^stem 

(as, for example, the subsystem (P, !,<»+»■) (R, l, <,+> ))• 

Then it is certainly desirable to be able to use all the results 

the specific system as valid results for the isomorphic system. 

such a procedure could be justified only by a ‘ theorem to e e ec 

that “anything true of a particular mathematical system is rue 

every system isomorphic to it.” Such a “theorem is o viousy muc 

too broad and vague to be amenable to rigorous proof. 

361 
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In the absence of a broad principle guaranteeing that isomorphic 
systems have identical properties, and because of the undesirability of 
having to reprove for the isomorphic system all properties known to be 
true of the specific instance, it is natural to look for a substitute proce¬ 
dure to achieve the same end. Now a procedure immediately suggests 
itself, provided a list of a few properties is available which are known to 
imply all others. For then the few properties may be proved directly 
for the isomorphic system, and any other properties already proved 
from the few may be concluded without proof. But such a list of a few 
properties is exactly a list of axioms. It should be noted that the pur¬ 
pose of proving [in (19.8.11)] that (P, 1, <, O) is a basic system of 
positive real numbers is to permit the application to (P» 1, O) of all 
the consequences of the axioms in Chapter 18 for positive real numbers. 
Without the equivalent of (19.8.11), any result in Chapter 18 desired for 
(P, 1, <, O) would have to be reproved. 

21.2. The Subject Matter of Mathematics. In Chapter 3 loose descrip¬ 
tions of mathematics as the “science of number,” the “science of meas¬ 
urement,” the “science of space” and the “science of axiomatics” were 
discussed. The roles of mathematics as a study of a precise counting 
process and as an abstraction of measuring devices have been considered 
fully; axiomatic procedures have appeared as the method of development 
of mathematical theories. 

Since the description of mathematics as the “science of space” has 
not been elaborated here, and since the trained reader may feel that our 
treatment has been largely “algebraic,” a few remarks of explanation 
are in order. 

Actually, the historical distinction between “algebra” and “geom¬ 
etry” has largely disappeared w’ith the modern development of the 
axiomatic method. A treatment of euclidean plane geometry, for ex¬ 
ample, would look very much like the treatment we have given for any 
of the number systems. There might be a basis consisting of a set 
(whose elements might be called points and lives) together with one or 
more relations or functions. The axioms w’ould be of the same general 
character as those which have appeared in the pieceding chapters. And 
deductions from the axioms would be made in the same fashion, with 
the same typo of reasoning, as proofs have been made throughout the 
book. “Figures” might be drawn to illustrate the mathematical state¬ 
ments and to suggest what theorems could be expected to be true, but 
the proofs w’ould be entirely independent of such figures. 

Consistency and categoricalness would be proved as usual. Indeed, 
it is interesting to note that an instance of euclidean plane geometry is 
readily constructible from a system (R, <,+,*) of real numbers. A 
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'point may be defined as an element of R X R, while a line may be defined 
as a subset of R X R of the following form: 

L{a, by c) = [(x, ?/) € R X R; a • X + 6 • ?/ = c], 

where a, 6, c e R, (a, h) ^ (0, 0). A point (x, ?/) e R X R is said to lie on 
a fine L if (x, y) e L. Basic relations or functions could be defined and 
the axioms proved. A study of this particular instance is called “ana¬ 
lytic geometry.” 

It should be remarked that there is one veiy important number system 
which we have not treated. It is kno^ra as the system of complex num¬ 
bers) an instance is readily constructed in terms of (R, <, +, •) as fol¬ 
lows: Complex numbers are elements of 6 = R X R; two operations 0, ® 
on (S X S to S are defined thus: 

(a, h) 0 (c, d) = (a + fe, c + d) 

(a, 5) 0 (c,d) = (a • c - & • d, a • d + 5 • c). 


Whether one studies a number system or a geometry or any other 
mathematical system whose axioms are categorical, one uses the deduc¬ 
tive method in the manner which has been thoroughly illustrated. The 
study of particular systems entails investigation more and more deeply 
into the interrelations among the basic objects and other objects defined 
in terms of them. Thus much of the “theory of numbers, which is 
primarUy a study of (E, 1, <,+,*) of integral real numbers, is devoted to 
detailed investigation of properties of <,+,*» I (divides), the su set o 
primes and many other relations and functions on E X E. In connection 
with (R, 1, 0, a natural study centers about the relations and 

functions on R X R, (R X R) X R, R” X R, and the like; this ^fudy in¬ 
cludes “calculus,” “function theory,” “differential equations, and the 
like. Many large volumes have been ^^Titten on each of the many 
theories expounding the properties of these and other specific mathe¬ 


matical systems. . • i 

When one deals with systems whose axioms are ° 

is primarily concerned with a study of the severa ms ances, r 

of particular relations and functions pertaining to a . 

But the general methods are the same. In connection fieWs,Jor 

example, the question of classification is of finite fsee 

may Lk for a complete description of those fields which are tote [s^ 

such tiat + 1 = 0. (The reader may easily t 

fact.) Hence one may ask for a (20.2.1) for 

which such an element X exists. Ihe reaa svstem is an 

this property. It is noteworthy that said, the reader 

mfinite field with the property. From what 
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might correctly infer that, while some fields serve as measuring devices, 
others do not. This leads to a theory of “ordered fields,” such as the 
real number field, their classification and separation from other fields. 
And so it goes; every property that a field might—but need not—possess 
leads to a possible theory wdthin field theory, and to questions of classi¬ 
fication. 

If the reader’s curiosity has been aroused, he may profitably turn to 
the mathematical literature where he ^v^Il find some answers to his 
questions. But he will find many more questions; indeed, it would be 
strange if the answers ever catch up ^\^th the questions. If he finds 
groups or fields unattractive, other general systems, like rings, semi¬ 
groups, loops, lattices might possess for him greater appeal. Should he 
be more interested in theories which deal vnth specific questions per¬ 
taining to prime numbers, functions on R to R, the structure of the set 
R” of all n-tuples in R, and the like, he may turn to the literature on 

number theory, real function theory, and topology. 

To assist the reader in selecting material for further study, we include 
a list of titles, any of which might be regarded as an appropriate sequel 
to the background material which we have presented. 
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Chapter 4 

(4.7.7) [earth, Rover], [earth], [Rover], 0. 


(4.7.8) 

(a) If A c R, then every element a € A is both in A and in R, so that 
A (Z A • R. But, by (4.7.5), A • R <= A; hence, by (4.6.4), A • R = A. 

(b) We have A = A • R c R. 

(c) We have A c: A + R = R. 

Finally, apply (a), assuming R = C, A = C, whence A (Z R, so that 
C*C-A-R = A =C. 

(4.7.9) Since A, R are different sets, one of them, say A, contains an 

element a which is not a member of the other (R). Then acA R. 

Since a e' R, it follows that a e' R - A. This proves that A - R ct 

R — A, since we have produced an element a which is in A — R but 
not in R - A. (The other possibility, that R ct A, is similarly treated.) 

(4.7.10) Suppose a e A — R. Then a € A and a e' A • R (since a is 

not even in R), whence a « A - A • R. This proves A - R (Z A - 

(A • R). Now suppose aeA — (A * R). Then acA and a e'A • R. 

Suppose it were true that acR. Since acA, it would follow that 
a e A • R, which is false, in view of the assertion at' A - B. Hence it is 
not true’that a e R, whence at'B. This together with aeA yields 
a 6 A — R. This proves A — (A • R) c: A — R. 


(4.7.11) Since A Z) R and A Z) A - R, it follows that A Z) R + 
(A — R) But if a € A, then either a c R or a e' R. In the former case, 
a . R; in' the latter, atA-B. Thus a 6 R + (A - R). This proves 
^ c: R + (A — R), and completes the first part. To prove that 
B • (A — B) is, empty, we verify that it has no elements. For any el^ 
ment in it, say a, would be in B and in 4 - B. But a . A- B yields 
a e' B, so that a is both a member of B and not a member of B. Smce no 

such a exists, R • (A — R) = G. 


(4.8.9) Q X R 
PXR 


C(?i, Pi), (9i. P 2 ). . 

[(pi,Pi). (Pi.P2)> 

(p3, Pl)> (P3^ VVi (P3, ?l)J- 
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Chapter 6 

(6.2.8) In (5.2.5), A = C?i, 72 ], B = [>i, P 2 , Ps], R = KQu Pi), {Qi, Pa)]. 

In (5.2.6), A = B = \j>i, P 2 , Pa], R = LiPu PO. (P 2 > PO* (P*- PO. (Ps, P 2 )]. 

In (5.2.7), A = [pi, P 2 , Pa], ^ = LQu ^ 2 , qz, g*}, R = C(Pi. ^a), (p 2 , gi), 

(Pa, 92 )]. 

(6.3.8) To prove (a), (b), use (4.7.11). 

(c) Let (a, b) e (R'Y. Then (a, 6 ) c' Since A X B = R + IE' by 

(a), (a, 6 ) c B or (a, 6 ) e R'. Since the latter is impossible by virtue of 
(a, 6 ) e' B', it follows that (a, 6 ) c B- Hence (B')' Cl B. Now suppose 
{a, h) 6 B. Then (a, 6 ) c is impossible, so that (a, h) e' R\ Thus 
(a, 6 ) € (^ XB) - R' = (BO'. This proves B C (BO'. 

(6.3.9) If ( 6 , a) e (A X B)*, then (a, fe) e A X B, whence (6, a) € 
B X so that (A X B)* <= B X A. Similarly, B X A (Z (A X B)*. 
To prove 0* = 0, it suffices to show that no pair exists in 0*. If there 
were such a pair, ( 6 , a), then (a, b) € 0 , contrary to the fact that 0 con¬ 
sists of no pairs. Thus it is impossible that any pair exists in 0*. The 
last part is similarly established, by showing that B* CZ B, B C B*. 

(6.3.10) If (a, 6 )€(B*)*, then ( 6 , a) c B*, and (a, 6 ) c B. Thus 
(B*)* c B. Similarly B C (B*)*. 

(6.3.11) 

(a) If a € domain of B, there exists heB with (a, b) e B. But then 
( 6 , a) € B*, whence a e range of B*. This shows domain of B c: range of 
R*. The reverse inclusion is similarly established. 

(b) Apply (a) to B* in place of B, and use (5.3.10). 

(c) To prove domain of A X B = A , it suffices to show that A C do¬ 
main of A X B. Let 6 c B. Then, for every a e A, (a, b) € A X B, whence 

a € domain of A X B. The second part is similar. 

(d) We show that domain of 0 can have no elements: if a were such 
an element, then there would exist 6 e B with (a, b) e 0. This is obviously 
not possible. 

(6.3.12) Prove A C domain of B: Let a € A; then (a, a) e B, so that 
o e domain of B. 

(6.3.13) 

(a) Sixteen relations: 

[(pi, P 2 ), (P 2 , Pi), (Pi, Pi), (P 2 , P 2 )] = A X A, 

[(Pi, P 2 ), (P 2 , Pi), (Pi, pO], C(Pi, P 2 ), (P 2 , Pi), (P 2 , Pa)]» 

[(pi, P 2 ), (pi, Pi), (P 2 , P 2 )], C(P 2 , Pi), (pi, Pi), (P 2 , P 2 )]', 

[(pi, P 2 ), (P 2 , Pi)], [(pi. P 2 ), (pi, Pi)], C(Pi, P 2 ), (pa, pa)l 
[(P 2 , Pi), (pi. Pi)]. [(P 2 , Pi), (P 2 , Pa)], [(Pi, pO, (Pa, Pa)] = 

C(Pi, Pa)], [(P 2 , Pi)], [(Pi, Pi)], [(Pa, Pa)], 0. 
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(b) Eight relations: 

A XA, [(pi, P2), (P2, Pi), (pi, Pi)], [(pi, P2), (P2, Pi), (p2, P2)], 

C(pi, pd, (P2, Pi)], E, [(pi, Pi)], [(p2, P2)], 0 . 

(c) Four relations: 

24 X 24 , [(pi, P2), (Pi, Pi), (P2, P2)], [(P2, Pi), (pi, Pi), (p2, P2)], E. 

(d) Two relations : A X A, E. 

(6.4.10) Fi = [(pi, gi), (p 2 , qi)'], 

F 2 = [(Pi. qi)y (P2, 52 )], 

F3 = [(Pl, 92), (P 2 , $1)], 

Fa = [(pi, ^2), (P2, 92)]. 

Ranges are [ 9 J, B, B, [ 92 ], respectively. Additional functions with 
domain C A : [(pi, 91 )], [(pi, 92 )], [(P 2 , 9i)]» C(P 2 > 92 )], €); domains are, 
respectively, [pj, [pi], [P 2 ], [P 2 ], 0- 

(5.4.11) If F = G, clearly (a) holds; if a e domain of F, then aFF(a), 
aGG(a), so thataFG(a), and F(a) = G{a) in view of (5.4.2). Now 
suppose (a) and (b) are true. To prove F = G, we show that F (Z G, 
G C F. Let a Fb, whence a € domain of F, and a e domain of G by (a). 
But aFh 3 deids b = F(a), whence, by (b), b == G(a). Thus aGb, This 
shows that F cz G. The reverse inclusion is proved similarly. 

(5.5.4) Fi = [(pi, pi), (p2, P2), (p 3 , pa)] = Et 

F2 = [(pi, Pi), (P2, Pa), (pa, P2)], 

Fz = [(pi, P2), (P2, Pi), (Pa, Pa)], 

Fa = [(pi, P2), (P2, Pa), (pa, pO], 

Fs = [(Pi, Pa), (P2, Pi), (Pa, P2)], 

Fe = [(Pi, Pa), (P2, P2), (Pa, Pi)]- 

(5.5.5) Fi = [(pi, 91 ), (P 2 , 9i), (Ph 92 )], 

Fz = [(pi, 9i)j (P 2 > 92 ), (Ps, 9i)], 

Fz = [(Pl, 92 ), (P2, 9l)» (P3» 91 )], 

F4 = [(Pi, 92 ), (P 2 , 92 ), (Pa, 9i)]» 

Fb - [(Pi, 92 ), (P 2 , 9i)) (P3» 92 )], 

Fe = [(Pi, 9i), (P 2 , 92 ), (Pa, 92 )]- 

Note that Ft = [fe, pi), (gi, P 2 ), (g 2 . ?>»)]. that 91 Ff pi, 91 Ff p^. wth 
Pl P2, whence Ff does not satisfy the requirement for a function. 
Similar argument applies to the remaining. Hence no one-to-one corre- 

spondence exists between A and B. 

(5.6.7) There are sixteen such operations; one has range [ 91 ], one has 
range [ 92 ], aiid the rest have range B. 
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Chapter 6 

( 6 . 6 . 6 ) If only two hats are black, all hands are raised, but no one 
speaks. Joe, wearing one of the black hats argues: “Suppose my hat 
were white. Then this would be a game with three white and one black 
hats, whence my black-hatted opponent would have stated immediately 
his color. Since he did not, my hat must be black.” If three hats are 
black, again all hands are raised and no one speaks. Joe, seeing that one 
hat is white, argues that if his hat were white, the game would be one 
of two white and two black hats. Hence one of the two black-hatted 
opponents should (by the argument just given for this circumstance) 
have deduced his color. Since they actually remained silent, his hat 
must be black. Finally, if all hats are black, Joe argues that, if his hat 
were white, the game would involve three black and one white hats, and 
so one of the opponents would have applied the argument just given and 
deduced his color. In the absence of such deduction, Joe s hat must be 

black, and so he announces that fact. 

Note that when Joe announces his color, he credits his opponents 
with ability to carry out the necessary arguments (since his own decision 
is based on the assumption that their failure to speak is due to the lack 
of appropriate color conditions rather than inability to reason); yet he 
demonstrates that he is more capable than the others, for othenvise they 
would have carried out his o^^■n identical line of reasoning and thus de¬ 
duced their colors. 


Chapter 7 

(7.2.7) To verify Axiom I, one shows that twenty-seven equalities are 
true. Of tlicse, six involve all the elements p, (/, each of eighteen 
involves only two of the three elements, and each of three involves only 
one element. To illustrate the proof for each type, we have 

(7 or) op = pop = p = qor = 7 o(rop); 

(ro 7 )or = por =r =rop = ro( 7 or); 
lqoq)oq = roq = p ^ q o r == q o {q o q). 

Axioms II and III are true, since every column and every row of the 
table for o contains each element of G. [See the discussion preceding 
(7.2.4).] 

(7.2.8) Axiom I involves eight equalities, similar to those given in 
connection with (7,2,1). A typical verification is 

(j o k) oj = koj = j = joj = JO {k oj]. 

Now II is true, since every column of the table contains all the elements 
of G. 
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(7.2.9) The proofs for Axioms I, III follow precisely the same patterns 
as the corresponding proofs in (7.2.8). Since no element x eG exists for 
which y o a: = la (in view o( v o v = v, v o w = v) , Axiom II fails to hold. 

(7.3.14) By III, y exists such that y oa = b. Now if y is such that 
y oa — h, we have 

y = y o e = y o {a o a') — {y o a) oa' = boa'. 

If yi, 2/2 are such that y\o a = b, y<>o a = b^ then it follows that i/i = 
5 o a', 2/2 = bo a', whence y\ — 2 / 2 . 

(7.3.15) 

Proof of (7.3.10.a): Apply (7.3.9.a) with 6 = a, so that unique exist¬ 
ence follows. Moreover, x — a' ob — a' o a = e. 

Proof of (7.3.10.b): Apply (7.3.9.b) in a similar way. 

Proof of (7.3.11.a): Apply (7.3.9.a) with b — e, obtaining unique 
existence. Moreover, x = a' ob ~ a' o e = a'. 

Proof of (7.3.11.b): Apply (7.3.9.b). 

Proof of (7.3.12): By the definition (7.3.4) of e, we have e o c = e. 
By (7.3.11.a) Avith a = e, it follows that the only z such that e ox = 

e is e'. Hence e' = e. 


(7.3.16) No. In the example (7.2.1), c = ^n; moreover, o ^ ^ 

whence, by (7.3.11.a) with a = n,n' = n e. Note that in (7.^2), 

however, the only element which is its own inverse is p (— e). x x, 
then xox = xox' = e; conversely, if x o x = e, then x = x by \ |* 
Hence a criterion for existence of x with x = x is the existence o x wi 

X o X = e. 

(7.3.17) Yes. 11 xox = x, then a: = e by (7.3.10.a) with a = x.^ 

(7.3.18) Since F = [(x, y) eG X G;y = aoxl it foUows that = 

L{y,x)€GxG- 2 / = aox]. Let y F* xi, yF x.. ThenaoXi y, 

aox 2 = y. By (7.3.9.a), Xi = xi, whence F* is a function. 

to prove that range of F = G. Let yeG. By I , t ere ‘ ^ 

aox = y, whence F(x) = y. This completes the proof that F s a o 

to-one correspondence between G and G. Similar argument apphes to . 

Suppose yK*x, y K* x. ^ ^t^y:Ty o a'- 

(o' o Xi) o a, y = (o' o X 2 ) o a. It follows tha y o ^ 

o' 0 x 2 , whence xi = X 2 by (7.3.9.a). "^hi® ^ . ifycG then 

tion. That range of K = G is seen by sho.^ung that, " 

Kfx) = y with X ^ (o o y) o o'. Note that, if (G, o) :s commutative, 

then K is the identity relation on G X G. 

To prove that L* is a function, one shows ^ 

= X 2 by using (7.3.8). That range of L = G follows from^(7.3.7). 

(7.3.19) c = p, p' = p, ?' = ?> r' = r,s' = u, t' -Uu 
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Chapter 8 

(8.3.3) To prove that ^ is on J to J, we note first that domain oi = J 
by the definition of <p. Now suppose ncJ. It is to be sho^^^l that 
^{n)eJ, that is, <p(n) 1. Clearly this follows from II applied to 

(/, 1 , (t). It remains to prove that {J , o'(l), <p) satisfies I, II, III- 
WooF OF I: Let m, n e J, m Then aim) 9^ a{n) by I applied to 

( 7 , 1 , 0 -). Hence ^(m) t> t 

Proof of II: Let m e J; it is to be proved that <p{m) 9^ a{l). By I 

applied to (7, ff(m) <r(l). since m 5*^ 1. ^ 

Proof of III: Let 77 (= J be such that (a) a{\) e 77; (b) 5 « 77 implies 
^( 7 )^ 77 . Define 7C^77+Cl]. First, 1 . K is obvious. Let keK, 
with the aim of proving a(k) e 7C. If A: — 1, then a{k) e H by (a), so 
that a{k) e K. H k 9 ^ I, then k eH, and a{k) = tp{k) e 77 by (b), whence 
a{k) € K. By III applied to (7, 1, <r), K = I, and therefore H = J. 

(8.6.16) 

Proof of (a): Immediate from ( 8 .6.1.a). 

Proof of (b): Let E be the identity function on 7 to J. Then E has 

the properties (a), (b) of (8.6.1) with m — 1: (a) 7^(1) = 1» (b) if n e 7, 
1) = n + 1 = E{n) 1. But mi bas these properties by its 

definition; hence mi = -E by (8.6.2). Thus m«7 implies X(l,w) - 

Mi(m) = E{m) = m. 

(8.6.17) Let mel. Define a sequence X c S so that, for every n € 7, 
^ n. It will be sho^m that X = Mm+i by verifying that X 

satisfies (8.6.1.a), ( 8 . 6 .Lb) with 7n replaced by m + 1. First, 

X(l) = X(w, 1) + 1 = w* + L 
so that (S.C.l.u) holds. Now, if a « 7, 

X(a + 1) = X{7n, n + 1) + (» + I) 

= (Mm(H + 1)) + (« + 1) [by (S.6.4)] 

= (Mm(a) + w) + (n + 1) Cby (8.6.3)] 

= (X(/«, 77 ) + 77i) + (a +1) [by (8.6.4)] 

= (X(wi, n) + n) + (w + 1) [by (8.5.11)] 
= X(n) + (w + 1), 

whence (8.6.1.b) holds. Hence X = Mm+u s® that, for every 71 e 7, 

X(?« + 1, 7 O = MrH+i(«) = ^(«) = X(7n, 7i) + «. 

(8.7.7) 

Proof of (a): 

(m + w + p) * 7 = + ^) + p) • 7 

= (771 + 7 O • 7 + p • 7 [by (8.6.14)] 

= (777 • 7 + 7 i • 7 ) + 7 ) • 7 Q^y (8.6.14)] 

= 77 ? • 7 + 71 • 7 + 77 • 7 . 
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Proof of (b): 

(m + n) • (p + 5) = (w + n) • p + (m + n) • g [by (8.6.14)] 

= m^p-)rn-p+m‘q+n-q [by (8.6.14)]. 

Proof of (c): Apply (b) with p = m, q = n. Then 

(mn) • (mn) =m*m+W'm+?n' 7 i+n*n 

= m • w + (1 + 1 ) • • n + n ■ n [by (8.6.13), 

(8.6.14)] 

= ww+ 2 *wn+n*n [by ( 8 . 7 . 5 .a)]. 

Proof of (d): 

({m + n) • (m + w)) • (m + n) 

= {m ' m 2 ‘ m • n n ‘ n) • (mn) [by (c)] 

= m • m • (m + n) + 2 ■ w • « • (m + 7 i) + 71 • n • (w + w) [by (a)] 

= 77l*?7l*77l+7?i‘7?l‘71+2*?7l‘7l‘77ld-2*771*71‘7l 

d-n- 7 i-w+ 7 z-n-/i [by (8.6.14)] 

= m • m ' m + (1 + 2 ) ‘ m • m • n ( 2 + 1) • m • n • n 

n ‘71 ‘U [by (8.6.13)] 

= 77i*m*7?2+3*m*m‘n+3*77i*n*n+n*7i*n 

[by (8.7.5.b)]. 

(8.7.8) 

Proof of (a): By (8.7.5), (8.7.6), 

3‘2=(2+l)*2 = 4+ 2 = 4+ l+ l 
= 5+1=6. 

Proof of (f): By (8.7.5), 

6+3 = 6+1+1 + 1 = 7+1+1=8+1 = 9. 

The others are proved similarly. 

(8.8.1) It is to be shown that, iiyel, then y'2 1. Suppose y e L 

Then p = I, or there exists z el with y = z I [by (8.3.2)]. If y = I, 
then y • 2 = 1 • 2 = 2 ?£ I [by IP]. U y ^ I, then 

y ‘ 2 = (z+ 1)'2 = 2'2+1*2 

= (z • 2 + 1) + 1 

1 [by IP]. 

Chapter 9 

(9.2.23) Domain of < and domain of ^ are both equal to I by the 

remark following (9.2.1). Since m e I implies m ^ m, range of ^ 

Range of < = / - [1]. For,ifw < n, then 1 g m^m < /i yield 1 < n 
by (9.2.6.b). Hence, if n e range of <, then nel - [!]• Conversely, 
if n 6 /, 71 1, then, by (9.2.9), 1 < ti, so that n e range of <. 
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None of ^ is a function. For example, 1 < 2, 1 < 3 and 

2 5 ^ 3, whence < is not a function. Moreover, 3 > 1, 3 > 2, so that > 
is not a function. Similar argument applies to 


(9.2.24) Suppose n ^ q. Then, by (9.2.12), m + w < p + ?, which 
is false, li m ^ p, consider separately the cases m ^ p,m < p. In the 
latter, apply the proof just given to obtain ^ < n; in the former, apply 
(8.5.14) to obtain q = n. 


(9.2.26) 

Proof of (b): If m < ?, then m < n follows from (9.2.5). If in = q , 
then q < n yields m < n. 

Proof of (c); If m < 7 , then m < n follows from (9.2.6.a). If m = q , 
then q ^ n yields m ^ n. In either case, m ^ n. 

(9.2.26) Proof is indirect. If m 7^ n, then m ^ n, n ^ in jneld 
VI < n, n < m. Hence, by (9.2.5), in < m, contrary to (9.2.4). 

(9.2.27) Since in < n, there exists re/ ^Wth + r = n. Hence 
7 n-|“l + r = n+ l, whence wi + 1 < n + 1. By (9.2.10.a), in + 
1 ^ n. (Direct proof, similar to that of (9.2.10.a), is also possible.) 

(9.3.10) Since in is a greatest, and since n e S, it follows from 
(9.3.3.b) that in ^ 11 . Similarly, n ^ in. Hence m = 11 by (9.2.8). 


( 9 . 3 . 11 ) 

(a) Least is 1, greatest is 4, since 1, 4 e since 1 ^ 2, 1 ^ 4 and 
since 1 ^ 4, 2 ^ 4. 

(b) Suppose m is a greatest. Since n \ 7 ^ n^ it follows that n + 

1 e S, wlience in ^ H“ 1, and in > n. Now let A' e /, k 9 ^ n; then 

v) ^ k. Wo have shown that for every k e I, in ^ k. But this implies 
that in Ls a greatest in /, which is impossible. Hence S hixs no grentest. 
If u = 1, then 2 c *S, whence 2 is a least (since 1 e S). Otherwise, 1 is the 
least, since 1 € J, and since 1 ^ A' for every k e S. 

(c) If in £ 11 , then /,„ — /„ = 0. For otherwise there exists ktln, 

with A-e' /„. Thus k ^ in, k S n, and we have n < k by (9.2.14). 

Hence 71 < m by (9.2.6.a), contrary to in ^ ?(. In this case, /« ” ^" 
has no least or greatest. Suppose in > n. Then in e /« — /«. so that 
VI e S. But q € S implies q € /„„ whence q ^ m. This shows that m is a 
greatest in S. Moreover, since n < in, we have a -p 1 ^ m by (9.2.10.b). 
so that 7( + 1 e /«. — In. But q e S implies q S so that » < q, and 
7 i + 1 ^ 7 by (9.2.10.b). This proves that + I is a least in S. 

(d) Suppose in is a greatest. Then there exists An e I with /?* = 2 • A\v 
Now w? + 2 = 2 • (A'o + 1) e (8. Since in is a greatest, /» ^ »* + 2; 
but m < ?// + 2 by (9.2.1). This contradiction shows that no gieatest 
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exists. The least is 2 . For 2 = 2 • 1 . S; and, if m . S, there exists /.■ e / 
^Mth m = 2 >k, whence 2 ^ 2 • = m by (9.2.19). 

(c) No greatest; least is n + 1 by an argument similar to that in (c). 

(9.3.12) 

Proof of (a); Clearly v?(mo) e T, since maeS. Let qeT Then 
there exists m ^ S such that q = ^{m). Now m . 5 yields mo ^ m. If 

m - mo, then q = <p{vii,); otherwise mo < m yields v?(mo) < v’(m) = q 
In either case, 9 ?(mo) ^ q. 

Proof of (b); Similar to the proof of (a). 


(9.3.13) Since p e S implies m ^ p, it follows that p e S implies 
m + 1 > p. Hence m + 1 6 T. Let qeT. Then 9 > m by the defini¬ 
tion of T. Hence g ^ m + 1 by (9.2.10.b). Note also that T = I ~ I,^ 
so that the result of (9.3.11.e) might be used. 


(9.4.11) Since, for every n e I, 1 • n = n, \t follows that 1 | n, n I n* 
tliis yields the pairs * 

(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6 ), (1, 7), (I, 8 ), (1, 9); 

(2, 2), (3, 3), (4, 4), (5, 5), ( 6 , 6 ), (7, 7), ( 8 , 8 ), (9, 9). 

We have 2-2 = 4, 2-3 = 6 , 2-4 = 8 , 3-3 = 9, whence additional 
pairs are 

(2, 4), (2, 6 ), (3, 6 ), (2, 8 ), (4, 8 ), (3, 9). 


(9.4.12) Since m | n, m | g, there exist r, s « 7 with m • r — n,m • s — q. 
Thus 

W“|-g = m- r+ m- s = m-(r+s), 
so that m I (n + q). This is a converse of (9.4.7). 


(9.4.13) If m I n, then there exists r € I with m • r — n. Thus 
n • q = m • (r • q), and m | (n • g). Similar argument applies if m ( g. 
The converse, 

m I (n • g) implies m | n or m J g, 
is false. For let m = 6, /i = 4, g = 3. Then 

4*3 = 2*2-3 = 2-6, 

whence m | (n • g); but neither 6 | 4 nor 6 | 3 holds since 4 < 6, 3 < 6, 
whence m |' n, m |' g. 

(9.4.14) If m I 1, there exists r e I with m • r = 1. Hence m = 1 by 
(9-2.20). 

(9.4.16) Primes: 2, 3, 5, 7. To prove that n is a prime, examine the 
pairs (r, 5 ) e 7 X 7 such that r • s = n; if no such pair exists ^\^th r ^ I 
and r ^ Yij the number is clearly a prime. To find all pairs (r, s) mth 
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r ■ 5 = 7 ?, use the fact that r ^ n, s g n by (9.2.19). For example, to 
prove that 2 is a prime, let r • s = 2. Then, since r^2, r=lorr = 2 
[use (9.2.10.a) with n = 1]. Similarly, s = 1 or s = 2. Hence these 
possibilities occur for (r, s): (1, 1), (1» 2), (2, 1), (2, 2). The first and 
last are impossible, since r * s = 2. Hence r = 1 and s = 2, or r = 2 
^ncl s = 1. This shows thD.t 2 is prime. 

(9.4.16) Evidently 3 < 5, 3 |' 5 (since 5 is a prime). Then g = 1, 
r = 2, since 3 • 1 + 2 = 5. (The proof of (9.4.9) gives a method of 
determining g, r. Thus, in the particular case, 

5 = [s; 3 • s < 5]. 

But s € S implies s < 2, since other\\'ise 3 • s ^ 3 • 2 > 5. Hence 
S = [1], and g = 1. Then r = 2 follows.) 

(9.6.7) Since 1 , 2 , 3 ^ 3 , [1. 2, 3] C J 3 . Suppose m € J 3 . It is to be 
proved that m = 1 or m = 2 or m = 3. If m 5 *^ 3, then m < 3 = 2 -f- 1, 
whence, by (9.2,10.a), 7 n ^ 2. If in ^ 2, then in ■< 2. By (9.o.*.), 

= 1. Similar proof applies to the other part. 

(9.6.8) 2, 4, 6, 8. Note that 3 = 2 • 1 + 1, whence 3 is odd by 
(9.5.4.b). Similarly 5, 7, 9 are odd. 

(9.6.9) 

Proof of (a): By (9.5.4.a), there exist r,s el ^^^th 7 n = 2 • r, n = 2 • s. 
Thus , , . 

7n + n = 2 • r + 2 • s = 2 • (r + s). 

Proof of (b): There exists rel vr\th m = 2 • r. If n = 1, then 
m + n = 2 • r + 1, and m + n is odd by (9.5.4.b). Otherwise n 1, 
and there exists s e I with n = 2 • s + 1 by (9.5.4.b). Then 

7n+n = 2*r+2*s+l = 2'(r+s)+l> 

whence m + is odd. 

(9.6.10) Since 2 | m, there exists r c I with w = 2 • r. Hence in • n = 

2 • r • n, and m • n is even. 

(9.6.8) In application of (9.6.5), the symbols jn, n, p there may need 
to be reinterpreted in terms of the sj'mbols in, n, p here. 

Proof of (a): By (9.6.5.a), 

n> p implies (w + 7i) — p = m + (ti — p). 

Suppose p > n and in > p ~ n. Then m + n > p. ^Moreover, 

((m + n) — p) + (p — n) = ((m + ;i) + (p — «)) — p Cby (0.6.5.a)] 

= (771 + in + (p - n))) - P 
= (77i + p) — p Q>y (9.6.4.b)l 

[by (9.6.4. a)]. 


s= 771 . 
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{m-\- 7i) — p = m — (p — n). 

Proof of (b); By (9.6.5.b), 

m> n-\- p implies (m - n) - p = w - (rt + p). 
Suppose m> p and m — p > n. Then 

((m - p) - n) + p = ((m - p) + p) - „ [by (9.6,5.a)] 

Hence = " “ " 

{rn — p) ~ n = {m — n) ~ p. 

Proof of (c); The first and second parts restate (9.6.5.a), (9.6.5.c). 
Suppose w > n and p > n. By (9.6.6.c), first part, p + (m - n) = 
(p + m) — n. Since p > n, we have {p + m) — n = wi + (p — n) 
by (9.6.6.a). Thus 

(m — 7i) p = m + {p — n). 

(9.6.9) 

Proof of (a). If m < n, there exists re/ \vith m-\- r = n. Then 

r+{7n-p) = {r-\-m)-p [by (9.6.6.a)], 

= n - p, 

and m — p < n — p. Conversely, if there exists r e I with n ^ p = 
(m — p) + r, it is easily shovia by (9.6.6) that m + r = n. 

Proof of (b): If m < n, there exists r e I with w + r = n. Hence 
n > r, m = n — r, and 

(p — 7i) + r = p — (n — r) [by (9.6.6.c)J 

— p — m. 

The converse is similarly proved. 

Proof of (c) : Show that (?w — n) • p + n • p = w • p. 

(9.8) First note that the proof of (9.8.1) is immediate from (9.4.1), 
(9.2.17). Some theorems, together with hints concerning their proofs, 
are as follows. 

(9.8.3) Theorem; If m, n, p el such that m • n = p, then p |* n, and 
p n = m. 

Proof: Use (9.4.1) to obtain n\p, and note that n * m = p 
yields m = p nhy (9.8.2). 

(9.8.4) Theorem: 

(a) If m, ne /, then {m • n) n = m; 

(b) if m I* n, then {m n) • n = m. 

Proof: By (9.8.3) with p = m • n, (a) holds. By (9.8.2), (b) holds. 
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(9.8.6) Theorem: Let m, n, p el. TheUy 
(a) if n I* p, then (m • n) h- p = m • (n h- p); 

{h) if m\*n-p {or equivalently y if m [* n and m-h- n\* p)y then 
(m n) p = m ^ {n • p); 

(c) ifm\*nandn |* p, then (m n) • p = m (n p). 

Proof: To prove (a), show that 

7 n • {n p) • p = 7n • n, 
using (9.8.4.b). To prove (b). show that 

((m ^ n) ^ p) • {n • p) = m; 

to prove (c), show that 

(m n) • p • (n p) = m. 

Apply (9.8.3) in each case. 

Analogues of all parts of (9.6.6) may be stated and proved. [See 

(9.6.8).] Further results are as follows. 

(9.8.6) Theorem: If m e J, then m 7n = 1. 

Proof: Obvious, since m • 1 = m. 

(9.8.7) Theorem: If 7n,n,p€l such that m |* p, 7i\*p, then 
(m + n) H- p = (m p) + (n p)- 

Proof: Define r = 7n p, s = n p. Then 

(r + s) • p = r • p + s • p = + n. 

Apply (9.8.3). 

(9.8.8) Theorem; If 7n, n,p€/ such that ?n > n, m j* p, n 1* p, 
then {771 — w) 4- p = (m -J- p) — (n p). 

Proof: Define r = 7n -t- p, s = 7i -i- p, whence r > s. Easily prove 
that (r — s) • p = m — n, and apply (9.8.3). 

(9.8.9) Theorem: If m, n, pel such that m \* n, thc7i 7n • p [* n • p, 
and {m • p) (n • p) — m -i- n. 

Proof: If m = n • r, then 77i • p = {n • p) • r; also, it is easily sho^^’n 
that 

((m * p) (n • p)) • n = (m • p • n) -r- {n • p) 

= {771 ■ (p • «)) ('» • P) 

= 771. 

(9.8.10) Theorem: If m, n, p e 7, theny 

(a) 771 I* p a7id 7i |* p, the7i w < 7i if a7id 07ihj if 77i p < n •¥ p; 

(b) if p I* 771 and p |* n, ihc7i 77i < n if and 07ily if p 77i > p n. 

Proof of (a): Define r = p, s = n p, whence m = p • r, 

w = p • s. Apply (9.2.21) and (9.2,15) to obtain 7 n < 7i if and only if 

r < s. 
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Proof of (b): Define r = p ^ m, s = p n, whence r • m s • n. 

Then prove that m < n U and only if r > s, using indirect proofs em¬ 
ploying (9.2.22). 

Similar methods are employed to prove the following. 

(9.8.11) Theorem: Let m, ?t, p, q el. Then, 

(a) if m\* n, p |* q, then 

(m H- n) • (p ^ q) = (m * p) ^ (/z • q); 

(b) if m\*n,p |* q, (m n) |* (p q), then 

(?n ^ n) (p g) = (m • q) ^ {n • p); 

(c) if m I* n, p I* q, then 

(m n) (p q) = {m • qn • p) (n • q); 

(d) if m I* n, p J* q, and m n > p q, then 

{rn -i- n) — {p q) = (m • q — n • p) {n * q). 

Chapter 10 

(10.1.6) If jS = T = [_y}j define v? on 5 to T so that <p{x) = y. 

Hence x (py, and y <p* x. If y Xi, with Xi e S, it follows that xi = x 
(since no other element except x is in S). Thus <p* is a function. Con¬ 
versely, let S — Qa:], S T. There exists a function on *5 to T such 
that V? is a one-to-one correspondence, whence define y = (pix). Since 
y M Cl T. Suppose zeT. Since <p has range T, there exists w e S 

such that <p(w) = z. But then w = x, and z = <p{x) = y e [z/]. This 
shows that T d [y]. 

(10.1.7) Since S ~ I 3 , there exists a one-to-one correspondence (p 
between S and 1$. Hence tp* is a function with, domain h and range S. 
Define a = <p*il), h = v’*(2), c = v5*(3). Then 

S = range of (p* = c]. 

Now suppose a = b. We have 1 a, 2 (p* b, whence a (p 1 , b p 2 , so 
that 

1 = ip{a) = <p{b) = 2 . 

This contradiction shows a ^ b. Similarly, b 9 ^ c, c 9 ^ a. 

(10.1.8) li S = [a, 6], a 9 ^ b, define a function ^ on [1, 2] to S so 
that ^(1) = a, <p{2) = b. Then clearly = [(a, 1), {b, 2)], wlience p* 
is a function. Inasmuch as (p has range iS, ^ is a one-to-one correspond¬ 
ence between 1 2 and S, so that 1 2 S. For the proof of the converse, 

proceed as in (10.1.6). 
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(10.2.9) Trove that (10.2.2.b) holds, using the same proof as that 
given in the text to show (10.2.2.c) implies (10.2.2.b). (Note that the 
hypothesis G{P\x)) = a: is all that is used.) Hence (a) holds. In view 
of (a), F* is a function. The proof in the text of (10.2.3) is used to estab¬ 
lish (c), that G = F*. Now, if y e T, we have F{G{y)) = F{F*{y)) = y 
by (10.2.1.b), so that (b) holds. Our result in effect establishes that the 

implications ^ ^ 

(10.2.2.C) implies (10.2.2.b), 

(10.2.2.c) implies (10.2.2.a), 

remain valid if the hypothesis in (10.2.2.c) is weakened by removing the 
rctiuircment that F{G{y)) = y for every y^T. The result also shows 
that this same assumption can be removed from the hypothesis of 
(10.2.3). 

(10.2.10) Let yeT, and define x = G{y). Then F{x) = y, so that 
y € range of F. Now the hypotheses of (10.2.9) hold, so that (10.2.9.c), 
(10.2.9.a) yield the desired results. This theorem establishes the im¬ 


plications 


(10.2.2.C) implies (10.2.2.b), 
(10.2.2.C) implies (10.2.2.a), 


as well as (10.2.3), without assuming that T = range of F. 


(10.2.11) Define S = [a], T = [6, c], 6 c. Define F, G so that 
F{a) = h, G{b) = a, G{c) = a. Then F, (7 are on 5 to T, T to S, respec¬ 
tively. Also, G(F{a)) = G{b) = a. But note that range of F = M 
'1\ so that F is not a one-to-one correspondence between S and T. 


( 10 . 2 . 12 ) 

Proof of (a): Let y € + T)- Then there exists X€U+V with 

y — <p{x). If X € then y e <p{U)\ if x e V, then y e ^(I ). Hence, in 

any case, y e (pil^) + ^(^0- Thus tp{U -f- T) C ^((7) + ^ 

verse implication is similarly proved. 

Proof of (b): By (a), ^(F) == (p{U V) = ) "i" ^(^0* Thus 

Proof of (c): Let i/€ ^(F) ~ ^(F). Since 2/€^(f)j there exists 
X e with y = (p(x). No\v if x c F, then 2 /€v)(F), contrary to the 
assumption. Plence x e U — F, and y e <p{U — TO- 

Proof of (d): Since • F c Uy we have ip{U • F) CZ ip{U) by (b). 
Similarly, (p{U • F) CZ Thus ip{U • F) CZ tp{V) • ^(F). 

If is a one-to-one correspondence between 5 and <p{S)y the inclusion 
signs in (c), (d) become ccpiality signs. Let y e — F). Then there 
exists X e U — V with y = tp{x). But x € U yields y e ^((0- To prove 
y e' ^(F), assume the contrary. Then there exists x' c F ^^'ith y = ^(x ). 
But x' 7*^ X, since x e' F. Hence, by (10.2.2), y = v?(x') 7 ^ (p{x) = Jf* 
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4 

This shows that y c <p{U) — v^(F), and establishes the reverse ineliision 
in (c). In (d), let y 6 <p{U) • Then there exist Xi r, x' € V with 

y = ifiix) = <p{x'). Thus X = x' by (10.2.2), and xeU •V, so that 

y € (p{U • V). 


(10.2.13) Statement: If S, T, W, U, V, Z are sets such that 

S-T = T = W *S = 

U^V=V-Z = Z^U = Q, 
S-^U,T'^V,W^Z, 

then (5 + T) + IT ((7 + V) + Z. 

Proof: Since S * T = L * V = 0, and S U, T T, we have 
S-j-T^U-^V by (10.2.5). Assume (S+T) -W ^Q. Then there 
exists a: e jS + T with x eW. If x e S, then x eW • S, contrary to 
W ^ S = 0; otherwise x eT, contrary to T • TT = 0. This proves 
{S -\- T) 'W = 0. Similarly, (1/ + P) - Z = 0. Now apply (10.2.5) 
with Sj T, U, V replaced by *5 + T, TP, U Z to obtain the result. 


(10.3.6) If p = n + 1, then 7„+i — [p] = Then the identity on 
In to In is effective. If p = 1, define <p on In to In+i so that, for every 
giln, <p{q) = 9+1- Then prove that range of (p is /„+! — [1]. It is 
easy to verify (10.2.2.b). Finally, if p 5 *^ 1, n + 1, define tp so that, if 




if 7 < p 
if 7 ^ P- 


Again range of <p is Jn+i - [p], and (10.2.2.b) is easily verified. 


(10.4.13) The proof of the text is complete when it is shown that 

Inm ^J = [niS) + p; P C 7 „( 7 -)], 

7n(X') "h *7 — In(S)+n(.T)) 

7n(S) • t7 = 0- 

The function <p = (n{S) + p; P « Inm) clearly has domain IniT)', by its 
definition, <p has range J. Now if pi, pi^In^nt pi ^ V^i then n{S) + 
Pi n{S) + p 2 , so that v’(pi) ^ v’(P 2 ), whence (10.2.2.b) holds. This 
proves that Inm J- Now it is clear that In(s) + /<= 7„(5) + n{ 7 ')- Let 
q e 7 „( 5 )+„(r). If 9 ^ ^('SO, then 7 c Ini^V, otherwise 7 > n(^, and there 

exists p € 7 with n{S) + p = ?• But we have 

n{S) + p = 7 ^ “b 

whence p ^ w(T), so that qeJ . This establishes 

IniSi + 7 = 7„(S) + n{r)' 

Finally, suppose there exists 7 « In(Si * ■ Then 7 e 7 yields the existence 
of pe7„(r) -with 7 = «(/S) + p, so that q> n(5). This contradicts 

7 6 7 „( 5 ). Therefore I^iS) * 7 = ©• 
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(10.4.14) Suppose 7’ — jS ^ 0. Since T — S Cl '1, 1 »S is finite 
by (10.4.7). Now S • (T - *S) = 0, so that (10.4.8) applies to S, 

T — S, yielding 

n{T) = n{S + (r - S)) = n{S) + n{T - S), 


whence the result follows. 


(10.4.16) Consider first the case A ^ S — S • T = 0. Then S — 

S ^ T Cl T, and S T = T. Hence 

n{S + T) + n{S • 7’) - u(S) + n{T). 

The text proof is completed by proving A • T = 0. But, if there exists 
qe A • 7’, then q e S, q€ S • T; since q e 1\ it follows that q e 'S, which 

is false. 

(10.4.16) It is shown that a has range T XV and satisfies (10.2.2.b). 

If (<, v) € T X V, we have t€T,v€V, so that there exist xeS and ijeU 

with t = fp{x)t V = ^{y). Then 

Hence T X V Cl range of <r; the reverse inclusion is evident. Now let 
{xi, yi), (X 2 , 7 / 2 ) € *S X U, (xu 2/i) 7 *^ (^ 2 . 2 / 2 ). H Vi) = <^(-** 2 , 7 / 2 ), then 

Mxi), 4'iyi)) = ('^(•*■ 2 ), '/'(i/2)). 

so that <p{xO = ^^(^ 2 ), ^( 2 / 1 ) = V'(i/ 2 ). But then Xi = X 2 , yi = 2/2 by 
(10.2.2), and (xi, J/i) = (x 2 , 2 / 2 ). contrary to the hypothesis. 

(10.4.17) We show his) X /„(r> ^ • ncD by proving that, 

for every m, n X In^ Im^n. 

Let m € Z, and define 

II ^ € Z, Zm Zn Zm-n^* 

To prove 1 € ZZ, it is shown that Im X Ii Im- The function ((A', 1); 
k € !„,) on Ini to Im X [1] is easily shown to be an appropriate one-to-one 
correspondence. Now suppose q e ZZ. Then Zm X Z^ ~ Im q- It is easily 
shown that 

Im X Iq+1 = (Im X Z,) + (Zm X [^ + l3), 
(imXh)-(imXlq+\D = e. 

Moreover (jis in the proof that 1 « Z/), it is shown that Zm X ^ 

Im', and (as in the proof of (10.4.13)) it is seen that 

Im ^ J = [ 7/1 • 9 + r; r c Zm], 

Zm*(«j+0 ” Im-q "h *Z, 

Im'q * *Z 0. 
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Finally, it follows that 

Jm X H” 1] t/. 

The hypotheses of (10.2.5) are now verified for the sets X 
X C? + 1], 9 , Jy whence the conclusion, 

Im X 

follows. Hence q-\- \tH, and, by IIF, H = 1. 

Chapter 11 

(11.1.2) Wo prove only the second part; the first is similar but 
easier. Let aeA~. Define a = a(l), h = a(2), whence a, h^A, and 
{a,h) eA X A. It is shown that a (as a subset of A X ^4) is equal to 
C(T a)) (2, b)']. Let (w, x) e a. Then m = 1 or m = 2. If m = 1, then 
(m, x) ea yields x = a(l), so that x = a. But then (?n, x) = (l,a). 
Similarly, if ?n = 2, then (m, x) = (2,6). Thus ae[(l,a), (2,6)1 
But (1, a) €a since a = q;( 1); similarly (2, 6) e a. We have showm that 
[(1, a), (2, b)2 = ce. This yields 

^^ <=[[(!,«)> (2,6)];(a,6)€^ X AJ 

To prove the reverse inclusion, note that, if (a, 6)e^ X .<4, [(1, a), 
(2, 6)] (Z h X A satisfies the criterion for a function, that is, it contains 
no two pairs (1, Oi), (1, 02 ) with ai ^ 02 ; moreover, its domain is h — 

D,2]. 

(11.1.3) By (11.1.2), *4^ = C[(1 ,ce)]; ae.4]. Now define a function 
^ on yl to .4^ so that, for every a eA, v?(a) = f(l, a)3. Evidently tp has 
domain A and range A^. Suppose a,b e A, a ^ 6. Then, if (p{a) = <pih), 
\vehave(l,a) — (I, 6), and a = 6. This contradiction proves (10.2.2.b). 

(11.1.4) First observe that, by (11.1.2), 

A^ = [[(1, a), (2, 6)]; (a, 6) e ^ X AJ 

Now define on .4 X ^4 to 4^ so that, if (a, b) e A X A, 

<p{a, 6) = [(1, a), (2, 6)]. 

It follo-ws that (p has domain 4X4 and range 4 2 . If (a, 6), (c, d) e 
4X4 such that (a, 6) (c, d), then <p{ay 6) ^(c, d). For otherwise 

[(1, a)y (2, 6)] = [(1, c), (2, d)] yields (1, a) = (1, c), (2, 6) = (2, d), 
since (1, a) (2, d), (2, 6) (1, c); hence a = c, 6 = d, contrary to 

the assumption. This proves (10.2.2.b). 

When, as in the text, we treat 4^ and 4 X 4 as if they were identical, 
W'e are simply agreeing to denote [^(1, a), (2, 6)] by the simpler notation 

(a, 6). 
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(11.4.9) 


Element of 1 

Correspondent under a 

1 

x 

2 

Fi(x) 

3 

FAF.(x)) 

4 

FAFAFAx))) 

1 

5 

FAFAFAFiix)))) 

6 

F.(F4(F,(F2(Fi(x))))) 


(11.4.10) ot = ( 3 :; n e /), that is, for every n el, a(n) — x. For, de- 
gne H = In el, a{n) = x2\ then evidently leH, and, li qeH, then 

a{q + 1) = E{a{q)) = E(x) = X. 


(11.4.11) Let F = (« + k; kel). (If n = 1, F - a.) 
tion of a is accomplished by making a table as in (11.4.9). 


Determina- 



1 

2 

3 

4 


1 

n + 1 

n+(n+l) = 2*n+l 

n + (2 ■ n + 1) = 3 • n + 1. 


I 


Now we conjecture that, for every me I, 

(1 if m = 1 

(2) «(»«) = I (to - 1 ) . n + 1 if m > 1 . 

The proof is by induction. Define // = [m e 7; (2) holds]. Clearly 

le//by(l). Let 9 <77. If 9 = 1, then 

a{q + 1) = F(a(l)) = F{1) = n + 1 = 1 • n + 1 

= ( 7+1 — 1) • n + 1 , 

whence q I e H. If q' > 1, then 

a(Q + 1) = FMg)) = n + «(9) =»i+(9-l)-n+l=9-”+l 

= (g + 1 — 1) • n + 1, 

and again 9 + 1 « 77. (If F = < 7 , a = E.) Note that ^lessing is a valid 
metliod for determining answers to questions, provided the guess is 
proved correct; induction is frequently an appropriate mode of proof. 


(11.6.4) Assume (11.5.2). Define A = 5D1, B = T, 

R = [(S, a-) « X T; X € S]. 

Evidently domain of 7? = since every S £ 9)1 is non-empty, and so 
X £ T exists with S R x. By (11.5.2), there exists a function F on 9)1 
to T such that F a R. Define U to be the range of F: 77 = [F(iSl): 
S £ 9»]. Then 7/ C T. If S £ 9)f, then F(S) £ 77; but S F F(S) yields 
.S' R F{S), so that F(S) £ S. Hence |IF(S)] cz U • S. If y £ 77 • 5, then 
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ye U yields the existence of aSic 9[1? such that y = F{Si). But then 
Si R y, so that y e Si, Hence y e S implies S = Si. This proves 
[/^(5)] =) • 5, and hence [F(,S)] = U • S. Thus n{U • S) = \, and 
the proof is complete. The statement of (11.5.4) is closer to the intuitive 
idea of ‘‘simultaneous choice” than is (11.5.2). The set U consists of 
elements each of which is “selected” from exactly one of the sets in DJ?. 
That the statement of (11.5.4) implies (11.5.2) can be seen by applving 
(11.5.4) wth T ^ AXB, 

30? = [[(a, h) e A X B\ a Rh]) a e A~\, 

thus obtaining U Cl T consisting of pairs (a, b) e R, where, for each 

aeA, exactly one occurs. Then F is defined so that F{a) is the unique 
b e B such that (a, h) e f 

(11.6.3) Effective sequences: 

a = {m-\- k — 1; k el); 

= {m-]r 2 * k — 2; k e I); 

7 = (m • k; k € I). 

If uniqueness in (11.6.1) were true, we should have a = But a(2) = 
m + 1, /3(2) = m + 2, so that a ^ p. Hence uniqueness fails to hold. 


Chapter 12 


n 


(12.2.9) The conclusion means — 1 , where am = 1 for every 


1 


n 


m e In. Define H = [nel; JJl = 1 ]. Clearly 1 c //. If 7 e H, JJl = 1 , 
whence, by ( 12 . 2 . 6 ), 


m - 1 


m » I 


c+1 / ^ \ 

IP = (ui . 1 = 

in =1 \»» a 1 / 


1-1 = 1 . 


n 


(12.2.10) Define H ^[n el; 2 • = n • (n + 1)]. Since — 1 


m—\ 


m-1 


by (12.2.5.b), \ eH. Let qeHySO that 


2 . = g * (^ + 1). 


Hence 


m e 1 


2 • = 2 '(( 2^) + (? + 

tn-l \'m=l / ' 

= 2-f^m)+2.(9+l) 

= 9 * (^ + 1) + 2 • (g + 1) 

= (^ H- 1) * (9 + 2), 


whence 7 + 1 € //. 
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(12.3.10) Define a = (((ai o 02 ) o 03 ) o aj o Cb- 

m = 1 : a = ai o (((02 o 03 ) o a^) o a&) ; 

wi = 2 : a — (ai o G 2 ) o ((03 o a^) o Gb); 

m = 3; a = ((ai o 02 ) o Gs) o {ua o Gb); 

— 4 : G = G. 


(12.3.11) Urn 


1, by (12.3.3), (12.2.5.b), 


n 


Qgji = Gi O 

1 



If m = n, by (12.2.6), 



(12.3.12) Let ( 61 , 62 , 63 ) be a rearrangement of (gi, a 2 , as). Then 
bi = G^<,) for I € /s, where ^ is a one-to-one correspondence between Is 
and /s. The possibilities for are these: 


<^( 1 ): 

1 

1 

2 

2 

3 

3 

¥>( 2 ): 

2 

3 

1 

3 

1 

2 

»,(3); 

3 

2 

3 

1 

2 

1 


Hence the possibilities for {h\, 62 , ^> 3 ) are tlicsc: 

(gi, G 2 , 03), ( 02 , Oi, 03), (03, oi, 02), 
(Gi, 03, 02), (02, 03 , Oi), (Os, 02 , Oi). 


(12,3.13) Let n = 3, A = [o, 6 ], a 9 ^ h. Then (a, o, b) is a 3-tuple 
wliose only rearrangements are (o, a, 6 ), (a, b, o), (b, o, o). But (b, b, o) 
is another 3-tuple for which [b, b, o] = [a, a, b]. 


(12.3.14) For (12.3.5), 

(Oi O 02) O 03 = Oi O (02 o O3) 

= 02 0 (0i O O3) 
= 030 (Oi O O2), 

For (12.3.9), 

(Oi 002)003 = (Oi O 02) O Os 

= (Oi O O3) o O2 
= (02 o Oi) O O3 
= (02 O O3) o Oi 
= (03 o Gi) O 02 
= (03 o 02) O Oi. 
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(12.3 16) It is to be shown that I, = range of and that (10.2 2 b) 
holds. Let m e I Evidently, if ^{m) <k^q+l, then ^(m) = 

vim) ^ g. If ^(m) > k, then ^kim) = ,,(?«) - 1 g g. This proves 
range of c Now let r e I,. If r < k, define m = ^*(, ); if r > /fc 

then r + 1 > ^, r + 1 6 and we define m ^ ^*(r + 1). In the first 

case v,(m) == r < k, whence vt(?n) = r; in the second, <p(m) = r + 1 > 

fc, whence ^m) = (r + 1) - i = This proves 7, e range of ^ Now 
let Wij 7712 c /g, Wi 7*^ 7712 . There are four cases: 


<p(mi) < k, 
*p{ynx) > k, 
^(wi) < k, 
<p{mi) > ky 


^{rn2) < k; 
<p(m2) > k; 
<p{ni2) > k; 
<p{7n2) < k. 


The first two immediately lead to HmO ^ since is a one-to-one 

correspondence. In the third case, ^(m.) = ^{m,) < k, while ^(m.) = 

^(?n 2 ) -l^k,so that again ^m,) The fourth case is sim¬ 

ilar. Thus (10.2.2.b) holds. 


(12.4.6) It suffices to show that a" • a"-” = a". This follows from 
(12,4,3). 


(12.6.6) Suppose [ 6i, so that there exists d' el such that 

(1^) 6i = * d\ 

By (13), (16), pi*gi*u = ai*gi* d'y whence pi • w = ai • d'y and pi (ai • d\ 
But d' < hi, since gi 9^ I ($1 is a prime), so that d' is not an element of 
(3). Hence pi | d'. Then pi | ^i • d', and, by (16), pi | hi, contrary to (4). 

(12.6.6) Evidently domain of ^ = /«. Let * € /n. If /t 7 *^ ff + 1 = n, 
then kelgy and there exists jielo with k = <p{jx). If ji < h, then 

= <p{j\) — k. Ifji ^ A, define j = ji+ l,sothat^i'(y) = = 

k. This proves that range oi \p In- ' The reverse inclusion is evident. 
Now suppose jiy ji € In such that ji 9 ^ ji with the aim of proving ^( jl) 9 ^ 
i'iji). The definition of ^ and the fact that ^ satisfies (10.2.2.b) readily 
jdeld the desired conclusion in each of the nine possible cases; ji < h, 
= A, > A and independently ji < A, ji = A, ji > A. 

(12.5.7) Non-primes: 4, 6, 8, 9. We have 

4 = 2*2, 6 = 2- 3 = 3-2, 8 = 2- 2-2, 9 = 3-3. 

Note that in the case of 6, (3, 2) is a rearrangement of (2, 3). In each 
of the other cases, the tuple of primes is actually unique. 
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Chapter 13 

(13.2.8) Define 

li X € S, then there exists 9EJJ e Af such that x e Thus there exists 

Ae9J2 with X€A. Since WleM, it follows that 50? c Thus 

A e ^M, and A Cl 2(2^). so that X € T. Conversely, let x eT. 

Then there exists B € such that x e B. Hence there exists SD? e Af 
such that B c 50?. It follows that B C whence x e 250?. But 

250? ^ 'S, so that X € aS. 


(13.2.9) Suppose x e /S — 2^' a: e S, x e' 2^- 

statement means that ^4 c 502 implies X€* A. Hence .A e 50? implies 
X € >S — A, so that X e nc-s — A; A c 50?]. To prove (b), define 


0? = [aS - A; A 6 50?]. 


It is immediate that [_S — B; B e 5)?] = 50?. Hence, by (a) applied to 
S, 50, 

Jlpi = 5 - 2 ^* 

It follows that 2^ = s — Il50?, whence (b) holds. 


(13.2.10) Proof of (a): Since A € 50? implies A 6 50, it follows that 

A 6 50? implies A cz 2^* Hence 2®^ ^ 2^* 

Proof of (b): Since A € 50? implies A e 5)?, it follows that A e 50? im¬ 
plies A Z) Thus Jim 3 n^?. 


(13.2.11) Let X € JJA„. Then, for every n e /, x e An. Hence X€ Bn 
for every n e J, so that x e 


(13.3.4) It is proved that, for every n « /, 5^ ~ Tn. If n « /«, this 
follows from the hypothesis of (13.3.2). Otherwise jSi = ©, Tn = ©, 
whence again ^ T'n. Now let ni, 1,7ii 9 ^ nj. In each of the four 
cases 

ni, «2 € 7„; ni € /„, m c' /«; 

7ii, no e' I ml rii e' /«, «3 € 7„, 

it is easily verified that Si, • Si, = Ti, • Ti, — 0. Hence (13.3.1) ap¬ 
plies, yielding 2 Su 2^“* Evidently 

2C'Sn;ne7„]c2*Si. 
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In proving the reverse inclusion, note that, iixeS'r,, then n e (since 
otherwise — 0), whence x e n e /J* Similar argument applies 

to and the desired result holds. 

(13.3.5) Let ^ be a one-to-one correspondence between B and C. 
Then D <p{D) by (10.2.6). Thus A D, D ^ <p{D) yield A ^ (p{D) 
We have also <p{D) czCcz A, whence, by (13.3.3) with S, T, U replaced 

by <p(D), A, C, we have A ^C. In view of H -- C, it follows that 
A^B. 

(13.4.9) Evidently T ^ If T is finite, then S is finite by (10.4.7). 

(13.4.10) Clearly T — S ^ S, since otherwise T = Sy which is im¬ 
possible, since S is finite and T is infinite. Now, if T — >S is not infinite, 
it is finite, whence T = SA- (T — S) yields that T is finite by (10.4.8)! 

(13.4.11) This follows from (13.4.9) since C 5 + T. 

(13.4.12) Since S is infinite and T ^ SyT If T is finite, then 
S is finite by (10.4.4.a). 

(13.4.13) Since is finite, / — /„ is infinite by (13.4.10). 

(13.4.14) Define ^ ^ (2 • n + 1; n « 7). Then domain of ^ = 7, and 
<f>{I) = range of <p d I — le by (9.5.4.b). It is easily proved that <p 
satisfies (10.2.2.b), whence I ^ <p{l). By (13.4.12), ^(7) is infinite, 
whence 7 — 7« is infinite by (13.4.9). 

(13.4.15) Let y eT. Define R = [(x, ^) e /S X T; a: e jST]. It is easily 
shown that the function ((x, y); x « 5) is a one-to-one correspondence be¬ 
tween S and R. Hence R is infinite by (13.4.12), so that R d S y. T 
yields that X T is infinite by (13.4.9). 

(13.4.16) Define 91 ^ C[x]; x e 5]. It is easily seen that iS 9? c 5D?, 

whence Tl is infinite by (13.4.12), (13.4.9). 

(13.5.6) Immediate from (13.5.4). 

(13.5.7) Since range of yp = S, and since 

[kn'y n € 7] = [hn, n e 7„(s)] + [^nJ ntl — 7ft(S)] 

= range of + [^(1)] 

= range of ypy 

the result follows. 

(13.6.8) Let a be a sequence in S with range S. Then a* is a relation 
on S X 7 with domain S. By (11.5.2), there exists a function ^ on 5 to 
7 with |3 C a*. Hence, by (10.2.6), S ~ ^(-S) <= 7, whence S is countable 

by (13.5.4). 
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(13.6.8) Since SO? is dentimerably infinite, SO? Employ (11.5.4) 

to obtain a subset U of 2®^ n{U • S) = 1 for every 5 e SO?. 

Define ^ on SO? to t/ so that, for every S e SO?, the correspondent of S 
under ip is the unique element oi U • S. Thus prove that is a one-to- 
one correspondence between SO? and U by verifying (10.2.2.b). This 
establishes SO? ~ t/. Therefore, since SO? ^ 7, we have (7 7, whence 

U is infinite. Now 2®^ ^ yields that 2^^ infinite by (13.4.9). 

(13.6.9) Let S e SO? be infinite. Then 2^ ^ ^ infinite 

by (13.4.9). 


(13.6.10) By (13.5.4), there exist non-empty sets 7o, Jo c 7 with 
S<^Io,T Jo. Hence S X T 7o X Jo by (10.4.11). But 7o X Jo c: 
7 X 7 ^ 7, whence 7o X Jo is countable by (13.5.3). Thus, by (13.5.6), 
X T is countable. The second part follows from (13.4.15), (10.4.12). 


(13.6.11) The proof is complete except for verification of 2^ ~ 
2^ + 'Sg+i. Since SO? = S? + [5^0, this follows from (13.2.3). 


Chapter 14 

(14.2.17) Clearly pa has domain <p(Gi) X <p{Gi) = Ga X Ga = domain 
of 02 . The definition of pa yields that, if x, y € [1, 2, 3], then 

X p 21 / = <p((p*{x) oi <p*(y)). 

If (14.2.1) holds, then let a = ^*(x), 5 = (p*{y)t whence x, y e Ga implies 

X p 2 7/ = <p(a oi b) = ^(a) 02 ^(6) = x 02 y, 
and p 2 = 02 . If P 2 = 02 , then a, 6 € Gi implies 

02 ip{h) = ip{a) p 2 <p{b) — <p({ip*{tp{a))) oi (s^*(v’(&)))) = ^(aoih), 
and (14.2.1) holds. 


(14.2.18) Examples: (In each set, the displayed elements are as¬ 
sumed distinct. A possible isomorphism ip is given in each example.) 

(14.2.5): 

■^1 == l>» h = [m, v], 

= C(7, P)y (P. P)], ^2 = C(y, w), (w, w)], 

ip(p) = w, ip{q) = v; 

(14.2.7): 

= Cp, q, r2, 

li = 

0-1 = C(P» 7)» (7> 7 ), {r, p)], 

<p(p) = w, ip{q) = Vy ip{r) = w; 


h = D/, t>, to], 

la = Vy 

(Ta = [(U, V)y {V, V)y (Wy U)], 
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(14.2.9) : 

A = O, 

= L(Q, P), (Py P)1 

Si == Zig, ?)], 

ip{p) = w, tp{q) = v; 

(14.2.10) : 

= Zp, gl 

V g 

V g 
^ . V \v g 

pi- 

Q 9 P 

(flip) = u, <pig) = v; 



l2 = [u, w], 

Rt = [(w, u), (u, w)], 
S 2 = [(v, v)J, 


Gi = [u, y], 



(14.2.13): 

[P. ?], ^2 = Cm, v], 

= [?, ?•], . ^ 1^"'’ 
(assume p, g, r distinct and w, v, w, z distinct), 

<Pi(p) = w, <pi(q) == V, ^ 2 (g) = w, <p 2 (r) = z; 


(14.2.14); 

Cl = Zpy gy r]y Ci = [w, V, w], 

■di = ZPj g\, ^2 = [w, v], 

Si = [?, r], S 2 = [u, w], 

vj(p) = w, ^(e) = Vy <pi^) = 

Remark: If in the example for (14.2.13) we define Ci ^ i4i+ Ri, 
(72 = ^ 2 + R 2 , observe that (Ci, Ai, Ri) is not isomorphic to (C 2 , ^ 2 , R 2 ) 
in accordance with (14.2.14), since Ci = [j), 2 , r]], C 2 = Cm, y, mj, z], and 
Cl C 2 fails. 


(14.2.18) Proofs OP Corollaries: 

(14.2.9): Let (7i,Ri,Ri), (72,^2,52), {Iz,Rz.Sz) be given sptems. 
It is readily proved that (7i, Ri, Ri) (7i, Ri, Ri), by employing the 
identity on 7i to 7i as an isomorphism. Also, if is an isomorphism 
between (7i, Ri, Ri) and (72, R 2 , R 2 ), then <p* is readily shown to be an 
isomorphism between (72, R 2 , R 2 ) and (7i, Ri, Ri). Now let tp, yp ob 
isomorphisms between (7i, Ri, Ri), {h, R 2 , R 2 ) and between (72, R 2 , R 2 ), 
(73, R 3 , R 3 ). Define p on h to h so that, for a e 7i, p(a) = ^{p{a))_ As 
in the proof of (14.2.3), p is a one-to-one correspondence between h and 
Iz. To prove (a), let a, heh. If aRih, then v?(a)R 2 ^( 6 )> whence 
p(a) = ^{oia)) Rz yp{<p{h)) == p(6) by (a) apphed to <p, p. Conversely, 
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let p(a) Rz p( 6 ). Then yp{(p{a)) Ri ^(^p( 6 )) yields <(>{q) <p(h), whence 

a Ri by again by (a) applied to (p, This proves (a) for p. Similar 
proof treats (b). 

(14.2.16): Let (Si, Ji, li, o-i, Fi), (S 2 ,/ 2 , I 2 , 0 - 2 , F 2 ), (S 3 ,/a, I 3 , o’s, Fj) 
be given systems. To prove the first isomorphic to itself, define <p as 
the identity on Si to Si and \p as the identity on h to h. Then (a), (b), 
(c) are immediate. If the first system is isomorphic to the second, with 
one-to-one correspondences cp, then we have (a), (b), (c) as written in 
the text. These conditions, with the two systems interchanged, are to 
be verified, using <p*, \f/* in place of <p, Thus, ^*( 12 ) = li is immediate 
from (a). Also, n^h implies 

^*(<^ 2 (n)) = ^*(<r 2 (^(^*(n)))) 

= [by (b)] 

= <Ti(^*(n)), 

Finally, n « 72 implies 

V>*(F 2 (n)) = 

= <P*(<p(Fi(^*(n)))) [by (c)] 

= Fi(^*(n)). 

Hence (a), (b), (c) hold for <p*, V'*- 

Now assume the first system isomorphic to the second, with (p\, ^ 1 , 
and assume the second isomorphic to the third, with <p 2 y ^ 2 . Define ^3 
on Si to S 3 and V'a on h to I 3 so that, for eveiy a e 5i, n e 7i, 

<P3{a) = <P 2 {^iia))y ^3{n) = ^ 2 (^i(n)). 

Then 

1^3(10 — ^ 2 (^i(li)) == ^2(12) = 13. 

Also, n c 7i implies 

^3(ffi(n)) = ^2(^i((ri(n))) = ^2(a2(^i(n))) 

= a3(^2(^i(n))) = <r3(^5(H)). 

Finally, n c 7i implies 

^3(Fi(n)) = v>2(^i(^i(^))) = v^(^2(^i(n))) 

= F 3(^2(^i(h))) = F 3(V'3(^))* 

This proves (a), (b), (c) for v’s, ^ 3 , using the same conditions for 
and <p 2 , ^ 2 ; hence the first system is isomorphic to the tliird. 

(14.2.19) Two systems {Gi, oi, pi, Hi, + 1 , Xi), (G 2 , 02 , P 2 , H^, + 2 , X 2 ) 
are isomorphic if there exist one-to-one correspondences <p, ^ between Gi 
and G 2 and between Hi and 772, respectively, such that 

(a) Gyh eGi implies <p{a) 02 ip(h) = ^(o oi b ); 

(b) a, 6 € Gi implies tf>(a) pa ip{b) = <p{a pi b) ; 

(c) XyyeHi implies ^(x) +2 i7(i/) = }P(x +1 y) ; 

(d) aeGu X € Hi implies v>(a) X 2 ^(x) = ^(a Xi x). 
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(14.2.20) Since (Gi, oi) ^ (G 2 , 02 ), there exists a one-to-one corre¬ 
spondence (p between G\ and Gi which carries oi into 02 . Let Oj, 62 , Oi e G^. 
Then define ai = ^*( 02 ), 61 = ¥>*(& 2 ), ci = ¥**(^ 2 ). Then 

02 02 (^2 02 C2) = v?(ai) 02 (v’(&i) 02 v’Cci)) 

= (p(ai) 02 (^(61 oi Cl)) 

= ^(Oi Oi (61 Oi Cl)) 

= ^^((ai oi 61 ) oi Cl). 

Similarly (02 02 W 02 C 2 = v^((ai oi 61 ) oi Ci). This proves the group 
axiom I for (G 2 , 02 ). Let 02 , G 2 . Since Oi = v>*( 02 ), hi = ^*(^ 2 ) are 

in Gi, there exists xi e Gi [by Axiom II] with. ai oi Xi = bi. Hence, if 
X 2 = (p(xi), 62 = <p(bi) = 99(01 oiXi) = ^(oi) 02 99 (xi) = 0202 X 2 , and Ax¬ 
iom II holds for (G 2 , 02 ). Similarly, Axiom III is proved. 


(14.2.21) Let ( 01 , 02 ), (bi, 62 ), (ci, C 2 ) eG. Then 

((oi, 02 ) o (bi, b 2 )) o (ci, C 2 ) = (oi oi bi, 02 02 b 2 ) o (ci, C 2 ) 

= ((oi oi bi) oi Cl, (02 02 b 2 ) 02 C 2 ) 

= (ai oi (bi oi Cl), 02 02 (b2 02 C2)). 

The proof of the group axiom I is now easily completed. To prove 
Axiom II, let (oi, 02 ), (bi, b 2 ) € G. There exist Xi e Gi, X 2 e G 2 with Oi oi xi 
= bi, 02 02 X 2 = b 2 . Hence show that (oi, 02 ) o (xi, X 2 ) = (bi, b 2 ). Ax¬ 
iom III is similarly proved. 


(14.3.2) One first verifies the commutativity directly, that x, ^ e Gi 
implies x oi y = ^ oi x. There are twelve cases to consider. To prove 
that X, y, z eG implies (x oiy) oiz = x oi {y oi 2 ), first verify this for 
sixteen cases (if x — y = 2 , commutativity is used): 

(x, 2 /, 2 ) = (o, o, b), (o, o, c), (a, o, d); (b, b, o), (b, b, c), (b, b, d); 

(c, c, o), (c, c, b), (c, c, d); (d,d,a), (d,d,b), (d, d, c); 

(fl, b, c), (a, b, d), (o, c, d), (b, c, d). 


The remaining forty-four cases are handled by the device used in this 
example: 

(d oi c) oi o = (c oi d) oi o 

= o oi (c oi d) 

= (o oi c) oi d 
= d oi (o oi c) 

= /I ft. 


[[by commutativity] 
fby commutativity] 
[by above associativity] 
[by commutativity] 


The following equalities, easily proved, together with commutativity, 

prove Axioms II, III: 


o oi a = a, 

o oi b = b, 

o Oi c = c, 
o oi d = d, 


b oi b = c, 
b oi c = d, 

b oi d =* a, 


c oi c = a, 
c oi d = b, 
doid = c. 
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(14.3.3) Define (Gs, 03 ) as in (7.2.1), whence G 3 = [w, n], 


w 03 m = w, m 03 n = n 03 w = n, n ozn — m. 


Define (G, o) as the direct product of (G3, 03) and itself. Then G = 
Gz X G 3 , and o is the operation described by the table [use (14.2.21)’): 


(?n, m) 
(w, n) 
(n, m) 
(n, n) 


(m, 7 n) (m, n) 

(m, m) {m, n) 
(m, n) (m, m) 
(77, m) (n, n) 
(n, n) (n, m) 


(n, ni) 

(n, m) 
(n, n) 
(m, m) 
(m, n) 


(n, n) 
(n, n) 
(n, m) 
(m, n) 
(m, m) 


By (14.2.21), (G, o) is a group. Now define <p on G 2 to G so that 

<p{a) = (w, m), = (m, n), y?(c) = (n, m), v’(d) = (n, n). 

Direct verification shows that range of v’ = G and that (10.2.2.b) holds. 
Finally, one shows easily that <p carries 02 into o. This proves (G, o) 
(G 2 , 02 ), whence (G 2 , 02 ) is a group by (14.2.20). Commutativity is 
verified directly from the table for 02 . 


(14.3.4) It is to be proved that, if a one-to-one correspondence tp 
exists between 7i and hy then one exists which carries li into U. If 
V3(li) = I 2 , then tp is effective. Suppose X 2 = <p{U) ^ I 2 , and define 
xi = ^’*( 12 ), whence xi ^ li. Define ^ on 7i to I 2 so that ^(li) = I 2 , 
}p{xi) = X 2 , and, for yeh — [li, yf/{y) — ipiy). Then one readily 
proves that ^ is a one-to-one correspondence between h and h such that 
^ carries li into I 2 . (This result illustrates a case, in contradistinction 
to groups, in which equivalence of the basic sets is sufficient to secure 
isomorphism of the systems.) 


(14.4.2) Define Hi ^ lk,eli;<pik0 = .^(A'l)]. Thcn^(li) - I 2 = ^(li), 
and li € 77. If qi e Hi, then 

<pMq\)) = o-2(^(gi)) = X2(>k{qi)) = ^(o-i(gi)), 

and (7i(7i) c Hi. (The first and last equalities result from the defining 
properties of the isomorphisms ip, ^.) 


(14.4.3) It is first shown that <p carries +1 into +2 and Xi into X* 
[see (14.2.11)]. Let mi c 7i; it is to be sho\vn that 

(1) Hi = [ni € 7i; v?(mi -f 1 ni) = (p{mi) +2 v?(«i)] = 

That li e Hi follows from (14.2,7). Let qi c Hi; then 

(pitrii +1 qi +1 li) = ^(mi +1 ^i) +2 12 = v’C”*!) +2 fp{q 0 +212 

= v’(mi) +2 ^(^1 +1 li), 

whence qi +1 li e Hi. Hence (1) holds. Now we prove 

(2) T^^i = [ni € 7; ^(mi Xi ni) = v?(mi) X 2 <p{ni)~] = 7i. 
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Evidently li e K^. Let e Kx; then 

Xi (^1 +1 li)) = ^((mi Xi 9 i) +1 mi) 

= (p{mx Xi 5 i) +2 ^(mi) [Ly ( 1 )] 

= ^^(mi) X 2 +2 v’(mi) 

= ^(mi) X 2 (^($ 1 ) +2 I 2 ) 

= ^(mi X 2 <p{.qi +1 li) [hy (1)], 

whence g'l +1 U e Ki. This proves ( 2 ). It is now sho\vn that <p carries 
<1 into <2 Csee (14.2.5)]. If mi, ni e 7i, mi <ini, there exists qieh 
Avith mi +1 ^1 = ni. Now appl^-- (a) to obtain ^(mi) +2 <p(qi) = tp(ni)j 
that is, ¥>(mi) <2 v^C^i)- Conversely, if +2 ^2 = v?(^i), define 

qi — <P*iq 2 )^ It follows that <p{mi +1 ( 71 ) = ^(m), whence mi +1 qi = 
and mi < 1 ni. 

(14.6.4) 

(a) System: (/, 1, ff); subsystem: {J, I, a), where J (Z I, leJj and 
a € J implies <7(a) € J. 

(b) System: (/, J); subsystem: (K, J), where J cz K CZ I. 

(c) System: (I,R,S); subsystem: (J,R,S), where J d I. (Note: 
By our convention, (7, R, S) really means (J, R • (J X </), 5 * (/ X J)), 
that is, R and S are “reduced.”) 

(d) System: (G, o, p); subsystem: (Tf, o, p), where HdGj and a, 

h tH implies a oh, a p 5 € . 

(e) System: (^4, B); subsystem: (C, D), where C d A, D d B. 

(f) System: (C, A, B)] subsystem: {D, A, B), where A, B d D d C. 

(g) System; (G, 7, 1, <7, o); subsystem: (7f, J, 1, tr, o), where {H, o) is 
a subsystem of (G, o), and {J, 1, o-) is a subsystem of (7, 1, cr). 

(h) System: (S, 7, 1, o-, F)\ subsystem: (T, J, 1, a, F), where T d S, 
{J, 1, a) is a subsystem of (7, 1,0-), and a^J implies F{a) e T. 

(14.6.6) Let (J, 1 , (t) be a subsystem of (7, 1, c), where J d I, I eJ, 
and n tJ implies <r(/i) e J. By Axiom III for positive integers, J — I. 

Chapter 16 

(16.1.2) Thirteen relations: all except [(^ 1 ,^ 2 ), (P 2 , pO], C(Pi,P 2 ), 
(P2, Pi), (Pl, Pl)l [(Plj P2)» (P2> P2)]- 

(16.2.4) If (p, x) e E*, then {x, y) e R, whence {x, y) € R* (since 
R d R*), and (p, x) e R. 

(16.2.6) If R is reflexive, then x e A implies x R x, whence domain of 
R = range of E = A. This applies then to equivalence relations. 

(16.2.6) Suppose xRy. By (a), we have y fly and xfl y. By (b), 
y Rx. This proves (15.2.3.b). Now (15.2.3.c) is munechate. If fl = 0, 
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then (b) holds, while (a) fails. But if domain oi R — A, then (a) follows 
from (b). For, if x e A, there exists ycA mth xRy. Now apply 
(b) with z = Xj to obtain x Rx. 


(16.3.7) If Anix) • Aniy) ^ 0, then x R y hy the contrapositive of 
(c). Then (b) yields Ar{x) = Aniy). Reverse the steps to obtain the 

converse. 


(16.3.8) Evidently E d E, E* ^ E, whence E is reflexive and sym¬ 
metric. If X E yy y E z, then x = y^ y = Zy so that x E z. Clearly 
A X A satisfies (a), (b), (c) of (15.2.3). 

21^ = [M; 3 : e SIaxa = [A]. 


(16.3.9) Clearly domain and range of (2I«; Re &a) are and (9a, 
respectively. To prove (10.2.2.b), let Rij R 2 e&A, Ri ^ R 2 ‘ By the 
uniqueness in (15.3.6), 5^ 21/?,. 


(16.3.10) Let A = [pi, pi]. By (5.3.13.d), the only reflexive and sym¬ 
metric relations are E and A X A. But these are also transitive by 
(15.1.2). Hence 8^ = [£?, A X A]. Also, the only partitions are 

C[pi], [pill and [A]. In fact, 

21^ = C[pi]> M], 21 axa = [A]. 


Now let A = [pi, p 2 , pi]- Then 8,i is the set consisting of 

Ey E+ [(pi, pi), (P2, Pi)]» E + [(pi, pi), (P3, Pi)]* 
E + [(P 2 , ps), (P3, P 2 )], A X A. 


(Note that three other relations are reflexive and sy: 
transitive.) The set (9a consists of 


Mill 


etric but not 


[[Pi]. [pi], [pi]], [[Pi* P 2 ]* [Pa]]* [[Pi. pi], [Pa]]* 
C[P 2 * Pa], [pi]], [A]. 


(16.4.10) Let A = [pi, P 2 ], R = [(pi, Pi)]. 

(16.4.11) Let A = [pi, p 2 , ps], R — C(pi* P2)* tPa, pO, (pi* Ps)]- Clearly 
0 is symmetric; (15.4.3.b) is vacuously true. 

(16.4.12) To be irreflexive, R must satisfy R • E = B, This is obvi¬ 
ous since R = S — E. To prove that R is asymmetric, suppose there 
exist Xy y e A with x Ry, y Rx, Then x S y, y S x, x 9^ y. This is im¬ 
possible in view of (15.4.8.c). (Note that (15.4.8.a) is not needed in 
this proof.) 

(16.4.13) If > is a well-ordering, 7 has a greatest. Hence, by (9.3.8), 
there exists me I such that 1 d 7„. But + 1 c 7, so that in + 1 e Im, 
which is impossible. 
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(15.4.14) All linear orderings are also well-orderings. These follow; 

C(Pi, P2), (P2, Pi), (pi, ps)], 

C(Pl, Ps), (P 3 , P2), P 2 )l 
C(P 2 .P 3 ), (P 3 , Pi), (P 2 , Pi)], 

[(P2, Pi), (Pl, pi), (P2, P3)], 

C(P 3 , Pi), (Pl, pi), (P 3 , P2)], 

C(P 3 , P2), (P2, Pl), (P 3 , Pi)]. 

Partial orderings are the linear orderings, together with the following: 

0 , C(pi, P2)], [(P2, Pl)], C(Pl, Ps)], C(P 3 , Pi)], [(P2, Ps)], [(P 3 , P2)], 
[(Pl, P2), (Pl, P3)], C(P2, Pl), (P2, Ps)], [(P 3 , Pl), (P 3 , P2)], [(P2, Pl), 

(P 3 , Pl)], C(pi, pi), (P 3 , P2)], [(pi, pi), (P2, P3)]. 

(16.6.6) The relation > is a linear ordering of A by (15.4.6). Hence 
(15.5.3) applies with < replaced by > ; the least in 5 cz .4 (with respect 
to >) is in fact a greatest (with respect to <). 

(15.5.6) If iS Cl 7 ^ 0, then S is finite, whence (15.5.3) applies, 
yielding a least in S, Thus (15.4.7.b) holds. 

(15.5.7) Suppose the principle is false. Then there exists H cz A 
such that H A, and such that, ilxe A such that yeH ior every y < x, 
then xeH. Since A — H S, A — H hsLS a least element x. Since x 
is a least, y <. x implies y ^ A — H, whence y €H. It follows that x e H, 

contrary to a: € .4 — H. 


(15.6.8) 

Proof of (a): If a: « T+ then x'^yior every y c T, so that a: ^ y for 
every y € S. Therefore x e S'*'. Similarly S~ ZD T~. 

Proof of (b): Let xeS. Now 

5+- T=[zeA]yeS^ implies z ^ y]. 


But y € iS"*" implies y ^ a;; hence a: c . Similarly 5^35. 

Proof of (c) : By (b) appHed to S+, S+-+ Z) S-K Since 5+" 
(b), we have, by (a), S'^~'^ c: S'*-. Therefore S — S . 
S-+- = 

pROOF OF (d): Obvious from (c). 


S by 



(16.6.9) Define T = USK. Then S e SK hnpUes TcS, so _aat T+ =3 
S+, and 7’+“ C = S by (15.5.8.a). This yields T'*' c: 

But T+- =3 T by (15.5.8.b). Thus T+- = T. 


(16.6.10) Let iS have a least element *. Then [i] C-S ^eWs ^ 
S- If y is a lower bound of S, y e S-, whence y . H . Hence y ^ x. 
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But z eS implies x S z, whence x c S~. This proves that a: is a greatest 
in 5“, that is, x = g.l.b. S. Conversely, if a: = g.l.b. S c S, then x e S“, 
so that the requirements of a least are met. 

Chapter 16 

(16.4.10) Put n = m in (16.4.2), so that m/m is the unique/€ F such 
that m Q f = m O u. Since u is effective as /, the result follows. 

(16.4.11) By (16.4.2), / = mi/ni satisfies n\ O f = mi O u. We 
prove that g = 702/712 satisfies the same equality, so that f — g. From 
712 O g = m 2 O Uj \t follows that 

{rii • 71 ^ O g = Tlx O {712 O g) = Tlx O (m2 o u) = (ni • 7712) O u 

= (mi • 712 ) O u. 

Hence /12 G ( 77 i O < 7 ) = 712 O (mi O u), and tii G S' = mi O u. 

(16.4.12) This follows a pattern similar to that in (14.2.18). 

(16.6.8) Let / = mi/ni, g = px/gi, and let m, 71 , p, q be any positive 
integers satisfying (a). Then mi • w = rii • 77 i, px ' q = qx ' p~ Define 
A = (ttii • pi)/(ni • gi). Then 

(mi * pi) • (n • g) = (mi • n) • (pi • g) 

= • m) • (51 • p) 

= («i • Qi) • (m • p), 

whence h = (m • p)/{n • q). Uniqueness is immediate. 

(16.6.9) Proof of (e): If / = m/n, g = p/q, h = r/s, then 

n q » s 

_ m * (p ' s H“ g * r) 

71 • q • s 

_ m « 7 ^ * (p » g + g * r) 

{n * q) • {n • s) 

^ (m * p) ■ (n * s) + (n * 9 ) > (m * r) 

{71 • g) • (71 • s) 

_ * p ^ 771 ' r 

71 ' q 71 • s 

= U®g)®U® h). 

(16.6.10) We have 

^ ® 5 = 'm-v + yn ^ p • (m+ n) ^ m+ n 
P P p-p p - p 


P 
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(16.6.11) Letf=m/neF. Then 


Also, 


/ 0 u = 


m 

n 


1 

1 


m«1 
n • 1 


m 

n 


VL Vl ~ ^ ^ _ 1 _ 

n m n'm 1 



(16.6.12) We have 

2 1 _ 2*2+3.1 ^ 4+3 _ 7. 

3^ 2 3-2 6 6' 

3 5^ 3j^ ^ 3-5 ^ 5. 

4*^6 4*6 3-4-2 S' 

|®| = U = 1 [by (16.6.11)]. 


(16.7.8) Suppose m • q = n • p. We have, by ( 2 ), 

(n • 5 ) • (mi • gi) = m • Til • O' • gi = (ni • n) • (p • 

= (n • g) • (ni • pi), 

so that mi ■ 3 i = ni • pi. The converse is similar. 

(16.7.9) Let/ = m/n, g = p/g, and let g = / ® A = r/s. It follows 
that m* 5 *g + nT-g = n- s*p. By (9.4.7), s | n • r • g, whence 
there exists kel such that n-r •q = k^s. Thus, by cancellation, 

m • g + A: = w ' p, 

and the conclusion follows. 


(16.7.10) 

Proof op (a): If / = m/n ©/, then m*n < n - m , which is false. 
Proof op (b): Obvious by (a), (c) and (15.4.4). 

Proof of (d); Use (16.7.5) and the technique of (9.2.11). 

Proof of (f): Let/ = m/n, g = p/g. Thenm • g<n*por m-g = 
n • p or n • p < m • g. These cases lead respectively to / @ g, / = g, 

^roof of (e): Suppose the contrary. Then / = g or g ©/ by (f). 

Then apply (d) to obtain a contradiction. 

Proof op (g): Since/@ff, there exists, by (16.7.5), fctP such that 

g = f ® k. Hence, by (16.6.4.e), 

g ® h = if ® h) e (k h), 


whence the result follows by (16.7.5). 

Proof of (h): Use (f) as in (e). 

Proof op (i): If A = this foUows from (g). 

f®hQg ®h©g ® k. 


Otherwise, by (g), 
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(16.7.11) To prove 3 • 5 < 4 • 4, note that 

3.5+1 = 3-(4+1) + 1 = 3‘4+3+1 = 3- 4+4 = (3+1).4 

= 4‘4. 


(16.8.3) To prove mi • 2 • ni • < ni • (mi • ■+• ni • note that 

assumption of the contrary yields 

mi • ni • ?i2 ^ * Wi • 

so that mi • n 2 ^ ni • mz, contrary to/i @/ 2 . Similar argument proves 
®/ 2 - 


(16.8.4) If / = m/n € F, then 



2 «m 
n 



the last statement holding since m • n < 2 • m • 7 i. If / is a greatest 
element, then (? @ / contradicts the property g ^ f. 


(16.9.6) Existence of m follows from (16.9.1). If m/1 ~ n/1, then 
7/i • 1 = 1 • n, whence m = n. Cleai'ly tp has domain I. If / = m/1 c I, 
then 

/i.N m ^ 1 m+1 r 

•p(.f) = Y ® 1 = 

A 

whence range of ^ <z /. Obviously u = 1/1 € 7. 

(16.10.4) We have 

m ^ n m • n ,, . , / \ ^ \ fn ^ n 

a®b = Y^J = —~— = ^(m • n) = ®o ^(n) = y 1 

= a ®ob; 

this proves (2). Let a @ 6 . Then 7 n < n, whence a = }p{m) @o ^(n) = 6 . 
The converse is immediate. Tliis proves (3). 


(16.10.6) To prove (1), note that, by (4), (5) and (7), ( 8 ), each of 
f <ig and ^(/) <2 ypig) holds if and only if in * q < n • p. The proof of 
(3) is similar to the proof of (2) given in the text. 

(16.10.6) Let (Fi, ui, < 1 , + 1 , Xi) and (Fa, Ua, < 2 , + 2 , Xa) be any 
two algebraic systems of positive rational numbers, and lot (Fx, Ui, Gi) 
and {F 2 , U 2 , O 2 ) be the corresponding basic systems of positive rational 
numbers. By (16.4.9), there is an isomorphism ^ between (Fi, Ui, GO 
and (T'z, U 2 , O 2 ). Then, by (16.10.2), ^ is also an isomorpliism between 
{Fh < 1 , + 1 , Xi) and (Fa, Ua, <s, + 3 , Xa)- 
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Chapter 17 

(17.2.7) Let h, h* be upper endpoints of S. Since htB, we have 

h similarly b' ^ b. Hence b = b'. This proves (c). Suppose 

S is open, and let b, 6 ' be endpoints. If b ^ 6 ', then h < b' or b' < b. 

If b < h', then beSy Avhence h > b, which is false. Similarly, 6' < 6 is 

impossible. (Note that the hypothesis © is not required here as in 

(b)-) 


(17.2.8) In (Fy <), any upper (lower) bound of F must be in and 
hence is a greatest (least). Hence, by (16.8.1), (16.8.4), no such bounds 
exist. The example in (15.5.4) is not a linearly ordered system, and so 
does not answer the question here. 


(17.2.9) Let (/, <) be the linearly ordered system, and define 
/S = [2, 3] = [m € 7; 1 < ?n, m < 4]], AA^hence 5 is an open interval Avith 
endpoints 1, 4. But g.I.b. S = 2, l.u.b. >8 = 3. HoAA^ever, let (F, <) be 
the linearly ordered system, let £/, A € F, gr < A, and define 

^ £?</./ < 

Now let g\ be a lower bound of S. Since >8 0 by (16.8.2), it follows 

that gi ^ g. (Otherwise gi e > 8 , and g < gi leads to an element f eF with 
9 <fjf < Qi^y (16-8-2), so that gi cannot be a loAver bound.) Similarly, 
h = l.u.b. > 8 . Hence the answer to the question is in the negative for 
some systems and in the affiimative for others. What is needed in the 
affirmative proof for {F, <) is the “density” (16.8.2). 


(17.2.10) The answer is similar to that in (17.2.9). Density yields an 
affirmative answer, but in (7, <) the answer is again negative, as the 

sets In “ [n] shoAv. 


(17.4.11) If Ji < Ji and J 2 < Ju we have JiCZ J 2 , J 2 d Jiy whence 

Ji = Jzy contrary to Ji < If Ji < J 2 < *^ 3 , then Ji a is 

immexliate. But Ji = Jz yields J, <J 2 ,J 2 <Ji contraiy to the irre- 

flexive property. 

(17.4.12) Clearly z e Jz implies z < y, whence y c Jz yields z t Jz, 

since Jz is a lower set. This proves JzCZJz- Now yeJz,y( Jz imp les 
Jz^Jz. Hence Jz<Jz- Now suppose to e/i. Then to s. It x > to, 
then xeJi, which is false. Hence to < x. But then to < y, whence 
w eJi. This proves Jid Jz. Since x eJz, x e Ji imp les 1 3 . 

Therefore Ji < Jz. 

(17.6.6) Let p e S, whence k e T implies k ^ p. Thus p is an upper 
bound of r, so that p ^ g. This proves that ? 

Now let h be a lower bound of S. Then heT, so that h g g. This proves 
that g = g.I.b. S. 
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(17.6.7) It is shown that (2) implies that h is an upper bound of S. 
Let pciS, neJ, geX with 

Cn = [x €K\p X, X g]. 

If n ^ 771, then Cm cz C„, whence p* « C„, and p ^ p*. Then p ^ < /i. 

If 71 > 771, C„ c: Cm, whence p « Cm, so that p ^ g* < A. In all cases, 
p < h. 

(17.6.8) Let nt I. Define 

H = [A: € 7; a(n) < a(n + A')]. 

By (3), I cH. If g € 77, then, by (3), 01 ( 77 ) < o ;(77 + g) < a(n + g + 1), 
so that g + 1 c 77. U m, n e I, m 9 ^ n, we have m > n or m < n. If 
m > n, define k = m — n, whence keHy and a( 7 i) < 0(771). Similar 
argument yields 0 ( 77 ) > 0 ( 777 ) if tti < ti. Hence (4) holds. 

(17.6.9) Consider a system (L, <) satisfying I, II, III, (17.5.1). We 
list the properties of (L, >), that is, we restate I, II, III, (17.5.1), but 
employ wherever possible the relation > . First, I is unchanged. Next, 
from II we obtain that II* (a) > is irreflexive, (b) > is transitive, (c) o, 
b eK implies a = fe or a > b or 5 > a. According to III, we have III* 
for every a, 6 « 7C with a > 6, there exists x eK such that a > x, a: > 6. 
Finally, (17.5,1) states that 

IV'*. every non-empty subset of K which is bounded “above” 

has a “least upper” bound, 

where “above,” “least upper” refer to the relation >. Properties I, 
II*, III*, IV'* state precisely that (L, >) is a one-dimensional con¬ 
tinuum. Now Theorem (17.5.1) is proved in the text for any one-dimen¬ 
sional continuum; hence it applies to (L, >). This yields 

(17.5.1)* every non-empty subset of K which is bounded “below” has 

a “greatest lower” bound. 

(Again “below,” “greatest lower” refer to >.) But (17.5.1)* restated 
in terms of < becomes exactly IV. Thus Axioms I, II, III, IV hold. 

The proof given was purposely used in place of a direct proof in order 
to illustrate an “argument by duality.” When, as is the case with one¬ 
dimensional continua, a “dual” system Qiere (L, >)] derived from the 
original [here (L, <)3 possesses the same properties, the theorems proved 
for the original may be asserted for the derived system to yield additional 
theorems in the theory of the original. The reader should study the 
method of proof carefully, since it is a very important tool in the study 
of such “self-dual” systems. 
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(17.6.10) Define a sequence n e 7) in K so that, for n e 7, 


and define 





That Jo, Jn^K follows from (17.4.3). Define a sequence {Cn, n e 7) of 
open intervals so that, for every ne I, 


C„ = [J € TT; Jo < J, J < Jn]. 


We show that n e I implies J„+i < J„. If x € J»+i, 


X < 


n+ 2 
n + 1 



n + 1 

-1 

n 


and XiJn. By the density (16.8.2), there exists yeF with (n+ 2)/ 
(n+!)<?/, 2 /<(n+l)/n, whence 2 /eJ„, ye'Jn+i. This proves 
Jn+i < Now if n e 7, then J « C„+i implies J < J„+i, whence J < J„, 
and J € Cn. The sequence (C„; n el) is therefore nested. It is easily 
proved that n el implies Cn ^ 

Suppose J exists such that J eCn for every nel. It follows that 
Jo < J. There exists b e F \\ith beJ, be Ja. Since J has no greatest 
element, there exists b' eJ such that 6' > b. Now b' e Jo, since other¬ 
wise b e Jo. Define 

J' ^ [^x € F; X < b'2- 


It follows easily by familiar arguments that 

Jo < J', J' < J- 


Let b' — 'p/q. 
Then 


Evidently V > 1/1, so that p > q- 
n-f- 1 ^ g+2 g+j < P, 

n g + 1 g 7 


Define n = g + 1. 


so that Jn C J'. This leads to Jn < J and contradicts J e Cn. 


Chapter 18 

(18.2.10) Weshowfirstthat, intheproof oflll, if [/4- ^;/e/] 
then, for every f eJ, t€ I, it is true that /-{-t’heJ. De e 

H ^ [tel; feJ implies fhe J^. 


Clearly I eH. 


Suppose qeHj and let J eJ. Then 

(^-f- 1) . A = {f-\- q’h)-\-heJ, 
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since / + q • he J. Hence q-\- I cH. To prove IV, let Ji, Jze (P with 
Ji @ J2y and let me I. Then m O J\ = [m • h\ h ej{} and m O J2 = 
[m ' h'j he J{\. Let k em O J\, so that there exists h\ e J\ such that 
k = m • h\. Since Ji cz t/2, h\ e J2, whence m ' hi em O J2. This proves 
w O «/i c: m O t/2. But J\ 7^ J2, whence there exists /i2 e t/2 such that 
7(2 e' J\> Then m • /i2 € w O t/2 and m • h2€'m O Jx (since m • h2 = m •hz 
implies hi = Tia). Thus mOJi^mOJ2- This proves IV. To prove 
V, note that 

m O {n O J) = \jn • (n * h); h ej^; 

(m • n) O J = [_{m • n) • h\ he t/]. 

( 18 . 3 . 11 ) The set »S = [x e a © z, x @b']is non-empty by ( 18 . 3 . 7 ). 
Suppose S finite. Then, by ( 15 . 5 . 3 ), there is a least f eS. But, by 

( 18 . 3 . 7 ), there exists ge^ mth a@ff, Then geSj contrar 

dieting that / is a least. 

( 18 . 4 . 7 ) Similar to ( 14 . 2 . 18 ). 

( 18 . 4 . 8 ) To prove Ji = [^^*(^2); 2*2« J2'] is a lower cut, note first that 
Ji 7^ S follows from J2 ^ ©. Now, by ( 16 . 10 . 2 ), ^ is an isomorphism 
between the algebraic systems of positive rational numbers as^ciated 
with (ill, &i, Oi) and (^2, t'2, O2); in particular, if ?/i, Zietfu then 
2/1 ®i zi if and only if <p(yi) ©2 (p{zx), and, if ?/2, Z2 € il2, then 2/2 ©2 Zi if 
and only if ^*(2/2) ©1 tp*{z2)> From this it is easily seen that, if 6 is an 
upper bound of J2, then ip*(b) is an upper bound of Ji. Also, if Ji has a 
greatest c, then (p{c) is a greatest in J2- Finally, let t\eJ\ and Si @1 1 \. 
Then h = ^*(^), si = ^*(S2) ^\^th S2, t2€J2 and S2@2i2- Since ^2 is a 
lower set, S2 c J2, whence si e and Ji is a lower set. Hence Ji is a lower 
cut. The remainder of the proof is straightforward. 

( 18 . 5 . 9 ) Define 

T = [Xi • Xz; Xi, X2 € Xi ©fi, X2 ©AD, 

so that /i ® /2 = l.u.b. T. li y e S, then y ~ xi * xz < fi */2, so that 
fi • /2 is an upper bound of T. Let b e (P ho any upper bound of T and 
suppose b©fi ‘ fz. By ( 18 . 3 . 7 ), there exists ge^ such that b©g < 
fi • / 2 . By ( 18 . 5 . 3 .b), there exist Tii, hze such that g = hi * hzf hi < fi, 
hz < fz. Then g eT, contradicting that 6 is an upper bound of T. Hence 
/i •/2 2 and/i •/2 = l.u.b. T. The proof is complete. 

( 18 . 6 . 10 ) Define 

T = [xi • xz; Xu xz Xi© au Xz © 02], 

and let / © ai ® az. Since ai ® 02 = l.u.b. T, / is not an upper bound 
of T, and there exists y eT with f < y. Since 27 e T, there exist fu 
with y = fx -fzy fi © au fz © az. Since f <fi -fzy by ( 18 . 5 . 3 .b) there 
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exist ^ 1 , e such that/ = gi < f^, g^ < f^. But gi @ Oi, g^ ® 03 . 

Hence f eT. Conversely let f eT, so that there exist gi, g^ e ^ such that 
/ = • 92 , g\ ® aiy 92 ® 02 . By (18.3.7), there exist Xi, 0:2 e £F such that 

gi © Xi, Xi © ai, 92 © X 2 , X 2 © 02 . Then • ^2 < a:i • X 2 , But Xi*X 2 € T, 
whence Xi • X 2 Q ai ® a 2 = I.u.b. T. Hence / = 9 \ * 92 © ai 02 . This 
proves (18.5.6.b). 


(18.6.11) To prove (a), note that 

0 0 6 = I.u.b. Zx y; Xy y € X© Uy y @ 6 ]; 
6 0 0 = I.u.b. \jy -{- x; X, y € ^fy y ©b, X © o]. 


To prove (b), define 

S = lx+ y;x, y e^fy x©{a ^ h)y y© c]; 
T = [r + s; r, s € JF, r @ o, s @ (6 0 c)]. 


Then (o 0 6) 0 c = I.u.b. S and o 0 (6 0 c) = I.u.b. T, and it suffices 
to prove that S = T. Let zeS. Then there exist XyyeS with ^ = 
x + y, X @ a ® b, y © c. By (18.5.6.a), there exist/i, /j e 5 such that 
X =fi + /j, /i ©a, / 2 @ b. But z =fi + f 2 + y. Define r = /i, s = 

/2 + y. Then z = r+s, r=/,@a, s =/2 + 2 /@ 6 ©cby (18.5.6.a). 
Thus z e T, and we have shown S C. T. Similarly T d S, and the proof 
of (b) is complete. The proofs of (c), (d) are parallel to the above with 

+ replaced by • and © by ®. 


(18.6.12) The proof is similar to the proof of (12.2.8) in view of 
(18.5.7.e). 

(18.6.8) Since a©b, a ® c©b ® c by (18.6.6.a). Similarly, since 
c@<i, 6 ©c@ 6 ©d. Then a © c @ 6 © d by transitivity. The proof 

of the other half is similar, using (18.6.6.c). 


(18.6.9) If a @ 6 , then @ b^ by (18.6.8). Now let © ¥. Then, 
if 6 @ a, we have V 2 contrary to a^ @ 6 *. 

(18.6.10) Let a @ 0 and suppose a”* S t-. Then, by (18.6.8) or 
(18.6.6.C), a ® a-i@a ® » = f. But a ® a ‘ = t-, by the defimtion 

of an inverse. Thus » @ », which is a contradiction; this proves o @ a . 

The other half is similar. 

(18.6.11) Since/® we have .©/-* by (18.6.10). It is easily seen 

* 1 , r i A T n ft fi 1 bUo a • S-'\ we have the existence of 

g e /such that 7 ® « '/"*. « • © ? 'Z''- ^ 

(18.6.12) Suppose that 6 » § a for eveiy n « L Then -S 

is bounded above and so has a least upper bound x . <P. Smce © 0, 
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by (18.6.1.b) there exists g such that fif @ x, x©g • 6. Since @ x, 
g is not an upper bound of S, and so there exists me I such that g < b". 
Then g ' b < • b — 6”*+^ But 6”'+^ « S and x @ 6”*+^ This contra¬ 

dicts that a: is an upper bound of S. 

(18.6.13) This is similar to (18.6.12) using g.l.b. instead of l.u.b. [see 
(17.5.1)] and (18.6.11) instead of (18.6.1.b). 

(18.7.3) It has been shown that CP — O' 0. Let x e (P — O'. Since 
a ® 6 then, by (18.3.7), there exist /i, /2 « O' such that a ®/i < /2 @ 6 . 
Since /i < /z, there exists he ^ such that /i + A = / 2 . By (18.6.1.a), 
there exists ke ^ such that A: @ a: @ + k. Consider separately the 

three cases fi = k, fi < k, k < f\. If fi = fc, then /i = A:@a:@fc + 
A = /i + ^ = / 2 , and a@x@b. If /i < A:, there exists ^ « SI such that 
f^-\- g = k. But g < k@Xy so that there exists y e <9 such that y 0 
g X. From/i -\-g = k@x = y®g it follows that/i @ y. Similarly 
2 /®/i+Ai=/ 2 . Hencea®y@ 6 . ButycCP— O'. For if i/€ O', then, 
since g€^,x = y+ g€^f, contrary to x « (P — O'. The remaining case 
k < /i is treated similarly. 


Chapter 19 

(19.4.14) Let r = {p, ?). Since s e P, there exists me (? such that 
s — [m -{• Vy v\. Then r0s = (p+w+p, g'+t'}, and r @ r 0 s 
since p+ 9 +f><?+p + m+t;. 

(19.4.16) (p, q\ © {q, p) = Ip + 7 , 7 + pl = \vy v] == 0. 

(19.4.16) This is similar to (14.2.20). 

(19.4.17) Let g, h, p, q, m e (P such that r = {gf, A}, s = |p, g}, i == 
[m+Vyv]. Since r @ s, g + g < A + p. Now 

r ^ i = {g *771+ g+hyh»m+h+ g] = {g • m, A •m), 

and 

= {p-m+p+g, g-m+g+p} = {p* 7 n, g*m}. 

Then r ® ^ @ s 0 i follows since m-g+m^g <W'A+m*p. 

(19.6.9) Letr = Ip, g!, s = {wi, n). Then —r = {g, p}, —s — {n,m} 
[see (19.4.15)]. Thus 

( —r) 0s = {g-m + P’Ti, g*n+p'7n} 

= — {g'n+p‘W, g*m+p'n) 

= — (r 0 s). 

This proves (a). To prove (b), since 0 is commutative, we have 

r 0 (—s) = (“s) 0 r = — (s 0 r) = — (r 0 s). 

Finally, (c) follows from (a), (b), in view of (19.5.8). 
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(19.5.10) Begin as in (19.5.9). 

(19.7.18) Straightforward. 

(19.7.19) By (19.7.10), 

(-a) ® (-(a-^) =-(a ® '(-(a“'))) 

= — (—(a (g) a-i)) = — ( —w) = w. 

(19.7.20) By (19.7.4), from a @ 6 it follows that a 0 @ 6 0 6 -* = 

w. Suppose a-^ g Then a 0 g a 0 whence w @ w, which 
is a contradiction. 


(19.8.12) First note that no use of Axiom 1(c) has been made in any of 
the proofs in (19.7), (19.8), and so the theorems of these sections can be 
used. Let a, b eP with a @ 6 . Consider the followung cases: ( 1 ) aeP, 
6 € P; (2) a = 0, 6 € P; (3) a « N, b e P; (4) a e N, 6 = 0; (5) a « N, 6 c N 
(since a @ 6 , no other cases are possible). In (1), there exists xeP such 
that a@x, x©bhy (19.8.9). In (2), use the fact that P has no least, 
whence there exists xeP with x©b. Since x€p,0©x. In (3), a: = 0 
is effective. In (4), — a « P, so there exists xeP with 0 @x@ —a. 
Then, by (19.7.5), a®-a:@0. In (5), -a, -beP and -b@-a, 
whence there exists x with — b ® x @ —a, and a @ — x @ b. 


(19.8.13) Compare with (18.5.12). 


(19.9) Compare with (18.4.4), (18.4.5). 


(19.10.7) R and P are uncountable, since (R, <) and (P, <) are one¬ 

dimensional continua. Also N ^ P, whence N is uncountable. Since 
(F, <, 1, O) is a basic system of positive rational numbers, it follows that 
F is countable. Also [-/; /e F] F, whence [-/; /c F] is countable; 
T =: F [ 0 ] is a finite sum of countable sets and hence 

is countable. Then E (C T) and I (c E) are countable. 

(19.10.8) Since 1 e I by (19.10.1.a), it follows that 1 is in each of the 
sets. It remains to prove that, for each set, 

( 1 ) if a and b are in the set, then a + b, a • b are in the set. 


This follows for I, since, for tw, n e I, 

(m O 1) + (n O 1) = (»«+ «) O 1 riQRfiin 

^mOl)-(nOl) = me (nO 1) = (m-n) 0 1 [by (19.8.6)]. 

Also, (1) follows for F, since, for x, y, s,t€ I, 

( 3 .. ^ 1 ) + (s. rO = ((x . 0 + (5 • y)) * 


as is easily proved, since 

(x • 2 r‘) • (s • = {x -s) -(t- y)-\ 
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and since x * ty s * y, t • y, x • s €\. Also, (1) is now evident for I + [^0], 

F + QO], P + [^0] in view of (19.7.1), (19.7.9). To prove (1) for E and T, 
one considers cases, using the fact that R = P + N + QO]. 

(19.10.9) If a, fecT (or E), then a-^x = h with x = 6 +(—a)€T 

(or E). In view of commutativity of + and (19.10.3), (T, +), (E, -f) are 
groups. If a, 6 e T — |]0], then a • x ~ h \vith x = (a“*) • 6 . It is readily 
shown that a~' e T, a~^ 0, whence x e T — [0]. 

(19.10.10) The proof of (19.8.12) may be modified to obtain X€F 
or X = 0 or — x e F, whence x c T. 

Chapter 20 

(20.2.3) Direct verification of the eight equalities establishes III 
[^similar to the treatment of (7.2.1)]. To prove VI, verify the eight 
equalities like 

(m+n)*m = n«m = m = m+ m = 7M‘m+n*m. 

(20.2.4) Axiom I is obvious; II follows from (7.2.2); III is proved 
directly by verifying twenty-seven equalities from the table (similar to 
(7.2.7)); IV is similarly proved (six equalities are verified); proof of VI 
is similar to that of III, The following prove V, since p = 0: 

r.p = p, r*r = g, r ^ q = r. 

(20.2.5) The set of real numbers is not equivalent to the set of rational 
numbers, since the latter is countable and the fonner is not. Hence the 
systems are not isomorphic. This proof depends on consistency for the 
positive integers, while the proof in the text does not. 

(20.3.11) The proof of (a) is similar to that of (12.2.8). [See also 

(18.5.12), (19.8.13).] Proof of (b): If 7 a «/„ implies a„ = 0 , then, by (a) 
and (20.3.3), 

w n n n 

2"" = 2^ • Om) = 0 • 2a„ = 0. 

m«i m-l m-I 

(20.3.12) (a) Isomorphism (one-to-one correspondence) by (20.3.2) 
and ( 10 . 2 . 2 ); 

(b) isomorphism, since a^htR implies 

F{a + 6 ) = - (a -h 5) = -a + (- 6 ) = F{a) + F( 6 ) 
by (20.3.2.d); 

(d) isomorphism, since F( 0 ) = -0 = 0 by ( 20 . 3 . 2 .c). 

(c) j (0 Since F carries + into +, these are equivalent. If a, 5 c 

F(a *h) = — (a • 6); 

F(a)>F(b) = (-a). (- 6 ). 
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If a = 0 or 6 = 0, it follows that F{a • h) = F{a) ■ F{h). In (20.2.1), 
— (w • n) = ~~n = n = n ' n = ( —n) • ( —n), so that F is an isomor¬ 
phism, since F{a*h) = F{a) - Fib) for every a, beK. However, in 
(20.2.2), (-g) • (-r) ^ T ‘q = T, while -{q . r) = -r = ?, so that 
F{q • r) 7*^ F{q) • F(r). The reader can show that, in the rational or real 
number system, F is not an isomorphism. 

(e) Here again F may be, but need not be, an isomorphism; in 
(20.2.1), —1 = 1, so that the answer is aflirmative. But in the other 
examples, the answer is negative, since — 1 1. 

(20.3.13) Let be an isomorphism. Then 

0 + F(0) = F{Q + 0) = F(0) + F(0), 
whence 0 = F{^) by cancellation. Similarly, 

1 • Fil) = F(l • 1) = F(l) • F(l) 

yields 1 = F(l). 


(20.3.14) Part (a) follows from (12.4.2), which applies since + is 
associative. Proof of (b): Evidently, by (20.3.11.a), (12.4.4), 


F(m) ■ F{n) = F{m) • Tl = %nm) = 


If P is a one-to-one correspondence between I and iC), then K is infinite. 
(This is false in (20.2.1), (20.2.2).) In the rational or real number sys¬ 
tem, F is a one-to-one correspondence. In (20.2.1), 0 e ifo, since F(2) = 
1+1 = 0. But, in the rational number system, 0 e' Kq. 


(20.3.16) The proof is easily made by induction with the help of 
(12.2.6), (20.3.6). 

(20.4.16) In view of III, (12.4.3) and (12.4.5) apply to yield the de¬ 
sired results. 


(20.4.17) These are all easy; for example, the analogue of (9.8.5.c) is 
this: Let a, b,C€ K. Then 6, c 0 implies (a/b) • c = aj (6/c). 

Proof: By (20.4.7.c), (20.4.13), (20.4.10), a/(6/c) = (a/l)/(&/c) = 
(a/1) ■ (c/6) = (a • c)/(6 • 1) = (a/6) • c. 


(20.4.18) If n is even, there exists k e I with n = 

(_a)" = (-a)2-^ = (i-ayy 

= {a^y 


2*k. 


Then 

[by (20.4.16)] 
[by (20.4.2)] 


If n is odd, then let n = 2 • + 1. whence 

(_a)» = (-o)^'‘ • (-a) = -(o2 ‘ • a) = 


- 


Prove the last part by induction. 
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(20.4.19) Trivial. 

(20.4.20) Use the fact that —a = ( —1) • a and (20.3.11.a) to obtain 
the first part. Use induction to prove the second part. 

(20.6.8) (c) We have 

(a — 6) + c = c + (a — 6) 

= (c + a) - 6 [by (a)] 

= (o + c) — 6 

= a + (c — 6) [by (a)] 

= a — (6 — c) [by (20.5.3.b)]. 

(20.6.9) Referring to (20.3.14), we see, in view of (20.3.11), that, 
for (n, a) e / Y. K 

n O a — F{n) • a. 

Hence, by (20.3.14), \i m, n ^ I, a € K, then 

(m + n) O a *= (m O a) + (n^ O a), 

(m • n) O a = w O (n O a). 

Further properties (let a, 6 e iC, m, n € 7): 

w O (a -h 6) = F(m) • (a + 6) = (/n O a) + (m O 6); 
m O {cl ‘h) — (m O a) *6; 

1 O a = a; 
n O 0 = 0; 

m > n implies {m ~~ n) O a — {m G a) — (n G a); 

(m G a) • (n G 6) = (w • n) G {a • b); 

n\m,n O a ^ 0 implies {7n G a)/in G a) = (w n) G 1. 

(20.6.10) (a • 6)" = a" • 6” [use induction]; {a/by = {a • (b”0)" = 

a” • ((b)”*)" — * (b")”* = aVb" by (20.4.20) with Om — b. 

(20.6.11) 

(a+b)* = a+b; 

(o+b)2 = a2+2G (a*b) + b2; 

(a + 6)3 = + 3 G (a2. b) + 3 G (a • b^) -f b*; 

(a + b)* = a< + 4 G (a3.6) + 6 G (o^ • b^) + 4 G (a • b®) + 

(a - b)® = a® - 3 G (a2 . b) + 3 G (a • b-) - b®. 


( 20 . 6 . 12 ) 


g * b 
g -|“ b 


if a + b 7*^ 0; 


a * b 
b — a 


if a 7«^ b; 


(a+l)>b 
(b + 1) • a 


if b 5«i-l. 
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categorical, 100, 230 
consistent, 98 
dependent, 99 
inconsistent, 97 
independent, 99 
of induction, 104 
use of term, 5, 64 
See also: Foundation 
Axiomatics, 25-27, 96, 361 

Basis 

language: see Language basis 
of a mathematical theory, 63 
tacit inclusion of positive integer 
system in, 144 

Bounds, lower and upper, 246, 279 
Brackets, as symbols for sets, 32, 36 
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of field operations, 349 
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115, 121 
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of operations for positive real 
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Contrapositive, 66 
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sums of, 217, 219 
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intuitive, 101, 145 
mathematical, 146, 155 
numbers, 101 
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Cuts, lower, 286, 296 
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by the dictionary, 9 
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inductive: see Inductive definition 
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for positive rational numbers, 262 
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Divided by (denoted by / or 
operation for fields, 354 
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Divides (denoted by [) 
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relation on positive integers, 134 
Dotto (denoted by G) 

operation for fields, 360, 410 
operation for positive rational 
numbers, 250-251 

operation for positive real numbers, 
294-295 

operation for real numbers, 341 
Duality, 402 

Elements 
always in sets, 29 
concept of, 28, 29 
equality of, 33 
Empty set (denoted by 0) 
as function, 53, 99 
as one-to-one correspondence, 146 
as relation, 49 
as subset of any set, 36-37 
equivalent only to empty set, 146 
Equality 

meaning of, 33 
of elements, 33 
of functions, 55-56 
of ordered pairs, 41 
of relations: see Equality of sets 
of sets, 33-34, 36 
Equations 

in number systems, 325 
solution of in groups, 94 
Equivalence 
classes, 238 
logical, 66 
relations, 237-238 
Equivalence of sets 
as equivalence relation, 150-151 
criteria for, 148 
definition of, 146 

properties of, 149,151-153,155,159, 
200, 203 

Even (positive integers), 139 
Exponents, laws of, 188, 189, 357 

Fields 

consistency for, 349-350 
differences in, 358 


examples of, 349-350 
foundation for, 349 
quotients in, 354 
Finite sets 

characterization of, 211 
definition of, 146 
properties of, 155, 157—159 
sums of, 219 
See also: Countable sets 
Foundation 

for a mathematical theory, 64 
for field theory, 349 
for group theory, 83 
for one-dimensional continua, 281- 
282 

for positive integers, 104 
for positive rational numbers, 251 
for positive real numbers, 295 
for real numbers, 326-327 
Function(s) 

applied to subsets of domain, 56 
characterizations of, 53 
correspondents under, 54 
definition of (as special kind of rela¬ 
tion), 52 

domain of: see Relation 

equality of, 55-56 

methods of defining, 55, 57, 151 

notations for, 54, 56 

range of: see Relation 

tabular representation of, 55 

Geometry, 24, 25, 362 
Greatest elements 

of subsets of partially ordered sets, 
245 

of subsets of positive integers, 
130-134 
Group(s) 

commutative, 86 
cyclic of order 4, 232 
direct product of, 230 
examples of, 84-86 
foundation of theory of, 83 
4-group, 232 
identity of, 91 
inverses in, 93 

Identity 
of a group, 91 
relation (denoted by E), 49 
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Implication (s) 

as the substance of theorems, 63-65 
conclusion in, 65 
contrapositive of, 66 
converse of, 66 
h 3 TK>thesis in, 65, 67 
Inclusion, set-theoretic 
as fundamental concept, 35 
as partial ordering, 244 
proper, 35-36 

Incomprehension, as a language 
problem, 8 
Induction 

axiom of (final formulation), 115 
axiom of (initial formulation), 104 
transfinite, 247 
Inductive definition 
complete, 164, 168, 170 
incomplete, 165, 168, 170 
using Principle of Choice, 175 
Infinite sets 
characterization of, 210 
definition of, 146 
denumerably, 212 
existence of, 207, 291 
non-denumerably, 291 
See also: Countable sets 
Instance of a mathematical theory, 64 
Intervals 
closed, 277 
endpoints of, 278 
half-, 278 

nested sequences of, 290, 293 
open, 277 
proper, 290 
Inverse 

of a one-to-one correspondence, 58 
of an element in a group, 93 
See also: Negative, Reciprocal 
Isomorphism (s) 

as generalization of equivalence 
of sets, 221 

definitions of, 223, 225-229, 258, 304 
examples of, 221-222, 390-391 

Language basis 
meaning of words in, 13-15 
need for, 12 
Least elements 

of subsets of partially ordered sets, 

245 


of subsets of positive integers, 130- 
132 

Lemma, 5 

Less than (denoted by < or @) 
relation on a one-dimensional con¬ 
tinuum, 281 

relation on positive integers, 124 
relation on positive rational 
numbers, 266 

relation on positive real numbers, 
295 

relation on real numbers, 326 
Line, as intuitive measuring device, 
274-277, 294, 322-323, 325-326 
Logic, as a basic term, 15-17 
Logical terms 
as basic, 16-17 
summary of, 43, 44 

Mathematical terms, fundamental 
basic, summary of, 43, 44 
defined, summary of, 61 
Mathematical theory, nature of, 
63-65, 96, 361-364 
Mathematics, as a basic term, 19 
Measurement 

intuitive, 249-251, 274, 294, 322- 
323 

mathematical, 276, 322 
primitive, 23, 24 
Minus (denoted by —) 
operation for a field, 358 
operation for positive integers, 141 
Misunderstanding, as a language 
problem, 8 

Negation of statements, 32, 33, 35, 
70-71 

Negative 

as inverse in a group, 93 
of a real number, 336 
of a relation, 48 
of an element of a field, 350 
Notation(s) 

fundamental, summaries of, 43, 44, 
61 

See also: Symbols, Symbolism 
Number, Science of, 19 

Obvious, 77 

Odd (positive integers), 139 
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One 

identity of a group, 91 
intuitive counting number, 103 
intuitive unit for measuring, 250 
special element of a field (denoted 
by 1), 352 

special positive integer (denoted 
by 1), 103, 104 

special positive rational number 
(denoted by u), 250-251 
special positive real number 
(denoted by v), 295 
special real number, (denoted by 
w) 337, (denoted by 1) 345 
One-dimensional continua 
consistency for, 288 
foundation for, 281-282 
non-countability of, 291 
One-to-one correspondence(s) 
criteria for, 148, 152-153 
definition of (as special kind of 
function), 58 

equality of: see Equality of functions 
Operations, binary 
associative, 115, 176 
commutative, 115, 177 
definition of (as special kind of 
function), 59 
extended,178 

general associativity for, 182 
general commutativity for, 183, 185 
notations for, 59 
tabular representation of, 59 
Ordered pair(s) 
equality of, 41 
meaning of, 41 
notation for, 41 
Ordering 

linear, 128, 243 
of positive integers, 128 
partial, 128, 242 
weU-, 132, 243 

Paradox 
Barber, 11 

of Bertrand Russell, 11 
Pair: see Ordered pair 
Parentheses 

as symbols for functions, 56 
as symbols for ordered pairs, 41 
as symbols for tuples, 160, 383 


as symbols of “grouping,” 39, 60, 
121-122, 142-143 
Partitions, 240 
Plus (denoted by -h or ©) 
operation for a field, 349 
operation for positive integers, 
109, 112 

operation for positive rational 
numbers, 262 

operation for positive real numbers, 
308 

operation for real numbers, 326 
Positive integers 

algebraic system of, 143, 233 
categoricalness for, 232 
consistency for, 104-105 
definitions of specific, 122 
foundation for, 104 
included in bases of mathematical 
theories, 144 

operations for, 112, 118, 141, 144 
relations on, 124, 125, 134 
Positive rational numbers 
absence of least and greatest, 
268-269 

algebraic system of, 270, 272 ■ 
as intuitive fractions, 249 
categoricalness for, 260 
consistency for, 254 
countability of, 260, 270 
density of, 268 
foundation for, 251 
integral, 269 
operations for, 262 
order relation on, 266 
symbolism for, 256 
Positive real numbers 
absence of least and greatest, 303 
algebraic system of, 314 
categoricalness for, 306 
consistency for, 298 
density of, 302-303, 323, 324 
foundation for, 295 
integral, 301 
irrational, 323 
operations for, 308 
order relation on, 295 
rational, 300 
Postulate: see Axiom 
Powers, 187 
Presymbolism, 7 
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Prime numbers 
definition of, 136 

positive integers as products of, 
189, 193 
Product 
cartesian, 42 
extended, 179 
extended set-theoretic, 197 
intuitive for counting numbers, 101 
set-theoretic, 38, 40 
Proof (s) 

by consideration of cases, 82, 126 
direct, 78 

indirect, 78, 79, 80, 93-94 
need for, 7^78 
of existence, 81, 89 
of generality, 80 
of uniqueness, 82, 91 
Pythagorean theorem, 276 


Quotient: see Divided by 
Quotient and remainder theorem, 
136, 138, 347 


Real numbers 
categoricalness for, 345 
consistency for, 337 
density of, 347 
foundation for, 326-327 
integral, 346 
noncountability of, 347 
non-negative, 346 
non-negative integral, 346 
non-negative rational, 346 
operations for, 326 
order relation for, 326 
positive integral, 346 
positive rational, 346 
positives, 340, 346 
rational, 346, 349 
Reciprocal 

as inverse in a group, 93 
of a positive rational number, 264 
of an element of a field, 352 
Relation (s) 
absurd, 49 
asymmetric, 242 

definition of (as sets of ordered 
pairs), 46 
domain of, 61 

equality of: see Equality of sets 


equivalence, 237-238 
identity, 49 
intuitive idea of, 45 
irreflexive, 242 
negative of, 48 
order, 242 
range of, 51 
reflexive, 51, 237 
symmetric, 50, 237 
tabular representation of, 47 
transitive, 236, 237 
transpose of, 50 
universal, 49 
See also: Ordering 

Sequence(s) 

connected with operations, 108-109 
connected with order of precedence, 
160 

definition of, 108 
of sets, 199 
Set(s) 

as basic term, 29 

bounded (in linearly ordered 
systems), 279 
bracket notation for, 32 
cartesian product of, 42 
countable: see Countable sets 
disjoint, 39 
empty: see Empty set 
equality of, 33-34, 36 
finite: see Finite sets 
infinite: see Infinite sets 
lower (in linearly ordered systems), 
278 

-theoretic difference, 39, 40 
-theoretic inclusion, 35, 244 
-theoretic product for any sets, 197 
-theoretic product for two sets, 
38, 40 

-theoretic sum for any sets, 197 
-theoretic sum for two sets, 37, 40 
Space, Science of, 24 
Statements 
continued, 36 
of existence, 68, 82 
of generality, 68 
negative, 70 
Subsets 

bracket notation for, 36 
empty, 37 
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Subsets (cont.) 
meaning of, 34—35 
proper, 36 
See also: Set(s) 

Subsystem (s) 

as generalization of subset, 234 
definitions of, 234-235, 395 
Sum 

extended, 179 
extended set-theoretic, 197 
intuitive, for counting numbers, 101 
set-theoretic, 37, 40 
Symbolism 

for ix>sitive integers, 258 
for positive rational numbers, 
256, 258 

lack of,for positive real numbers,256 
Symbols 

bound out, 74 
distinctness of, 76 
durable, 74, 92 
for reference purposes, 72 
general use of, 31 
latitude in selecting, 73-76 
summaries of fundamental, 43-44, 
61 


Terms 

logical, 43, 44 
mathematical, 43, 44, 61 
Theorem, 5, 63 

Times (denoted by X, • or 0) 
operation for fields, 349 
operation for positive integera, 116, 
118 

operation for positive rational 
numbers, 262 

operation for positive real numbers, 
308 

operation for real numbers, 326 
Truth 

mathematical, 63 
vacuous, 97-99 
Tuples 

definition of, 160 
rearrangement of, 184 

Vacuous truth, 97-99 

Zero (denoted by 0) 

as identity of a group, 91 
special element of a field, 349 
special real number, 326 
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